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PREFACE. 


HE motives that firſt gave birth to the 
enſuing Work, were not ſo much any 
extravagant hopes the Author could 
form to himſelf of greatly extending the ſubject 
by the addition of a large variety of new im- 
provements (though the Reader will find many 
things here that are no-where elſe to be met with) 
as an earneſt deſire to ſee a ſubje& of ſuch ge- 
neral importance eſtabliſhed on a clear and ra- 
tional foundation, and treated as a ſcience, capa- 
ble of demonſtration, and not a myſterious art, 
as ſome authors, themſelves, have thought pro- 
per to term it. 

How well the deſign has been executed, muſt 
be left for others to determine. It is poſſible 
that the pains here taken, to reduce the funda- 
mental principles, as well as the more difficult 
parts of the ſubject to a demonſtration, may be 
looked upon, by ſome, as rather tending to 
throw new difficulties in the way of a Learner, 
than to the facilitating of his progreſs. In order 
to gratify (as far as might be) the inclination of 
this claſs of readers, the demonſtrations are, 
now, given, by themſelves, in the manner of 

Notes 


PREFACE. 


Notes (ſo as to be taken or omitted, at pleaſure) : 
though the Author cannot, by any means, be 
induced to think, that.Time loſt to a Learner 
which is taken up in comprehending the grounds 
whereon he is to raiſe his ſuperſtructure: his 
progreſs may indeed, at firſt, be a little retard- 
ed; but the real knowledge he thence acquires 
will abundantly compenſate his trouble, and en- 
able him to proceed, afterwards, with certainty 
and ſucceſs, in matters of greater difficulty, 
where authors, and their rules, can yield him 
no aſſiſtance, and he has nothing to depend upon 
but his own obſervation and judgment. 

This, ſecond, Edition has many advantages 
over the former, as well with reſpect to a num- 
ber of new ſubjects and improvements, inter- 
ſperſed throughout the whole, as in the order and 
diſpoſition of the elementary parts; in which 
particular regard has been had to the capacities 
of young Beginners. The Work, as it now 
ſtands, will, the Author flatters himſelf, be found 
equally plain and comprehenſive, ſo as to an- 
ſwer, alike, the purpoſe of the lower, and of the 
more experienced claſs of Readers. 
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SECTION I. 
Of Notation. 


LGEBRA is that Science which teaches, in 
a general manner, the relation and compa- 


riſon of abſtract quantities: by means where- 

of ſuch Queſtions are refolved whoſe ſoluti- 

ons would be ſought in vain from common Arith- 
metick. ö : " 
In Algebra, otherwiſe called Specious Arithmetict, 
Numbers are not expreſſed as in the common Notation, 
but every Quantity, whether given or required, is com- 
monly repreſent ſome letter of the alphabet ; the 
given ones, for diſtinction fake, being, uſually, de- 
noted by the initial letters a, ö, c, d, &c. ; and the 
unknown, or required ones, by the final letters 2, 1, 
x, „ &c. There. are moreover, in Algebra, certain 


Signs or Notes made uſe of, to ſhew the relation and 


dependence of quantities one pon another, whoſe: 
of 


ſigniſication the Learner ought, all, to be made 
acquainted with, 
The Sign +, ſignifies that the quantity, which it is pr 


2 


to, is to dded. Thus 3 + b ſhews that the 
% numbex 


—_ + a. 


OF NOTATION: 


number repreſented by h is to be added to that repre- 
ſented by a, and expreſſes the ſum of thoſe num- 
bers; ſo that, if @ was 5, and þ 3, then would a + 6 
be 5 ＋ 3, or 8. In like manner a + 6 + c denotes 
the number ariſing by adding all the three numbers a, 
b, and c, together. 

Note. A quantity which has no prefix'd ſign (as the 
leading quantity & in the above examples) is always un- 
derſtood to have the ſign + before it; ſo that a ſignifies 
the ſame as + 4; and 3 ＋ , the ſame as -þ a +86. 


. The Sigh —, ſignifies that the quantity which it precedes 
is to be ſubtracted. Thus a — b ſhews that the quan- 
tity repreſented by b is to be ſubtracted from that repre- 
ſented by a, and expreſſeth the difference of @ and b; 
ſo that, if a was 5, and 6 3, then would a—b be 5 — 3 
or 2. In like manner a + - c — 4 repreſents the 

uantity which ariſes by taking the numbers c and 4 
Hom the ſum of the other two numbers a and b; as, 
if a was 7, 5 6, c 5, and d 3, then would a 44 — c 
— 4 be 7 +O—5— 3, or 5. | | 

The Notes + and — are uſually exprefſed by the 
words plus (or more) and minus (or leſs.) Thus, we read 
4 ＋ b, a plus h; and a -, a minus b. | 
Moreover, thoſe quantities to which the ſign + is 
' prefixed are called po/itive (or affirmative) ; and thoſe to 
which the ſign — is prefix'd, negative. 


The Sign x, ſignifies that the quantities between which it 
flands are to be mulitplied together. Thus a x b denotes 
that the quantity @ is to be multiplied by the quantity 
b, and expreſſes the product of the quantities ſo multi- 
plied ; and a x xc expreſſes the product ariſing by mul- 
tiplying the quantities 4, &, and c, continually toge- 
ther: thus, likewiſe, a + b xc denotes the product of 
the compound quantity a + þ by the ſimple quantity 
c; and a+b+cxa—b+cxa+c repreſents the 
product which ariſes by multiplying the three com- 
pound quantities a + þ + c, a—b + c, and a con- 
tinually together; ſo that, if a was 5, 6 4, and c 3, r 

by # Woult 
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would ITC =I Tex Te be lz x48, 
which is 384. | 
But when quantities denoted by fingle letters are 
to be multiply'd together, the Sign x is generally 
omitted, or only underſtood ; and fo ab is made to 
ſignify the ſame as a Xx ; and gbc, the ſame as @ x 6 


xc. 

It is likewiſe to be obſerved, that, when a quantity is 
to be multiply'd by itſelf, or raiſed to any power, the u- 
ſual method of Notation is to draw a Line over the given 
quantity, and at the end thereof place the Exponent 


of the Power. Thus a + 8 * denotes the ſame as 4 + 6 
x a + J, viz. the ſecond power (or ſquare) of a+6 con- 
ſidered as one quantity; thus, alſo, ab + þd* denotes the 
ſame as ab ＋ be x ab + bc x ab + be, wiz. the third 
power (or cube) of the quantity ab + be. 

But, in expreſſing the powers of quantities repre- 
ſented by ſingle letters, the line over the top is com- 
monly omitted; and ſo 4“ comes to ſignify the ſame 
as aa or aXa, and 6b* the ſame as bbb or bxbxb: 
whence alſo it appears, that a*6* will ſignify the fame. 
as aabbb; and asc the ſame as agaaacc; and fo of 
others. 

The Note . (or a full point) and the word into, 
are likewiſe uſed inſtead of x, or as Marks of Multi- 


plication. : 


Thus 2 T5. 2 Te and a + b into a+ © both ſignify 
the ſame thing as a +bxa+c, namely, the pro- 
 dutofa+bbya+c. % ; 

The Sign — 1s uſed to ſignify that the quantity pre- 
ceding it is to be divided by the quantity which comes 
after it: Thus c + b ſignifies that © is to be divided by 
b; and a+6b + a—c, that a 3 is to be divided by 
gg —C. . 

Alſo the Mark ) is ſometimes uſed as a Note of Divi- 
ſion ; thus, a + 5) ab, denotes that the quantity ab is 
to be divided by the quantity a + ; and fo of others, 
But the diviſion of algebraic quantities is moſt com- 
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G NOTATION, 


monly expreſſed by writing down the diviſor under the 
dividend with a line between them (in the manner of 


a vulgar fraction). Thus — repreſents the quantity 


ariſing by dividing c by h; and © . denotes the quan- 
42— 4 

tity ariſing by dividing a ＋ by a—c. Quantities 

thus expreſſed are called algebraic fractions; whereof 

the upper part is call'd the numerator, and the lower 

the denominator, as in vulgar fractions. 


The Sign , is uſed to expreſs the ſquare root of 


| 2 quantity to which it is prefix'd : thus 5 ſig- 
nifie 


s the ſquare root of 25 (which is 5, becauſe 5x 5 
is 25) thus alſo ab denotes the ſquare root of ab; 


and 1 2 uy 2 denotes the ſquare root of — 7 — „ Ol 


of the quantity which ariſes by dividing ab + bc by d- 
but LEH (becauſe the line which ſeparates the 


numerator from the denominator is drawn below 2 


ſignifies that the ſquare root of ab ＋ bc is to be firft 
taken, and afterwards divided by d: fo that, if a was 2, 


| b6, 4, and d, then would — 30 or, 


. 
abe oo 


but 3 is 3, or , which is 2. 


The ſame Mark V, with a figure over it, is alſo uſed 


to expreſs the cube, or biquadratic root, &c. of any 
quantity: thus 6x repreſents the cube root of 
64 (which is 4, becauſe 4X4x4 is 64), and SAT cd 


the cube root of ab + d; alſo T6 denotes the 
biquadratic root of 16 (which is 2, becauſe 2 x 2 X 2 * 


2 is 16); and ab + cd denotes the biquadratic root 
of ab + 4; and ſo of others. Quantities thys ex- 
preſſed are called radical quantities, or ſurds; Where- 


' OF NOTATION. 


of thoſe, conſiſting of one term only, as Y and ab 
are called ſimple ſurds; and thoſe conſiſting of ſeveral 


ö — — 3 
terms, or members, as /a — b* and V — - be, 
compound ſurds. 
eſides this way of expreſſing radical quantities, 
(which is chiefly followed) there are other methods 
made uſe of by different Authors; but the moſt coms 
modious of all, and beſt ſuited to practice, is that where 
the root is deſign'd by a vulgar fraction, plac'd at the 
end of a line drawn over the quantity given. Ac- 
cording to this Notation the ſquare root is defign'd by 
the fraction , the cube root by 3, and the biquadratic 


root by 4, &c. Thus A. expreſſes the ſame thing with 
v a, viz. the ſquare root of 4; and ZZ TFT the 
ſame as TL that is, the cube root of a2 ＋ ab: 
alſo * denotes the ſquare of the cube root of az and 


7 
a + Atme ſeventh power of the biquadratic root of 
a + z; and fo of others. But it is to be obſerved, that, 
when the root of à quantity repreſented by a fingle 
letter is to be expreſſed, the Line over it may be neg- 


lected ; and fo 4 will ſignify the ſame as Mr, and 83 


the ſame as Y) f or 75 The number, or fraction by 
which the power, or root of any quantity is thus de- 
fignfd, is called it's Index or Exponent. nk 


he Mark = (called the Sign of equality) is uſed to 

that the quantities ſtanding on each fide of it are 
Thus 2 + 3= 5, ſhews that 2 more 3 is equal 
and x = a — b, ſhews that x is equal to the dif- 
f a and b. | 


The Nat : : frignifies that the quantities between which 
it flands are proportional: As, a : b : : d, denotes 
that à is in the ſame proportion to &, as cis to d; or that, 
if a n twice, thrice or four times, Oc. as great as b, 

1 B 3 . then 
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4 OF NOTATION. 


n accordingly is c twice, thrice or four times, Sc. 
as great as d. . 

o what has been thus far laid down on the ſigni- 
fication of the ſigns and characters uſed in the Abs. 
braic Notation, we may add what follows ; which is 
equally neceſſary to be underſtood. 

en any quantity is to be taken more than once, 
the number is to be prefix'd, which ſhews how many 
times it is to be taken: thus 5a denotes that the quan- 
tity a is to be taken five times; and 30e ſtands for three 
times bc, or the quantity which ariſes by multiplying ic 
by 3: alſo 74/a* + U ſignifies that /a + is to be 
taken ſeven times; and ſo of others. 

The numbers thus prefix'd are call'd coefficients ; 
and that quantity which ſtands without a coefficient is 
always underſtood to have an unit prefix'd, or to be 
taken once, and no more. 

_ Thoſe quantities are ſaid to be lie that are expreſs'd 
by the ſame letters under the ſame powers, or which 
differ only in their coefficients: thus 3bc, 5bc and 8bc 
are like quantities ; and the ſame is to be underſtood of 


b b 
+ the Radicals + TE and wo = But un- 


| a a 
lite quantities are thoſe which are expreſs'd by different 
letters, or by the ſame letters under different powers: 


Thus 2ab, 2abc, 5a% and 3ba* are all unlike. 


When a quantity is expreſſed by a ſingle letter, or 

by ſeveral ſingle letters joined together in multiplication 

(without any Sign between them) as a, or 246, it is 
called a ſimple quantity. 

But that quantity which conſiſts of two or more ſuch 
ſimple quantities, connected by the ſigns + or —, is 
call'd a compound quantity: thus @ — 2ab + Fabe is a 
compound quantity; whereof the /emple quantities a, 245 
and gabc are called the Terms or Members. 


The Letters by which any /imple quantity is expreſs'd 
may be ranged according to any order at pleaſure, and 
yet the ſignification continue the ſame : thus ab ma 

de wrote ba; for ab denotes the product of @ by b, an 
ba the product of & by 4; but it is well known, that, 


. 


OF NOTATIO&N 
when two numbers are to be multiply'd together, 


7, 


matters not which of them is made the multiplicand, 
nor which the multiplier, the product, either ways 
coming out the ſame. In like manner it will appear 
that abc, ach, bac, bea, cab and cha all expreſs the ſame 
thing, and may be uſed indifferently for each other (as 
will be demonſtrated further on); but it will be ſome- 
times found convenient, in long operations, to place 
the ſeveral Letters according to the order which they 


obtain in the alphabet. 

_ Likewiſe the ſeveral members, or terms of which 
any quantity is compoſed, may be diſpoſed according to 
any order at pleaſure, and yet the ſignification be no- 
ways affected thereby. Thus @ — 24 + sa may be 
wrote a + 54% — 24b, or — 246 + a + 5b, &c. for 
all theſe repreſent the ſame thing, viz. the quantity 
which remains, when, from the ſum of à and 54*b, the 


quantity 2ab is deducted. 
Here follow ſome examples wherein the ſeveral Forms 


of Notation hitherto explained are promiſcuouſly con- 
cerned, and where the ſignification of each i is rellen 


in Numbers. 
Suppoſe a = 6, 5 5 and c= 4; then will 
nr We 


a — 32% + © = 432 — 540 ＋ b4 = — 44; 
GO XI+I— ale = 363 II — 240 = 156, 


1 16 16 = 28, 
5 oe 2ac FA) Ns (fot 8x $= 64) 


40 
+ n= +Þ=) 
S nm. ent 13S =, 
2a — 3 b ac I2— 7 
* —ac + Vac 4 + - &=1+8=9 
: b2 = ac + y/ 2ac + = = NV 25 — 24 +8=Þ 
This Method of explaining the af ro You of quan 


tities I have found to be 3 * c to Young Begins 
* ners 


— 


o r ADDITION. 


ners: And would recommend it to Such, who are de- 
ſirous of making a Proficiency in the Subject, to get a 
Clear idea of what has been thus far delivered, before 
They proceed farther. 


SECTION u. 
Of Addition. 


Ddition, in algebra, is performed by connecting 
the quantities by their proper ſigns, and joining 
into one ſum ſuch as can be united: For the more ready 


effecting of which, obſerve the following Rules. 


19. If, in the quantities to be added, there are Terms that 
are like and have all the ſame fign, add the coefficients of 
thoſe terms together, and to their ſum adjoin the letters 
common to each term, prefixing the common ſig u. 


Thus 53 And 5a ＋ 7b Allo 54— 7b 
added to 234 added to 7a+ 3b addedto 7a— 3b 


- makes "Ba. makes 124 + 105. makes TP 0b. 
7 — —— £ 2 
Hence 24/ab+ JV 13 4 — 34 


likewiſe 254 24/be x 
the ſum of . ſum of 59 * 74 


—— 2 — a c 
will be 11/5 18 /. vill be 77 — 22 


4 c 


The Reaſons on which the preceding Operations are 
grounded will readily appear, by reflecting a little on the 
nature and ſignification of the quantities to be added: 
For, with regard to the firſt example (where 3a is to be 
added to 5a) it is plain, that three times any quantity 
whatever, added to five times the ſame quantity, mu 
make eight times that quantity: Therefore 3a, or three 
times the quantity denoted by a, being added to 5a, or five 
dimes the ſame quantity, the ſum wulf conſequently, pw 

5 


N 


24 . 


„ 


2%. IWhen, in the quantities to be added, there are bike 
terms, whereaf ſome are affirmative and others negative, 
add together the affirmative terms (if there be more than 
one) and do the ſame by the negative ones; then take the 


— — of the two ſums (not regarding the ens 7 1 | 
0 


ſubtrating the coefficient of the leſſer from 
greater and adjoining the letters common to each; to 
which difference prefix the ſign of the greater. 


Examples of this Rule may be as follow. 
=3- + 29 1 
Sum 94 — 35. Sum 4ab — 4bc. 
3. bab + 12ke — 8d 4. 5Jab —14/bc + 8d 
ab — gbc + 3c 34/ab + 8y/bc — 124 
—ab — Se + 12cd 291＋ 99 


Sum—3ab — 2bc + pad. Sum15y/ab . 34. 


12abc — IG + 25acd — 7T2bed 
ibabc + t2abd + 20acd — 18α 
— I3abc — 2babd — Igacd + Lab 
32abe + 18abd — load — 16 


Sum 47abc — 12abd + 20acd — gi. 


_— CO _ 


— 


Ba, or eight times that quantity. From whence, as the 
ſum of any two quantities is equal to the ſum of all their 
parts, the reaſon of the ſecond caſe, or example, is like- 
wiſe obvious. But as to the third (where the given quan- 
tities are 5a — 7b and 7a— 3b) we are to cond 

the two quantities to be added together had been exactly 5a 


and 7a (which are the two leading terms) the ſum would, 


then, have been juſt 129 ; but, So the former — 
u 


wants 76 of 5a, and the latter 36 of 7a, their ſum m 


it is evident, want both 74 and 34of 12a; and therefore be 


equal to 124— 106, that is, equal to what remains, when 
the ſum of the defects is deducted. And by the very ſame 


way of arguing, it is eaſy to conceive that the ſum, which 


ries by adding any number of quantities together, * | 


* 


der, that, if 
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6. 3 % + 7 2 4 o/ Rs 
8 & b + «> 
— YE q 


13a — be 9 
— wry U 7 


In the laſt example, and all others, where fractional, 
and radical quantities are concerned, every ſuch quan- 
tity, excluſive of it's coefficient, is to be treated in 
_ reſpects like a ſimple quantity expreſſed by a ſingle 

er. 


3*%. When, in the quantities to be added, there are 
Terms without others like to them, write them down with 


their proper ſigns. 
Thus a+ 25 And aa +6 
added to 3c + 4 added to a + 5 


makes 4 + 2b+ 3c+4: makes aa + bb + a +6. 


Here follow a few examples, for the Learner's ex- 
erciſe, wherein all the three foregoing Rules take place 
promiſcuouſly. 

1. 2aa ＋ 3b + 8c + 5 

gag — Tab + — — 
— 24a + 4ab + 30+ 2 
Sum 52 + . 30. 


— 


12 — vun 


be equal to the ſum of all the affirmative Terms diminiſh- 
ed by the ſum of all the negative ones (conſidered inde- 
bee Hom of their ſigns); from whence the reaſon of the 
ſecond general Rule! is apparent. As to the caſe where the 
- quantities are unlike, it is plain that ſuch quantities can- 


- Not be united into one, or otherwiſe added, than by their 
figns : thus, for example, let à be ſuppoſed to repreſent a 


Crown, and & a Shilling; then the ſum of @ and b can be 
neither 2@ nor 26, that is, neither two crowns nor two 


ſhillings, ur one crown = one ſhilling, or a -+ b. 
2, Io 


8 
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2. % — Byaa — xx + 124/a0_Þ+ 4s 
8% + 154/aa — xx — ByYaa + 4 
 b/ax — 2/4 — xx + 10% + 4x 
Sumigy/ax Ge; + 144yaa + gx. 
3. 24* — 3ab ＋ 25. — 3a 
363 — 23 + 3 — 5d 
4% — 25 + 5ab + 100: 
20ab + 1642 — be — 80 1 
Sum 134. + 224b + 30 + 4 —& + 20 — be 


—— — 


"_ 


SECTION I 
Of Sublraction. 


* 0 Ubtrattion, in Al, * is performed by changing all 

the figns of the $ ubtrahend (or conceiving them to be 
changed) and then connecting the quantities, as in ad- 
dition. 


Ex. 1. From 8a + 5 Ex. 2. From 8a + 55 


take 5a ＋ 36 take 5a — 3b 
Rem. 34 + 26. Rem. 93a + 86. 


Ex. 3. From 8@ — 56 Ex. 4. From 83 — 5b 
| take 5a + 3b take 54 — 3b 
Rem. 33 — 86. Rem. 34 — 256. 


In the ſecond example, conceiving the ſigns of the 
ſubtrahend to be changed to their contrary, that of 
36 becomes ＋; and ſo, the ſigns of 36 and 5b being 
alike, the coefficients 3 and 5 are to be added together, 
by caſe 1 of addition. The ſame thing happens in 
the third example; ſince the ſign of 3b, when chang- 
ed, is —, and therefore the ſame with that of 50. But, 
in the fourth example, the ſigns of 36 and 50, after 
that of 3b is changed, being unlike, the difference of 
the coefficients muſt be taken conformable to caſe 2. 
in addition. . 


* | Other 


— — — 1 
. EIT! a 8 —— 2 
oy — 8 Faw — * — — 1 
2 — — — — — — — = 
" - _ - ” . * DW" - 9 * . 
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Other examples, in Subtraction, may be as follow. 
From 20ax + Se — 74 From ax + 9Vby 
take 12ax — 3bc — 5aa take — 54/55, + 12\/}y 
Rem. Bax + 8bc — za. Rem. 127 — 3vby 


——ů —— a 
From G6y/aa — xx + 1% — * — > 
— | een 4A 
take | 94/ aa — XY — 15% as —— * — 9/7 
. ins e 1 
Rem. — 3//aa — „* + 25% — * + 2/—* 
a lax 
. From | 7a? — — — 6 + 8 
take e 25 
| c c 


Rem. 6a — 1 . „% T 4 5. 
c c 


In this laſt example the quantity 42, in the ſub- 
trahend, being without a coefficient, an unit is to be 
underſtood ; for 14* and a* mean the ſame thing. The 
like is to obſerved in all other fimilar caſes. | 


The Grounds of the general Rule for the ſubtraction of 


algebraic quantities may be explained thus : Let it behere 


required to ſubtract ga— 3b from 8@ + 56 (as in ex. 2). 
It is plain, in the firſt place, that, if the affirmative part 
5a were, alone, to be ſubtracted, the remainder would then 


| be 8a ＋ 5b— 54; but, as the quantity actually propoſed 


to be ſubtracted is leſs than 5a by 3b, too much has been 
taken away by 3þ; and therefore the true remainder will 
be greater than 8@+ 50 — 5 by 36; and fo will be truly 
expreſſed by 84+ 5b— 5a+ 3b: wherein the ſigns of the 
two laſt terms are both contrary to what they were given 
in the ſubtrahend; and where the whole, by uniting the 
like terms, is reduced to 34 ＋ 86, as in the example. 

& SECTION 
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SECTION IV. 
Of Multiplication. 


8 I proceed to lay down the neceſſary Rules 
for multiplying quthtities one by another, it may 
be proper to premiſe the —_— particulars, in order 
to give the Learner a clear idea of the reaſon and cer- 
tainty of ſuch rules. 

Firſt, then, it is to be obſerved, that when ſeveral 
quantities are to be multiplied continually together, the re- 
ſult, or product will come out exatily the ſame, multiply 
them according to what order you will. Thus a Xx I X . 
axcxb, b X c X a, Sc. have all the ſame value, 
and may be uſed indifferently: To illuſtrate which we 
may ſuppoſe a = 2, b = 3, and c = 4; then will a x 
bXc=2X JX4=24;aXcXxb=2X4X3= 24; 


andbxcXa= JX4X2= 24. 


' Secondly. F any number of quantities be multiplied 
continually together, and any other number of quantities 
be alſo multiplied continually together, and then the two 
products one into the ther, the quantity thence ari/ang will 
be equal to the quantity that ariſes by multiplying all the 
propoſed quantities continually together. Thus will abe x 
de =axbxcxdXe; ſo that, if à was =2, b= Þ 
c= 4, d= 5, e = 6b, then would abc x ds = 24 x 30 
= 720, andaxbxexdXe=2X3Z3X4x5x6= 
720. The general Demonſtration of theſe obſervations 
is given below in the Notes. 2 


? 


— 


2 


— , —— 22 — 


The following Demonſtrations depend on this Princi- 


ple, that if two quantities, whereaf the one is n times a. 
great as the other (n being any number at pleaſure), be 
multiplied by one and the ſame quantity, the product, in 
the one caſe, will alſo be n times as great as in the others 
The greater quantity may be conceived to be divided 
into u parts, equal, each, to the leſſer quantity; and 
the product of each part (by the given multiplier) ke 
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The Multiplication of algebraic quantities may be 
conſidered in the ſeven following caſes. 


„ 8 —_ = Y a. — A 


* ll 
— „ 


up the whole, greater product, muſt neceffarily be u 
times as great as the leſſer product, or the product of 
one fingle part, alone. 

This being premiſed, it will readily appear, in the 
firſt place, that bxa and a x h are equal to each other: 
For, b x a being ô times as great as 1 x @ (becauſe the 
multiplicand is b times as great) it muſt therefore be 

ual to 1 x @ (or 4), repeated b times, that is, equal 
to a x b, by the definition Fa multiplication. 

In the ſame manner, the equality of all the variati- 
ons, or products, abc, bac, ach, cab, bea, cha (where 
the number of factors is 3) may be inferred : For thoſe 
that have the laſt factor the ſame (which I call of the 
fame claſs) are maniteſtly equal, being produced of equal 
quantities multiplied by the ſame quantity : And, to 
be ſatisfied that thoſe of different claſſes, as abc and *ach, 
are likewiſe equal, we need only conſider, that, ſince 
ac X b, is c times as great as a * & (becauſe the mul- 
tiplicand is c times. as great) it muſt therefore be equal 
to a X b taken c times, that is, equal to a Xx / xc, by 
the definition of multiplication. | 

Univerſally. If all the Products, when the number 
of factors is u, be equal, all the Products, when the 
number of factors is 1 + 1, will likewiſe be equal: 
for thoſe of the ſame claſs are equal, being produced 
of equai quantities multiplied by the ſame quantity : 
and, to ſhew that thoſe of different claſſes are equal 
alſo, we need only take two Products which differ in 
their two laſt factors, and have all the preceding ones 
according to the ſame order, and prove them to be 
equal. eſe two factors we will ſuppoſe to be repre- 

ſented by r and 7, and the Product of all the preceding 
ones by p; then the two Products themſelves will be 


repreſented by prs and per, which are equal, by caſe 2. 


Thus, 


be equal to that of the ſaid leſſer quantity; therefore 
the ſum of the products of all the parts, which make 


eas 


2 2 228 2 


g. S8 808 


* „ 
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aa 
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1*. Simple quantities are multiplied together by multi- 


' plying the coefficients one into the other, and to the produtt ' 


annexing the quantity which, according to the method 9 
notation, expreſſes the product of the ſpecies ; prefixing t 
fien + or , according as the ſigns of the given quan- 
tities are like or unlike. bay 
Thus 2a Alſo bas And 11adf 
mult. by 36 mult. by 5c mult. by 7a 
makes Gab, makes Joabc. makes 77aabdf. 


Thus, by way of illuſtration, abcde will appear to be 
= abced, &c, For, the former of theſe being equal to 
every other Product of the claſs, or termination 
e (by hypotheſis and equal multiplication), and the 
latter equal to every other Product of the claſs, or 
termination 4; it is evident, therefore, that all the 
Products of different claſſes, az well as of the ſame 
claſs, are mutually equal ts each other. 

So far relates to the firſt general obſervation : Tt 
remains to prove that abcd x pgrit is =axbxcxdx 
PXqXrX5X4t In order to which, let abcd be denot- 
ed by x, then will abcd x pgrst be denoted by x x pgrst, 
or pgrst x x (by caſe 1), that is, by PxXqxrxsXtxXxz 
which is equal to x Xx k X Xxx, oraxbxcxX 
dXÞPXqXKrXISXY, by the preceding Demon/tration. 


The Reaſon of Rule 1 depends on theſe two general 
Obſervations : for it is evident from hence, that 2a x 36 
(in the firſt example) is =2xXax 3 Xx =2 x 
3Zxaxb—=6xXxXaxXxb = bab: And, in the fame 
manner, Iladf Xx 7ab (in the third example) appears 
to be =11xaxdxfxX7JxXaxb = 11X7XaX 
a X Xx d x f = 77 x aabdf = 7J7Jaabdf. But the 
grounds of the method of proceeding may be other- 
wiſe explained, thus: It has been obſerved "that a6 
(according to the method of notation) defines the pro- 
duct of the Species a, & (in the firſt example) therefore 
the product of à by 35, which muſt be three times as 
great (becauſe the multiplier is here three times rea) 


: 
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In the preceding examples all the products are affir- 
_ mative, the quantities given to be multiplied being fo ; 
but, in thoſe that follow, ſame are affirmative, and 
others negative, according to the different caſes ſpeci- 
fied in the latter part of the rule; whereof the reaſons 
will be explained hereafter. | 


Mult. + 5a Mult, — 5a Mult. — 5a 
by — 6b by + 6b by — 66 


Prod. — Joab. Prod. — 3oeb. Prod. + 306, 
Le 


Mult. + 1/ax Mult. — 7ay/aa+ xx B „ 


by — 9 by — 6byaa—y 
Prod. —5 * Va X4/cy. Prod. + 42abxy/ aa-+xxXy/ aa=yy | 


In the two laſt examples, and all others, where ra- 
dical quantities are concerned, every ſuch quantity 


may be conſidered, and treated in all reſpects as àa ſun- 


ple quantity, expreſſed by a ſingle letter ; ſince it is 
not the Form of the expreſſion, but the value of the 
quantity that is here regarded. + +. 
220. A Fractien is multiplied, by multiplying u- 
merator thereof by the given multiplier, and r the 
product a numerator to the given denominator. | 


Thus © xc makes ©; alſo = * 2ad makes 9 , 


will be truly defined by 3as, or ab taken three times: but, 
fince the product of @ by 36 appears to be gab, it is plain 


that the product of 24 by 30 muſt be twice as great as 


that of a by 3b, and therefore will be truly expreſſed by 
bab. Thus alſo, the product of the Species ab and c (in 
the ſecondexample) being abc (by bare notation) it is evi- 
dent that the product of bab by c will be truly defined by 
Gabc, or abc ſix times taken, and conſequently the pro- 
duct of bab and Sc by 3oabc, or Gabe taken five times, 

the multiplier here being five times as great. 
The Reaſon of Rule 20 may be thus demonſtrated: let 
the numerator of any propoſed fraction be denoted by Ho 
© 


| 


o 


JJ #3. 07. AS: A. $.. £4 
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— — 14abV ax gab 
likewiſer me 7 ax Tz ; gf —.— 
2].2 
x 2ab makes —.— | „ 
Vaa + xx 7 


3%. Fractions are multiplied into one another, by mul- 
tiplying the numerators together fir a new numerator, 
and the deWWhninators together for a new denominator. 


5 N 


Thus, „ 2ab . rad iO 
* b 


— — cc 9 


7, W's Y 


— 


21xy gaV a 4 GZ a, — GeV an 


Vas Bb Bb/az 355 8 
., ed 3av xy * 5bv aa + xx * 
30 be 4 ab a + 2 
"154b x iy . | 
| a ＋ 2 X Vab 


the denominator by B, and the given multiplicator by C: 
AC, A 

then, I ſay, that a equal to F * C. For, ſince 
denotes the quantity which ariſes by dividing AC by B, and 
5 the quantity which ariſes by dividing A by B, it is gvi- 
dent that the former of theſe two quantities muſt be C 
times as great as the latter (becauſe the dividual is C 
times as great in the one caſe as in the other) and there- 
fore — be equal to the latter C times taken, that is, 
EF muſt be equal to 52x C, as was to be ſhewn. 

The Reaſon of Rule 3* will appear evident from 
the preceding demonſtration of Rule 2%. For, it be- 


ing there proved that — * C is equfll to Ae it is ob- 


* Bf 
vious that f x © can be only the D partof 55-3 be⸗ 


C cauſe, 


1 —  ._—_ 
2 

- 

* 

4 
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— at—— > em 


* 
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4% Surd quantities under the fame radical ſign are 
multiplied like rational quantities, only the product muſt 


and under the ſame radical ſign. 


Thus, YUV NVS = V VAN V Va; 
He 5ad = / Sb; 3Vabx5v/ © =15V abc; 
240 2y Xx 30% for (= bab x v 2cy x V Sa) = 

Rae . nab 8x oc " 134 — 


„ 5 
35 abc # 104d x 
bab 


45x 


— 


cauſe, | the multiplier here, is but the D part of the 
AC 


former multiplier C: But —< is alſo equal to the D 


AC BD 


part of the ſame ; becauſe it's diviſor is D times 


B 
22 


as great as that o : therefore theſe two quanti- 


0 e -. 
ties, 5 X 5 and BY being the ſame part of one and 


the ſame quantity, they muſt neceſſarily be equal to 
each other ; which was to be proved. 

As to Rule 4* for the multiplication of ſimilar ra- 
dical quantities, it may be explained thus : Suppoſe 


A and vB to repreſent the two given quantities to 
be multiplied together ; let the former of them be de- 


noted by 4, and the latter by ö, that is, let the quan- 


tities repreſented by a and b be ſuch, that aa may be = 
A, and bb = B; then the product of VA by VB, or 
of a by b, will be expreſſed by ab, and its ſquare by 
ab x ab: But ab x ab is =axbxaxb = aa x bb (by 
the general obſervations premiſed at the beginning of 
this ſection) ; whence the ſquare of the product is 
likewiſe truly expreſſed by aa x bb, or its equal A x B; 
and conſequently the product itſelf, by A x B, that 
is, by the _— which, being multiplied into 

. In 


Itſelf, produces A x 


«a H—huss ic. PX 


Y< Amo An rr. ty ny mw 


N 
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*. Powers, or Roots of the ſame quantity are mul- 
tiplied together, by adding their exponents : But the ex- 
ponents here underſtood are thoſe defined in p. 5, 
where roots are repreſented ag fractional powers. 

Thus, x*x x* is A a+2 xa+2* =aÞ 23 
2 I 2 1 5 EI 1 © 1 
N 1 * . , 5X3 =x 85 


alſo ada Taff X da + 2217 18 — aD = a + zz; 
and +0 * ON = NT = CEN 


* 


In the ſame manner the product of A x V will 
appear to be VAB: for, if v7.4 be denoted by a, and 
JB by 4; or, which is the ſame, if aaa = A, and 


#*b=B; then will /A x /B = 4 * 5 (or ab) and 
its cube = ab X ab x ab = aaa X bbb = AB (by the 
aforeſaid obſervations) whence the product itſelf will 


——ů— 

evidently be expreſſed by AB. | 
* 'The Grounds of theſe Operations may be thus ex- 
lained. Firſt, when the exponents are whole num- 
ove as in example 1, the demonſtration is obvious, 
from the general obſervations premiſed at the begin- 
ning of the ſection: For, by what is there ſhewn, 
x X *, or xX XxX 8 XXX XX XxX x5 (by 
Notation). But in the laſt example, where the ex- 
ponents are fractions, let c + Y be repreſented by x; 
that is, let the quantity x be ſuch, that x x xx x % 
- xz 
* X x X x, or * may be equal to c + y ; ſo ſhall c © 
be expreſſed by x; bees, by what has been already 
ſhewn, * x x* is = : and, in the ſame manner, 


will c + J* be expreſſed by x* ; becauſe x* x x4 x 40 is 
likewiſe = 2. Therefore 7 Ff Xe + Nj? is = 
** x x* = x* = the fifth power of c + ; Which is 
Ty, by Netation, ww 

4 LP C 2 6*. 4 


every term of the former by the latter, and connecting 


20 OF MULTIPLICATION. 


6%. A Compound quantity is multiplied by a fimiple ont, 
by multiplying every term of the multiplicand by the 
multiplier. | 5 
Thus a+2b—3c Allo a*—gav x+76 
mult. by 3a mult. by 8c 


makes 34*-þbab—gac z makes Sa -A x+56bc ; 


And Fa -ab G - - 25. — 9 
mult. by 3abc 15 
makes I5@a*bc=244*Þ*c+184*b:*—21ab**+ 3bab*-27abce. 


— 


To explain the Reaſon of the two laſt Rules, let 
it be, fir/?, propoſed to multiply any compound quan- 
tity, as aþb—c£— 4, 5 any ſimple quantity f 
and, I fay, the product will be af + f - — df. 
For, the product of the affirmative terms, a ＋ , 
will be af + /; becauſe, to multiply one quantity by 
another, is to take the multiplicand as many times as 
there are units in the multiplier, and to take the whole 
multiplicand (a + b) any number of times (/, is 
the ſame as to take all it's parts (a, 5) the fame num- 
ber of times, and add them together. Moreover, 
ſeeing a + b — c — @ denotes the exceſs of the affir- 
mative terms (a and ) above the negative ones (c and 
d), therefore, to multiply a + þ — c — 4 by /, is only 
to take the ſaid exceſs F times; but F times the ex- 
ceſs of any quantity above another is, manifeſtly, equal 
to F times the former quantity, minus f times the 
latter; but Ff times the former is, here, equal. to af 
+ bf (by what has been already ſhewn) and / times 
the latter (for the ſame reaſon) wil be equal to of + df 3 
and therefore the product of a + b — c 4 by /, is 
equal to af + bf — cf — df ; as was to be proved, 
Hence it appears, that a compound quantity is multi- 
ply'd by a fimple affirmative quantity, by multiplying 


the _— thence ariſing with the ſigns of the multipli- 
cand, a 
But, 


8 4A wil, on . 


f, ls, 0 un. 


mr, ej f 9% AA HH =# 


— 
P=4 


mn aA —=n tHe = 1 


OF MULTIPLICATION. 21 


70. Compound quantities are multiplied into one another, 
by multiplying every. term of the multiplicand by each 
term of the multiplier, ſucceſſrvely, and connecting the 
ſeveral produtts thus ariſing with == of the multi- 
plicand, if the multiplying term be affirmative, but with 
contrary ſigns, if negative. 


Thus the Product of 5a + 3x 
multiplied by Ja + 2x 
154 + gax 
yl } ＋ 10ax + bxx c 


which, contracted by unit- 
ing the like terms, is c 154 + 19ax + Oxx. 


— 


But, to prove that the Method alſo holds when both 
the quantities are compound ones, let it be, now, propoſed 
to multiply A — B by C- D; then, I fay, the pro- 
duct will be truly expreſſed by AC — BC— AD + BD. 
For, it has been already obſerved, that to multiply one 
quantity by another, is to take the multiplicand as 
many times as there are units in the multiplier ; and 
therefore, to multiply A —B by C- D, is only to 
take A—B as many times as there are units in C— D: 
Now (according to the method of multiplying compound 
quantities) I on take A—B, C times (or multip! 

by C) and the quantity thence ariſing will be AC—BC 
(by what is demonſtrated above). But, I was to have 
taken A—B only C—D times; therefore, by this 
firſt Operation, I have taken it D times too much 
whence, to have the true product, I ought to deduct 
D times A - B from AC — BC, the quantity thus 
found ; but D times A — B (by what is already proved 

is equal to AD — BD; which ſubtracted from AC 
— BC, or wrote down with it's ſigns changed, gives 
the true product, AC — BC — AD + BD, as was to 
be demonſtrated. And, univerſally, if the ſign of any 
propoſed . term of the multiplier, in any caſe what- 
ever, be affirmative, it is eaſy to conceive that the re- 
quired product will be greater than it would be if there 


— 


C 3 were 
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Likewiſe the product 
of 21 + 2 + ab* + 33 
8 of 
1+ # ++ 2 
122 


Which, by ſtriking out the terms that deſtroy one 
another, becomes 4 — {#, 


— — 


were no ſuch term, by the product of that term in- 
to the whole multiplicand ; and therefore it is, that this 
product is to. be added, or wrote down with it's proper 
* tigns, which are proved above to be thoſe of the multi- 
plicand. But if, on the contrary, the ſign of the 
term, by which you multiply, be negative; then, as 
the required product muſt be leſs than it would be, it 
there were no ſuch term, by the product of that term 
into the whole multiplicand, this product, it is mani- 
feſt, ought to be ſubtracted, or wrote down with con- 
trary ſigns. E 

Hence is derived the common Rule, that like Sign: i 
produce +, and unhlike Signs —. ; 4 

For, firſt, if the ſigns of both the quantities, or 

terms, to be multiply'd are affirmative (and therefore 
lite) it is plain that the ſign of the product muſt like- 
wiſe be affirmative. | -j 

Secondly, alſo if the ſigns of both quantities are ne- 

gative (and therefore ſtill l that of the product will 
be affirmative, becauſo contrary to that of the multipli- 
cand, by what has been juſt now proved. 

Thirdly, but if the Sign of the multiplicand be affir- 
mative, and that of the multiplier negative, (and there- 
fore unlike) the ſign of the product will be negative, 
becauſe contrary to that of the multiplicand. 9 

Laſtly, if the Sign of the multiplicand be negative, 
and that of the multiplier affirmative, (and therefore 
ſill unlike) the ſign of the product will be negative, be- 
cauſe the ſame with that of the multiplicand. : 

And theſe four are all the Caſes that can poſſibly hap- | 
pen with regard to the variation of ſigns. q 
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Other examples in Multiplication, for the Lear- 
ner's exerciſe, may be as follow ; from which he may 
(if he pleaſes) proceed directly to Diviſion, by paſſing 
over the intervening Scholi um. 

1. Multiply * + xy + 
by i rand... ite Þ 
2* 'oþ 859" 29g 
2 

; : 8 xy* + y* 

product ** 7 + xy . 


er 2. Multiply 242 — 2 — 4 * 
HH by. 54 — bar — 2x* 5 
he Ii — I5a*x + 20 * 4 


Ioa* 
| 124 + I8a*x* — 24ax* 

* — 44*x* þ bax? —8x* 
product 104* — 274*x + 34a — 18ax3 — 8x*, 


3. Multiply 3a — 2b + 2c 
by 24 — 4h + 5c 
dae — 4 + 4ac N 
— 124b + 8bb — 8bc 
a _=þ 15ac—1obe+1iow _ 
product C — 1bab + 19ac + 8bb—18bc + oc. 


4. Multiply a* — 34a*b + 34b* — 35 
by a —2ab + b* 2 
PLC, a*b + 3þ% — 3231 

ICE Bath — 6a*b3 þ24b+ 
nn © 07 
praduct 4 — 54a*b+108?%b* —1048*b*þ 5ab*—b5, 


SCHOLIUM, 

The manner of proceeding in referring the rea- 
ſons of the different caſes of the ſigns to the mul- 
tiplication of compound quantities, may perhaps be 
looked upon as indirect, and contrary to good method; 
according to which, re 
4 


ſons 


* 
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ſons ought to have been given before, along with the 
rules for ſimple quantities, as it is the way that al- 
moſt all-Authors on the Subject have followed. 


But, however indirect the method here purſued ma 
ſeem, it appears to me the moſt clear and rational ; and 
believe it will be found very difficult, if not impoſſible, 
without explaining the rules for compound quantities 
firſt, to give a Learner a diſtinct Idea how the product 
of two ſimple quantities, with negative ſigns, ſuch as 
— þ and — c, ought'to be expreſſed, when they ſtand 
alone, independent of all other quantities : And I can- 
not help thinking farther, that the difficulties about the 
ſigns, ſo generally complained of by Beginners, have 
been much more owing to the manner of explaining 
them, this way, than to any real intricacy. in the ſub- 
ject itſelf ; nor will this opinion, perhaps, appear ill 
grounded, if it be conſidered, that both — à and — 6, 
as they ſtand here independently, are as much im- 
poſſible, in one ſenſe, as the imaginary ſurd quantities 


and / — c; ſince the ſign —, according to 
the eſtabliſhed Rules of notation, = that the quan- 
tity to which it is prefix'd, is to be ſubtracted ; but, to 
ſubtract ſomething from nothing is impoſſible, and the 
notion, or ſuppoſition of a quantity leſs than nothing, 
. abſurd and ſhocking to the imagination: And, cer- 
tainly, if the matter be viewed in this light, it would 
be very ridiculous to pretend to prove, by any fhew of 
_ reaſoning, what the product of — b by — c, or of 


v —- bby / — e, muſt be, when we can have 10 
Idea of the value of the quantities to be multiplied. 
If, indeed, we were to look upon — h and — c as real 
quantities, the ſame as repreſented to the mind by 5 
and c (which cannot be done conſiſtently, in pure Alge- 
bra, where - only is regarded), we might then 
attempt to explain the matter in the ſame manner that 
ſome Others have done; from the conſideration, that, 
as the ſign — is oppoſite in it's nature to the ſign +, 
it ought therefore to have, in all operations, an oppo- 
ſite effect; and conſequently, that as the product, 1 

ä i 8 


- 
F — a . a a a oo % Aa. c 4 KS «% 


4a AAþCS |] #SSeo- Mt a * 4 * 


3 
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the ſign + is prefixed to the multiplier, is to be added; 
ſo, on the contrary, the product, when the ſign — is 
prefixed, ought to be ſubtracted. | 
But this way of arguing, however reaſonable it may 
appear, ſeems to —_ but very little of ſcience in 
it, and to fall greatly ſhort of the evidence and convic- 
tion of a demonſtration : nay, it even claſhes with 
ftabliſhed Rules of nota- 
tion; according to which the ſigns + and — are rela- 
tive only to the magnitudes of quantities, as compoſed 
of different terms or members, and not to any future 
operations to be performed by them: Beſides, when 
we are told that the product ariſing from a negative 
multiplier is to be ſubtracted, we are not told what it is 
to be ſubtracted from; nor is there any thing from 
whence it can be ſubtracted, when negative quantities 
are independently conſidered. And farther, to reaſon 


about oppoſite effects, and recur to ſenſible objects and 


popular conſiderations, ſuch as debtor and creditor, 
Sc. in order to demonſtrate the principles of a ſcience 
whoſe Object is abſtract Number, appears to me, not 
well ſuited to the nature of ſcience, and to derogate 
from the dignity of the ſubject. 

It muſt be allow'd, that in the application of Algebra 
to different branches of mix'd mathematicks, where 
the conſideration of oppoſite qualities, effects, or po- 
ſitions can have place, the uſual methods have a better 
foundation; and the conception of a quantity abſo- 
_ negative becomes leſs difficult. Thus, for ex- 
ample, a line may be conceived to be produced out, 
both ways, from any point aſſigned; and, the part on 
the one ſide of that point being taken as poſitive, the 
other will be negative. But the caſe is not the ſame in 
abſtract Number; whereof the beginning is fix'd in the 
nature of things, from whence we can proceed only 
one way. | 
| There can, therefore, be no ſuch things as nega- 
tive numbers, or quantities abſolutely negative in pure 
_— whoſe 1 is Number, and where every 
multiplication, diviſion, &c. is a multiplication, di- 


viſion, * 
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viſion, &c. of Numbers, even in the application there- 
of : For, when we reaſon upon the quantities them- 
ſelves, and not upon the 1 expreſſing the mea- 
ſures of them, the proceſs becomes purely geometrical, 
whatever {ſymbols may be uſed therein, from the alge- 
braic notation 3; which can be of no other ule here than 
to abbreviate the work, 

However, after all, it may be neceſſary to ſhew upon 
what kind of evidence the multiplication of negative, 
and imaþinary quantities is grounded, as theſe ſome- 
times occur, in the reſolution of problems : In order 
to which it will be requiſite to obſerve, that, as all our 
reaſoning regards real, poſitive quantities, ſo the al- 
gebraic expreſſions, whereby ſuch quantities are ex- 
hibited, muſt likewiſe be f and poſitive. But, when 
the problem is brought to an equation, the caſe may 
indeed be otherwiſe; for, in ordering the equation, 
ſo much may be taken away from both ſides thereof, 
as to leave the remaining quantities negative; and 
then it is, chiefly, that the multiplication by quantities 
abſolutely negative takes place, 


Thus, if there were given the equation 4 _ = c 
(in order to find x) ; then by ſubtracting the quantity a 
from each ſide thereof, we ſhould have — 7 c- 43 
which multiply'd by — , according to the general Rule, 
gives x = —<> + ab; that is, — by — 6 will give 
+ x; eby — 5, —4%&; and —@by —b, + «b; which 
appear to be true; becauſe, the products being thus 


expreſſed, the ſame concluſion is derived, as if both 


' ſides of the original equation had been firſt increaſed by 
1 — c, and then multipl'yd by ; where both the multi- 


plier and multiplicand are real, affirmative quantities, 
and where the whole operation is, therefore, capable of 
« Clear and ſtrict demonſtration : but then, it is not in 
conſequence of any reaſoning I am capable of R_—_— 

| avout 
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about — 7 and — b, or about + c and — 3, conſider- 
ed independently, that I can be certain that their product 


| _ to be expreſſed in that manner. 


z 


o likewiſe, if there were given the equation @ — 
7 = by tranſpoſing à and taking the ſquare root, 


on both ſides, we ſhould have / =. —=v/c—a; and 


this multiply'd by Yz, will give Vr (or x) = 
vy — <> + ab : which alſo appears to be true, becauſe 
the reſult, this way, comes out exactly the ſame, as if 
the operations for finding x, had been performed alto- 
gether by real quantities: But, notwithſtanding this, 
it is not from any reaſoning that I can form, about the 


S 
multiplication of the imaginary quantities / * > and 
, &c. conſidered independently, that I can prove 
their product ought to be ſo expreſſed; for it would be 
very abſurd to pretend to demonſtrate what the product 
of two expreſſions muſt be, which are impoſlible in 
themſelves, and of whoſe values we can form no idea. 
It indeed ſeems reaſonable, that the known rules for 
the ſigns, as they are proved to hold in all caſes what- 
ever, where it is poſſible to form a demonſtration, 
ſhould alſo anſwer here: But the ſtrongeſt evidence we 
can have of the truth and certainty of concluſions de- 
rived by means of negative and imaginary quantities, 
is, the exact, and conſtant agreement of fach conclu- 
ſions with thoſe determined from more demonſtrable 
methods wherein no ſuch quantities have place. 


In the foregoing conſiderations, the negative quanti- 
ties — b, — c, &c. have been repreſented, in ſome caſes, 
as a kind of imaginary, or impoſſible quantities; it 
may not, therefore, be improper to remark here, that 
ſuch imaginary quantities free many times, as much 
to diſcover the impoſſibility of a problem, as —_—— 
ur 
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ſurd quantities : for it is plain, that, in all queſtions relat- 
ing to abſtract Numbers, or ſuch wherein Magnitude only 
is regarded, and where no conſideration of poſition, 
or contrary values can have place; I fay, in all ſuch 
caſes, it is plain that the ſolution will be altogether as 
impoſſible, when the concluſion comes out a negative 
quantity, as if it were actually affected with an imagi- 
nary ſurd ; ſince, in the one caſe, it is required that a 
number ſhould be actually leſs than nothing; and in 
the other, that the double rectangle of two numbers 
ſhould be greater than the ſum of their ſquares ; both 
which are equally impoſſible : But, as an inſtance of 
the impoſſibility of ſome ſort of queſtions, when the 
concluſion comes out negative, let there be given, in 
a right-angled Triangle, the ſum of the hypothenuſe 
and perpendicular = a, and the baſe = , to find 
the perpendicular ; then (by what ſhall hereafter be 


ſhewn in it's proper place) the Anſwer will come out 
2 — 
— and is poſſible, or impoſſible, according as the 


> A 8 22 


r 2 


42 —3* 


quantity is affirmative or negative, or as à is 
2 or leſs than 5; which will manifeſtly appear 

om a bare contemplation of the problem : and the 
ſame thing might be inſtanced in a variety of other 
examples. 


— 


— 


FRN. 
, Diviſion. 


Iviſion in ſpecies, as in numbers, is the converſe 
of multiplication, and is comprehended in the 
ſeven following caſes. 

15. When one ſimple quantity is to be divided by an- 
ether, and all the 1 of the diviſor are alſo found in 
the dividend, let thiſe factors be all caſt off or expunged, 
then the remaining fattors of the dividend, join'd 1 

will 


r bh. * 


| cient of the divide 
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will expreſs the quotient ſought. But it is to be obſerved 
that, both here and in the ſucceeding caſes, the fame 
rule is to be regarded in relation to the ſigns, as in 
multiplication, viz. that /ike Signs give +, and unlike —. 
It may alſo be proper to obſerve, that, when any quantity 
is to be divided by itſelf, or an equal quantity, the quo- 
tient will be expreſſed by an unit, or 1. 

Thus @ — a, gives 1; and 2ab ＋ 2ab gives 1; 

moreover J3abcd = ac, gives 36d; 


and 16bc — 8b, gives 2c : for the dividend here, 


by reſolving it's coefficient into two factors, becomes 


2X8XbXc; from whence, caſting off 8 and 6, thoſe. 


common to the diviſor, we have 2 c, or 2c. In 
the ſame manner, & reſolving, or dividing the coeffi- 
by that of the diviſor, the quo- 
tient will be had in other caſes: Thus, 20abc divided 
by 4c, gives 5ab; and — SA N v xx + yy, di- 
vided by — 17, gives + 3b/ ＋ . 

2%. But if all the fuctors of the diviſor are not to be found 
in the dividend, caft off thoſe (if any ſuch there be) that are 
common to both, and write down the remaining factors of the 
diviſor, joined together, as a denominator to thoſe of the 
dividend ; ſo ſhall the fraction thus ariſing expreſs the guo- 
tient ſought. But, if by proceeding thus, all the fac- 
tors in the dividend ſhould, happen to go off, or vaniſh, 


then an unit will be the numerator of the fraction re- 
quired. 


Thus, abr divided by bed, gives 7 


And 164*Bx* divided by 8abex*, gives : 


* 


. — 


The firſt Rule, given above, being exactly the converſe 
of Rule 15 in the preceding ſection, requires no other de- 


monſtration than is there given. The ſecond Rule 2 


well as Thoſe that follow hereafter upon Fractions) 

pend on this principle, That, as many times as any one 
propoſed quantity is contained in another, juſt ſo many 
times is the half, third, fourth, or any other aſſigned por 
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Likewi 2766/75 divided by 97/5, gives X 
a 
And 825 divided by 1620 ay, gives = 
7. One Frattion is divided by another, by multiplying 
the denominator of the diviſor into the numerator of the 
dividend for a new numerator, and the numerator of the 
diviſor into the denominator of the dividend for a new 
denominator. | 
Thus . divided by =» gives 2. 
6bc 35 ad 
7 ö 18bec © 


And © divided by 22, gives 28 
5x 3x 25a 


Al. divided by gives 


— — — — 
of the former, contained in the half, third, fourth, or 
other correſponding part of the latter; and juſt ſo many 
times likewiſe is the double, triple, quadruple, or any 
other aſſigned multiple of the former contained in the 
double, triple, quadruple, or other correſponding multiple 
of the latter. The Demonſtration of this Principle (tho 
it may be thought too obvious to need one) may be thus. 
Let A and B repreſent any two propoſed quantities, and 
AC and BC their egui multiples (or, let AC and BC be 
the two quantities, and A and B their /4e parts): I ſay, 


AC - A. AC 12 
then, that Be = For the multiple of BE by BC is 


manifeſtly = AC; and, — * BC, the multiple of 5 by 


the ſame BC is = Ax BC 


B 
* (vid. p. 14 and 15) = AC: Therefore, ſeeing 
the equimultiples of the two propoſed quantities are the 
ſame, the quantities themſelves muſt neceſlarily be equal, 

The ſecond Rule, given above, is nothing more than 
a bare Application of the Principle here demonſtrated ; 


finca, 
„ 


(by rule 2 in multiplication) = 


20 


— ] · 2 SM 


ö * * —_ 
% 
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But in caſes like this laſt, where the two numera- 
tors, or the denominators, have factors common to 
both, the concluſion will become more neat by fuſt caſt- 
ing off ſuch common factors. 

Thus, caſting away ab out of the two numerators, 


and x out of both the denominators, we have © to be 


divided by © ; whereof the quotient is 70 : In the 


255 


and 6 . 2. Z, or S. z. Je, ines 2. 
C * 7a 


When either the diviſor or the dividend is a whole 
| (inſtead of a fraction) it may be reduced to the 
rm of a fraction by writing an unit, or 1, under it. 


ſince, by caſting off the factors common to the dividend 
and diviſor (as directed in the rule) it is plain that we 
take lite parts of thoſe quantities: therefore the quotient 
ariſing by dividing the one part by the other, will be the 
ſame as that ariſing by dividing one whole by the other : 

As to Rule 35, wherein it is aſſerted that 1 5 = 3 
it is evident that AD and BC are equimultiples of the given 
quantities 1 and 85 becauſe = x BD is (by Rule 2* 
in multiplication) = ABD = AD, and 5 xX BD'= 


B | 
S = CB: Whence it follows that the quotient of 


A 
B 
vided by BC ; which, by Notation, is _ as was to 


be ſhewn. The Grounds of the Note ſubjoin'd to this 
Rule are theſe : By caſting away all factors common 
| ta 


ad by 5 will be the ſame with that of AD d 


| 
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ſtand in need of a more particular Explanation. Accord- 


32 OF DIVISION. 


Thus 25 divided by 74 (or 2 gives = 


«a * 
And 59% (or — divided by 2 gives == 
4*. Surd quantities, under the ſame radical ſign, are 
divided by one another like rational quantities, only the 
quotient muſt ſtand under the given radical ſign. 
Thus, the quotient of ab by V is V: 


That of ib by / Bay is Ai; 1 
*; IOabb ob 2 VE 
That of 50 by If is Teak? UN 7 F 
And that of G IC by 240 21 is 3 Fax. 
5˙. Different powers, or roots of the ſame quantity 


are divided one by another, by ſubtracting the exponent 
of the diviſor from that of the dividend, and placg the 


' remainder as an exponent to the 'quantity given, But 


it muſt be obſerved that the exponents here under- 
ſtood are thoſe defined in p. 5; where all roots are 
repreſented as fractional powers. It will likewiſe be pro- 
per to remark further, that, when the exponent of the 
diviſor is greater than that of the-dividend, the quotient 
will have a negative exponent, or, which comes to the 
ſame thing, the reſult will be a fraction, whereof the nu- 
merator is an unit, and the denominator the ſame quan- 
tity with-it's exponent changed to an affirmative one. 
Thus, x* divided by & gives x*: - 


And aF A divided by a F 2 gives a FA : 
Likewiſe x* divided by æ gives x* : 


to the two numerators we take equal parts of the quan- 
tities ; and by throwing off the factors common to both 
denominators, we take equimultiples of thoſe parts,_. 
The two preceding Rules, being nothing ma 
the converſe of 4th and 5th Rules in multipligQion, 


—_— 


are demonſtrated in them: though, perhaps the caſe, 


in Rule 5, where the exponent comes out negative, may 


ing | 
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Moreover 5 C + J- divided by C + WW gives ray; . 
5 — 
Laſtly, 5, divided by x gives x , or = 


6% A compound quantity is divided by a fimple one, 
- by dividing every term thereof by the given diviſor. 
Thus, 3ab) 3abe + 12abx — gaab(c + 4x 33 


c 
and fo of others. | 


70. But if the diviſor, as well as the dividend, be 4 
compound quantity, let the terms of both quantities be 
diſpoſed in order, according to the dimenſions of ſome letter 
in them, as ſhall be judged moſt expedient, ſo that thoſe 
terms may ſtand firſt wherein the higheſt. power of that 
letter is involved, and theſe next where the next higheſt 
power is involved, and fo on this being done, ſeek haw 
many times the firſt term of the diviſor is contained in 
the firſt term of the dividend, which, when found, place 
in the quotient (as in diviſion in villgar arithmetick) and 
then multiply the whole diviſor thergby, ſubtracting the 
product from the reſpettive terms of the dividend; to 
the remainder bring down, with their proper ſigns, as 
many of the next following terms of the dividend as are 
requiſite for the next gperation z ſeeking again how often the 
firſt term of the diviſor is contained in the firſt term of 
the remainder, which alſo write detun in your quotient, 
and proceed as before, repeating the operation till all the 
terms of the dividend are exhauſted, and you have nothing 
remaining. 
| 0 


— 


ing to the ſaid rule, the quotient of &“ divided by x? 
— 


was aſſerted to be x , or Es Now, that this is the 


true value is evident ; becauſe 1 and x* being like parts 
of x* and & (which ariſe by dividing by x) their 
quotient will conſequently be the ſame with that of the 


quantities themſelves. 
She D Thus, 
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Thus, if it were required to divide a* + 5a*x + Fax 
+ #* by a + x (where the ſeveral terms are diſpoſed 
according to the dimenſions of the letter a) I firſt write 
down the diviſor and dividend, in the manner below, 
with a crooked ine between them, as in the Diviſion 
of whole Numbers; then I fay, how often is a contained 
in 4, or what is the quotient of 4 bya; the anſwer 
is a, which I write down in the quotient and multiply 
the whole diviſor, a + x, thereby, and there ariſes 
a + a*x; which ſubtracted from the two firſt terms 
of the dividend leaves 4a*x; to this remainder I bring 
down + Far, the next term of the dividend, and 
then ſeck again how many times à is contained in 4a*x ; 
the anſwer is 4ax, which I alſo put down in the quo- 
tient, and by it multiply the whole diviſor, and there 
ariſes 4a*x + 4ax*, which ſubtracted trom 4a + FRN 
leaves ax* ; to which I bring down x*, the laſt term of 
the dividend, and ſeck how many times « 1s contained in 
a, which I find to be x*; this I therefore allo write 
down in the quotient, and by it multiply the whole 
diviſor ; and then, having ſubtracted the product from 
ar ＋ *, find there is nothing remains; whence I con- 


clude, that the W 5 quotient truly expreſs'd by 


ee the operation. 


4 + 4a K 
a+ x) af ＋ Fab + 5gax* +33 (4 + 4ax + x* 


a3 + a's 


In the ſame manner, if it be propoſed to divide a — 
5a%x + Ia — IO + ga -“ by a —2ax4+ x*, 
the quotient will come out a® — 3a + 3a — x3 ; 
as will appear from the proceſs. 


42 — 
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Za X + Jax* — 3 
#*—2ax4Þx* ) a*—5a*x+ 10aIz*—10a . Saas —4 (44 
a - 2 T- r 
—Ja*x+ r —1 0a*x3 
—3a*x+ a*x*— Ja*x" 
+ 3 — nes 
+ 3a — ba*x*+3ax* 
— ax+2az*—x* 
— AX +2ax*—x* 
8 
So likewiſe, if a5 —x* be divided by a— x, the quo- 
tient will be a* + air + a*x* + az3 + x*; as by the 
work will appear. 
a—x) - (af + x + &x* þ ax? þ 28 
a5 — U 
ix — x 
* — a*x* 
air —x 
ax* — a* x3 


a * — 
a & — ax* 
aa“ — x5 
aa“ — x3 
O O 
Moreover, if it were required to divide 46 — 34 
Pea x* by a3 — 3a*x + 3ax* — x), the proceſs will 
us. 
a*—3a wp) — + A (0 TZ ZX + x3 
Zax — . a®%—30*x + 30*x*—0*x* 
+ 345 r ＋ 2x3 + 307% xt BY 
+3a%x —9a%#*þ9air'—3a* xt ol 
IF 30 —80'x'Foa'x<z* 
+ 34a*%x*—94*x3 + 99*3*— ax 
+ a*x*—3a*x*þ3ax*-,® 
+ -a , e A 
O © Q 9 


921 But 


— 
— 
<< — 


* 
— . —— — — — 


36 OF INVOLUTION. 


thing more than the converſe of thoſe there demon- 


pen in reſpect to the variation of the ſigns. 


Rules. 


ns index, that is, if it be not itſelf a power or ſurd, the 


But it is to be obſerved, that it is not always that the 
work will terminate without leaving a remainder ; and 
then this method is of little uſe; and in all theſe 
caſes, it will be moſt commodious to expreſs the 
quotient, in the manner of a fraction, by writing the 
diviſor under the dividend, with a line between them, 
as has been ſhewn in the method of notation. 

It would be needleſs to offer any thing by way of de- 
monſtration to the two laſt rules, the grounds thereof 
_ already ſufficiently clear from what has been deli- 
vered in the laſt ſection, and the rules themſelves no- 


8 *'v 


ſtrated.— ſhall here ſhew the reaſon why, in diviſion 
(as well as multiplication) lite ſigns produce +, and 
unlike, —. In order thereto it muſt fri be obſerved, 
that according to the nature of diviſion, every quotient 
whatever, multiplied by the given diviſor, ought to 
produce the giver. dividend : whence it is evident, 
I. That + a) + ab (+ ; becauſe +a mult. by + 6, 
| gives ＋ ab ; 
2. That þ a) — ab (—b; becauſe +a mult. by—6, 
5 ives — ab ; 
3. That — a) + ab (— 35; becauſe —a mult. by — 5, 
gives + ab ; 
4. That — 3) —ab (++; becauſe —a mult. by + 6, 
gives — ab ; 


And theſe four are all the caſes that can poſſibly hap- 


SECTION VI. 
Of Involution. 


1 is the raiſing of powers from any propoſed 
root, and may be performed by the following 


1*. I the Quantity, er Root propeſed to be involved has 
power 
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thereof will be repreſented by the ſame quantity 
under the given index, or exponent. 
Thus, the fifth power of à is expreſſed a* ; and the 


ſeventh power of a + z by a + D. 

2. But 7 the Quantity propoſed be itſelf a power, er 
ſurd, it will be involved by multiplying it's exponent by the. 
exponent of the propoſed power. 

Thus, the cube, or third power of @* is 47; the 
fifth power of x? is x** ; the fourth power of ax + yy} 


is ar FCN and the third power of a — K is a =2. 


3*. A Quantity compoſed 0 ſeveral factors, multiplied 
together, is involved by £44 each factor ta the power 
propoſed. |; 


Thus, the ſquare, or ſecond power of ab is 25. Fa + 


the cube, or third power of 2ab is 2'a'b*, or 8 
the fifth power of 3 X aa —xx X a +b+c is © 


243Xaa—axx\*Xa+6b+c*; and the ſquare, or 


* 


ſecond power of the radical quantity a* Xa + x U is 


a X a + PL 


The firit of the rules, here given, being mere nota- 


tion, does not require, nor indeed admit of a demon- 


| < m 
{tration : The ſecond may be explained thus; let A 

be propoſed to be raiſed to the power whoſe exponent 
is n; then I ſay, that the power itſelf will be truly ex- 


mn m 
preſſed by A : For ſince (by notation) A is the ſame 
thing as AXAXAXA, &c. continued to m factors, 
This, raiſed to the nth power, or multiplied n times, 
will (by the general obſervations at p. 13) be equal to 
AXAXAXAXAXA, Sc. continued to n times m 
factors, that is, to mn factors; which, by notaticn, 


mn iy 
is A. But the ſame thing may be otherwiſe demon- 
ſtrated, in a more general manner, by means of rule 5 


D 3 | in 
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4. A Fraction is involved, by raiſing both the nume- 
rator and the denominator to the power propoſed. 


Thus, the ſecond power of > is 7 the third power 


; 2 . 354 
of — is = ; the fourth power of — is 10 ; 
* * 4 
the ſquare of Vs or — is ; the cube of Tis ; 
| .D 5 - 25 421 47 


1 1 
and the ſixth power of << + — is — 


When any quantity to be involv'd has the fign — 
prefix d, the power itſelf, if the index is an odd num- 
ber, muſt be expreſſed with the ſame negative ſign, but 
if an even number, with the contrary ſign, or +. 

Thus the ſecond power of — a, or — a x — a, is 


| + @* (becauſe — into — produces +) : alſo the cube 


in multiplication : For, fince powers raiſed from the 
fame root are multiphed by addition of their in- 


dices, it is evident that the ſquare of A“ (or A Xx A ) 
whether the exponent n be a whole number or a frac- 


tion, will be truly defined by A: whence it likewiſe 
appears, that the cube of A (or A ) will be de- 
fined by A; and the fourth power of A (or A x A) 
by A, &c. 

The Reaſon of the third Rule is alſo grounded on 
the ſame general obſervations : For, in the firſt ex- 
ample, where the ſquare of ab is aſſerted to be a*Þ, 
we know that ſquare to be ab X ab (by the definition of 
a ſquare), which quantity is there proved to be the ſame 
with aXbX a X b, or aa Xx bb. So likewiſe, in the ſe- 
cond example, the cube of 2ab, or 2ab X 2ab X 2ab, 
will be =2XaXbX2XaXbX2XaxXb=2X2%X 
2XaXaXaxXxbXbXb=8X@&XÞ = Sail. * 


rer 
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of — a, or + a* Xx - 42 is — 4 (becauſe & into — pro- 
duces —) ſo likewiſe the fourth power of —a, or — a? 
x — @ is L, and the fifth power, or + a+ x — a, 
is — a5, &c. &c. Hence it appears that all even Pow- 
ers, whether raiſed from paſiti ue or negative Roots, will 
be poſitive. | 

5˙. Duantities compounded of ſeveral terms, are in- 
volved by an actual multiplication of all their parts. 

Thus, if a + was propoſed, to be involved to the 
ſixth power; by multiplying a +,6 into it'sſelf, we thall 
firſt have a* + 2ab + b* ; which is the ſecond power of 
a+b6b; and this, again, multiply'd by a + 6b, givesa*+ 
34*b + 3ab*+- b?, for the third power of a + 5: whence, 
by proceeding on, in this manner, the ſixth power of 
a + will be found to come out 4 + 64% + 154%? 
+ 204? + 15% + Gab ＋ . See the operation. 

a + 6, the root, or fiirſt power. 
a ＋ 5 , 
aa + ab 

+ ab + b* 
a® + 2ab ＋ , the ſquare, or ſecond power. 
a +6 


—_— —— — = ——„- 


the caſe will be the ſame when radical quantities are 
concerned (as in the fourth example) : For the ſquare 


of a KPR, or 4 Xx a +-aV* x N is 
K NI FX FN =0* x4: Xa FAQ? x 
Pat: but a* x 45 (by rule 5* in multiplication) 
is = 4" e. and F xa FM TN; there- 
fore our ſquare, or its equal produc, is likewiſe ex- 
preſſed by a x A ＋ x J. 

The 4th rule, or caſe, for the involution of fracti- 


ons, is grounded on rule 39 in multiplication, and re- 


quires no other demonſtration than is there given. 
D 4 as 
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4 +20 b+ ab* 
+ a*b+ 2ab* + 8* 

7 + * * 3ab* + 55, the cube, or third power. 
a +b 


a* + 3a b 3a + ab* 

+ 4a*b+ YH 3ab* + 14 
* +44*b-+ ba*b* + 4ab* + ,, the fourth power. 
a +b 
45 a* ＋44˙⁰＋ 5e 44a*b* + 40. 
 —+ a+ 44+ ba'bi+ 4abb + 
a TS 104%*+10a*b*+ Sa. + 1, the 5th power. 
a b 
a® + 5a%+10a%*+10a%*Þ 50*b*+þ abs 

+ a+ F t oa DH gab +5 
FEOF Sa +2000 F1 ad the 6th, 


or required power of @ ＋ 6. 


So likewiſe, if it be required to involve or raiſe a 24 
to the ſixth power, the Proceſs will ſtand thus: 
g — b 
a—b 
a*— ab 

— ab + * 

a 3 + , ſecond power. 
a — 

a —20b . 

— 2 ＋. 2ab* — 6 

— 39's + 3ab* — 6, third power. 
ht — 
erf 2 — 4 
2 ab + 34*b* — 3ab? wo b4 
* 0a*b*— 44 + , fourth power. 
a — 
aA — 40% + ba*%b* —. 44 + abs 

— a%+ 49%b* — Ga + 44. — 55 


G— 1 + 5ab* — 37, ban per 
a — 


— 


— 
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. ca 410a%* — 104% + 5a*b*— abs 

. — 241 5% —10 41. 109% — 5abs + 45 

7. — 6055 &＋ 1 5 — 204 þ 154 — bab* + b*, the 
| ſixth, power of a — ; and ſo of any other. 


But there is a Rule, or Theorem, given by Sir 
Iſaac Newton, (demonſtrated hereafter) whereby any 
power of a binomial, a ＋ b, or a—b, may be expreſſed 
in ſimple terms, without the trouble of thoſe tedious 
multiplications required in the preceding operations : 
which is thus. 

Let n denote any number at pleaſure; then the uth 


power of a + b will be 4245 14 el 


- 


8-3 - 8 
1 n. 1-1. 1—2 1 3% 2. -I. 22. 1-3 
b # . 
S * be o. 2:01: 0m lene Ong Pan 

| F. . N 
And the nth power of a — b will be expreſſed in the 
very ſame manner, only the ſigns of the ſecond, fourth, 
ſixth, &c. terms, where the odd powers of 6 are in- 
volved, muſt be negative. | 

An Example or two will ſhew the uſe of this general 
Theorem. 

Firſt, then, let it be required to raiſe a + 5 to the third 
power. Here u, the index of the propoſed power, be- 


ing 3, the firſt term, 4, of the general expreſſion is 
equal to a; the ſecond wa b= 345; the third 


——— a a = ab“; the fourth . 


1 


WR 
h h; and the fh rr 
I. 1 4 a 


a 7 &c. = nothing. Therefore the third power 

of a + b is truly expreſſed by a* + 34˙ + 3ab* ＋ 43. 
Again, let it be required to raifs a + to the ſixth 

power, In which caſe the index, », being 6, we ſhall, 


. . A 6 
by proceeding as in the laſt example, have a = a , 
na 
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wa 5 . 6465, 1 — a = 1 5 &c. and 


6 
conſequently a + b) = a* + 64% + 154%* + 204%* 
＋ 154*b* + Gab + 6; being the very ſame as was 
. above determined by continual multiplication. 

Laſtly, let it be propoſed to involve cc + xy to the 
fourth power. | 

Here a muſt ſtand for cc, b for xy, and n for 4 ; then, 
by ſubſtituting theſe values, inſtead of a, b, and u, the 
general expreſſion will become > + A + 6:4x%4* 
+ 4 x%* + %, the true value ſought. 

From the preceding operations it may be obſerved, 
that the unciz, or coefficients increaſe till the indices of 
the two letters @ and h become equal, or change values, 
and then return, or decreaſe again, according to the 
fame order : therefore we need only find the coefficients 
of the firſt half of the terms in this manner ; ſince, 
from theſe, the reſt are given. 


„„ — 8 i... > — 


SECTION VII. 
8 | O Evolution. 


E Volution, or the Extraction of Roots, being direftly the 
contrary to Involution, or raiſing of powers, is per- 
formed by converſe operations, viz. by the diviſion of indices, 
as Involution was by their multiplication. | 
Thus the ſquare root of &, by dividing the exponent 
by 2, is found to be x*; and the cube root of *, by 
dividing the exponent by 3, appears to be x* : more- 


over, the biquadratic root of a + N will be a A 5 


and the cube root of aa + xx} will be aa + . 
In the ſame manner, if the quantity given be a frac- 
tion, or conſiſts of ſeveral factors multiplied together, 
it's root will be extracted, by extracting the root of 
each particular factor. 


Thus 
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Thus the ſquare root of ˙⁰ will be ab; that of 


OY will be; and that of 1 


c 16 x a — * 
2 1 
. Moreover, the ſquare root of aa—xx\* 


4AXa—x 
3 | L 
will be aa—xx)}*; it's cube root, ag —aa}*® ; 


L 
and its biquadratic root, aa— xx\* ; and ſo of others. 
All which being nothing'more than the converſe of the 
operations in the preceding ſection, requires no other 
demonſtration than what is there given. 
Evolution of compound quantities is performed by 
the following Rule. 


Firſt, place the ſeveral Terms, whereof the given quan- 
tity is compoſed, in order, according to the dimenſims of 
feme letter therein, as ſhall be judged maſt commodious.; then 
let the root of the firſt term be found, and placed im the 
quotient ; which term being ſubtracted, let the firſt term of 
the remainder be brought down, and divided by twice t 
firſt term of the quattent, or by three times it's ſquare, er 
four times its cube, &c. according as the root to be ex- 
trated is a ſquare, cubic, or biquadratic one, &c. and let 
the quantity thence ariſing be alſo wrote down in the qua- 
tient, and the whole be raiſed to the ſecond, third, or 
fourth, &c. power, according to the aforeſaid Caſes, reſpec- 
tively, and ſubtracted from the given quantity; and (if 
any thing remains) let the operation be KITE, by always 
dividing the firſt term of the remainder by the ſame diviſor, 
found as above. | | 

Suppoſe, for example, it were required to extract the 
ſquare root of the compound quantity 2ax + a* + x* : 
then, having ranged the terms in order according to 
the dimenſions of the letter a, the given quantity will 
ſtand thus, a* + 2ax ＋ *, and the root of it's firſt 
term will be a; by the double of which I divide 2a, 
(the firſt of the remaining terms) and add + x, the 
quantity thence ariſing to a (already found) and ſo have 
a + x in the quotient ; which being raiſed to the ſecond 
power, and ſubtracted from the given quantity, nothing 

remains; 
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remains ; therefore a + x is' the ſquare root required. 


See the operation. | 
 @# +þ2ax+x*(a+x 
24) 2ax | 
a* + 2ax + x*, ſecond power of a + x. 
> 1-0 0 


In like manner, if the quantity as — 22 + 34˙ 
— 24x* + x* be propoſed, to extract the ſquare root 
thereof; the anſwer will come out a* — ax + , as 
appears by the proceſs. | 
4 — 23 - 3. - + x+ 4 — ax + * 
- 24*)— 24*x 
a* — 24*x+ r*, ſecond power of a* — ax. 
=? 245) 24*x*, firſt term of the remainder, 
a — 24*x+ 3a*x*—2ax*+x, ſquare of a- - 
e oO 5 


Again, let it be required to extract the cube root of 
4 — ba*x +12ax®*— 8x?, and the work will ſtand thus: 


— 25 SES : 2) . Lo 5 n 
I n ed ũͥͤQͥU ̃ —Ü;̃7·˙lAz 
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"Ing 


4 — ba*x + 122 — CK ( rm ta 
34*)— Ga 

a* — ba*x + 12ax* — g, cube of a — 2x, 
© O 2 0 . 


Laſtly, let it be required to extract the biquadratic 
root of 16* — 96x*y + 216 —216xy* + 819, and 
the proceſs will ſtand as follows : 


16* — g96x%y + 216x*%* — 216 + 819% (2x — 3y 


v3 
W 
1 
& 
A 
1 
; 
A 
4 
4 
3 
# 
3 
4 


32x3)— g6x%y 
164% — 96x*y + 216) — 216xy% + 819 
O 0 3 8 


And, in the ſame manner, the root Fay be deter- 
mined in any other caſe, where it is poſſible to be ex- 
tracted; but if that cannot be done, or, after all, there 
is a remainder, then the root is to be expreſſed in the 
manner of a ſurd, according to what has been alread 
ſhewn. As to the truth of the preceding Rule, it 
too obvious to need a formal demonſtration, every ope- 
ration 


A. 
* 
« 
a 
42 
4 
A 
* 
= 
1 
4 
s 


* 
| 
3 
bY 
4 
* 
1 
=. 
a 
4 
4h 
C | 
! 
1 
1 
v5 
4 
=. 
4 
4 
"= 
2 
x 
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ration being a proof of itſelf, I ſhall only add here, 


45 


that there are other Rules, beſides that, for extracting 


the roots of compound quantities; which, ſometimes, 


bring out the concluſions rather more expeditiouſly ; but 
as theſe are confined to particular caſes, and would take 
up a great deal of room to explain in a manner ſuf- 
ficiently clear and intelligible, it ſeem'd more eligible 
to lay down the whole in one eaſy general Method, 
than to diſcourage and retard the — by a mul- 
tiplicity of Rules. — However, as the extraction of the 
ſquare root is much more neceſſary and uſeful than 
the reſt, I ſhall here 1 down one fingle example 
thereof, wrought according to the common method of 
extracting the ſquare root, in numbers; which I ſup- 
poſe the Reader to be acquainted with, and which he 
will find more expeditious than the general Rule ex- 
plained above. 


Examp. af + 46x + baer + 4ax* + x+( a*+ 2ax+x* 


2a*42ax) + 44*x + ba*x* 2 
+ 44x + 44%? 8 
2a*þ4ax+x" ) + 20x* + 40x +3 
| + 24x + aN + * 
0 9 


SECTION VIII. 
Of the Reduction of. fractional and radical Quan- 


lities. ; 


| 1 Reduction of fractional, and radical quantities 


is of uſe in changing an expreſſion to the moſt 
ſimple and commodious form it is capable of, and that, 


either, by bringing it to it's leaſt terms, or all the mem- 


bers thereof (if it be compounded) to the ſame deno- 
mination. 


A Frattion 
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A Fraftion is reduced to it's leaft terms, by dividing 
both the numerator and dencminator by the greateſt common 
diviſor. 

75 by dividing by ö, is reduced to © : 
c c 


And 280 » by dividing by ab, is reduced to =: 


abb 
44 
I 


And 12939 ill be reduced to ..., 
720*x*v/ xy . 
Thus alſo, <4 —200 by dividing every term 


of the numerator and denominator by 23, is re- 


duced to ; 
2a 
And 8a — 12047 + — 
6a*x + 4ax3 
4 — bar + 3 
| : 34 2x 
2 © 4s 
| Laſtly, 1. _ - =, by dividing both the 
numerator and denominator by the compound diviſor 
4 ＋ 5, is reduced to . —. 
N a + 2b 
But the gompound diviſors whereby a Fraction can, 
ſometimes, be, reduced to lower terms, are not ſo eaſily 
diſcovered as it's ſimple ones; for which reaſon, it 2 
2 be improper to lay down a Rule for finding ſu 
iviſors. | 


Firſt, divide both the numerator and denominator by 
their greateſt ſimple diviſors, and then the quatients one by 
the other (as is taught in Caſe 7. Section 5.), always ob- 
ſerving to make that the diviſor which is of the leaft di- 


by dividing every term 


by 2ax, is reduced to 


menſions ; and if any thing remains, divide it by it's great- 


eft ſimple diviſor, and then divide the laſt compound 2 
| | viſer 


n 


r 
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viſor by the quantity thence ariſing ; and if any thing yet 
remains, divide it likewiſe by it's greateſt ſample diviſor, 
and the laſt compound diviſir by the quantity thence-arijmg 3 


proceed on in this manner till nothing remains; ſo ſhall the 


laſt diviſer exa#ly divide bath” the numerator and deno- 
minator, without leaving any remainder. 

Note, If, after you have divided any remainder by it's 
ſimple diviſor, you can diſcover a compound one which 
will likewiſe meaſure the ſame, and is prime to the diviſor 
from whence that remainder aroſe, it will be convenient 
to divide, alſo, thereby. And, if in any caſe, it ſhould 
happen that the firft term of the diviſor does not ex- 
actly meaſure that of the dividend, the whole dividend 
may be multiply'd by any quantity, as ſhall be neceſſary 


to make the operation ſucceed. 


Ex. 1. Let it be required to reduce the Fraction 


545 + Loa + 5a%"* * 
TFT ar IHR to it's loweſt terms, or to find 
the greateſt common meaſure of it's numerator and de- 
nominator. Here, dividing firſt by the greateſt ſimple 
diviſors 54 and b, we have a* + 2ab + , and 4 + 
24% + 2ab* + b*: and if the latter of theſe be divid- 
ed by the former, the work will ſtand thus: 


a* ＋ 24b + & t 24˙ + 2b + b («a 
| 4 ＋ 24% + 463 

where the remainder is + ab* + ; which be- 
ing divided by 5, it's greateſt fhmple diviſor, gives 
a + 43 by this divide a* + 2ab + , and*the quotient 
will come out a + , exactly; therefore the laſt diviſor, 
a +6, will exactly meaſure both quantities, as may be 
proved thus : 


a +6) 5a + 104% ＋ Sa- (5a. + $ab 
gat +_54'b. 
54 + 5.5 
54 + 5a5ʃ 
2 5 
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a +6) a'b þ 206 ＋ 206 + 4 (* + abt + 
a% + a | 
BF ＋ 240 
a*b* + ah 
ab + 6+ 
ab 4. þ4 
| O O ; 
In both which caſes nothing remains; therefore the 


fraftion given will be reduced to — .I. L. 


ab + ab* + 77 
Ex. 2. Let it be propoſed to reduce the fraction 
e eee to it's loweſt terms: then the 
a3 -a —ax*+ K | 
work will ſtand as follows; 
a - —- 4 + i) at + O =_ O ** O —xrt(a+x 
* —aIx—@*x* ax 
ax —axi—* 
AO x—dO x*—ax* + 
Taz + O- 24“ 


4a ＋O— a —&sx— ax + x (as 
QB — O — ax* 
— ar + O + A 
— r + O + x 
o+ o +0 
From whence it appears that a* + Ox, Or a — xt 
will meaſure both a+ — * and a - e — af + x3; 
and, by dividing thereby, the fraction propoſed is reduced 
a + x* ; 


to 


—— — 


Theſe Operations are founded on this Principle, 
That whatever quantity meaſures the whole, and one part 
of another, muſt do the like by the remaining part. For, 
that quantity (whatever it is) which meaſures both 
the diviſor and dividend, in the firſt example, muſt 


evidently meaſure a? + 24*6 + ab* (being a multiple of 
| | | the 


mM oo A 4A AEM — „ — £A «A. 
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Example 3. In the ſame manner the fraction 


a — Jax? — Ba'x" + 18's — Bat will be reduced to 


* =— 4 — d& + ba 


2 2 
3 —— IT See the proceſs. 


x — Ja 


* ga + 643) -g -, + 18 x—824( x24 


* — ax*—B84*x*+ 6a 
EC- 2 , ＋ O +124\x— 84 
—24ax*+20*x*+160**—124% 
remainder —24* x*— 4a*x+ 4a* ; 
which divided by — 24?, gives x* + 24x — 2a⁴ for the 
next diviſor. | | 
** + 24 — 24* X — an — 8a*x + bas (K — 32 
* + 24 24% 
— Jax* a + a 
— 34 — 6a + bas 

O 0 O 

K b-2ax=24*)x*—Jax"—80*x* + 184*x—B8a*(x*- 5ax4-44* 
22 — 27e 
ga — Ca ＋ IS 

— $ax*—10a*x*+ Ir 

8 + Aa ＋ Sa K-84 

+ 40*x* + 8a K-83. 

- 4 o © 
Now if, by proceeding in this manner, no compound 
diviſor can be found, that is, if the laſt remainder be 
= a ſimple quantity, we may conclude the caſe pro- 
poſed does not admit of any, but is already in it's loweſt 


the former) : whence, by the Principle above quoted, 
the ſame quantity, as it meaſures the whole dividend, 
muſt alſo meaſure the remaining part of it, ab* + 6: : 
but the diviſor, we are in queſt of, being a compound 
one, we may caſt off the {imple diviſor 5˙, as not for 
our purpoſe ; whence 4 + b appears to be the only com- 
pound diviſor the caſe admits of: which, therefore, 
muſt be the common meaſure required, if the example 
propoſed admits of any ſuch. | 
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terms, Thus, for inſtance, if the fraction propoſed 

were to be 330 = +260 . it is plain, by in- 
| a* + ax + x* | 
ſpection, that it is not reducible by any ſimple divifor ; 
but to know whether it may not, by a compound one, 
I proceed as above, and find the laſt remainder to be the 
ſimple quantity 7xx: whence I conclude that the fraction 
is already in it's loweſt terms. 

Another obſervation may be here made, in -relation 
to fractions that have in them more than two different 
letters. When one of the letters riſes only to a fingle 
dimenſion, either in the numerator or in the denomi- 
nator, it will be beſt to divide the ſaid numerator or de- 
nominator (whichever it is) into two parts, ſo that the 
faid letter == be found in every term of the one part, 
and be totally excluded out of the other : this being 
done, let the greateſt common diviſor of theſe two parts 
be found; which will, evidently, be a diviſor to the 
whole, and by which the diviſion of the other quantity 
is to be tried; as in the following example, where the 
+ bx* - 24*x + bax — 20% : 
xx — bx + 2ax — 2ab 
Here the denominator being the leaſt compounded, and 
b riſing therein to a ſingle dimenſion only, I divide the 
fame into the parts x* + 2ax, and — bx — 245; which, 
by inſpection, appear to be equal to x + 2a x x, and 
x + 24 X —b. Therefore x + 2a is a diviſor to both 


. . _— : 
fraction given is 1 — 


the parts, and likewiſe to the whole, expreſſed by 


x +2axx—b; ſo that one of theſe two factors, 
if the fraction given can be reduced to lower terms, 
muſt alſo meaſure the numerator: but the former 
will be found to ſucceed, the quotient coming out 
* — ax + bx — ab, exattly : whence the fraction it- 


2.— by — ab | 
ſelf is reduced to - = - 5 which is not re- 


ducible farther, by x — }, ſince the diviſion does nct 


terminate without a remainder, as upon trial will be 
found. 


Having 


a wm. On bLo 


— 
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Having inſiſted largely on the reduction of fractions 


to their leaſt terms, we now come to conſider their re- 
duction to the ſame denominator. 


Fractions are reduced to the ſame denominator by multi- 
plying the numerator of each into all the denominators, ex- 
cept it's own, for @ new correſponding numerator, and all 
the denominators continually together, for u common deno- 
minator. he 

a 8 ad 
Thus, 7 and 7 will be reduced to 37 and 755 
#4 £ e 44 chf bde 
75 77 baf * baf® and baf ? 
'2ax bx G bxcd 
and . and , to Ja and Sa and 
ſo of others. 

But, when the denominators have a common diviſor, 
the operation will be more ſimple, and the concluſion 
neater, if, inſtead of multiplying the terms of each 
fraction by the denominator of the other, you only 
multiply by that part which ariſes by dividing by the 
common diviſor. As, if there were propoſed the frac- 

b* ab 
tions — and 1 then, the denominators having the 
factor d common to both, I multiply by the remaining 
factors @ and c; whence the two fractions will be re- 


bb b 
duced to — and — (where d remains as before, no- 


thing having been done therewith). By the ſame me- 
, ba® 2dxy* 
od = and T are reduced to 2 and 


5abe 4abs 20abcd 
3 gbex? bav ax * aa xx 18a*x/as 
20 and De and 1 , to A 
ang 2 4. — 
T 


But, as has been before hinted, the principal uſe of 
this ſort of reduction is to transform compound quan- 
tities to the moſt commodious forms of expreſſion; 

* E 2 which, 
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which, for the general part, are more eaſily managed, 
(whether they are to be added, ſubtracted, multiply'd or 
divided) when all their members are brought to the ſame 


in 
ba? a "BE. 
Thus the compound quantity == + 7 will be trans- 
a 
formed to 2 + = or to , for it is evident, 
that the quotient which ariſes by dividing the whole, is 
equal to the quotients of all the parts, by the ſame 


diviſor. 
: Pee” c, + i 
In the ſame manner will — — — 6 = 


-» chu 24. 24x + ab 
alſo I, or = += will be = , 
2ab 2ab + aa— ab Wy ab + aa 
a a—b — a—b* 

; . : a* a* 

So likewiſe, by reduction, ——> ＋ 5 7 


* 


and 7 a = 


— —— 


will be = - 


a—xXaH+x 
_ 5 SV xy 20a — 5x 
11 0 v xy + a 
Sy + Gav ay . ; and fo in other caſes. 
av xy + a* 


The reaſon of the two kinds of reduQion hitherto 
explained, is Ar on this obvious principle, that 
the equimultiples, or like parts of quantities, are in the 
ſame ratio to cach other as the quantities themſelves, or, 
chat the quotient which ariſes by dividing one quantity 
by another, is the ſame as ariſes by dividing any part or 
multiple of the former by the like part or multiple of the 

| latter: 


* xabSx+@Xa—x—2aXa+xXa—# 


t 


9 BY) 0 De & &f ms , 
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Beſides theſe, there are yet two other ſorts of re- 
duction which Authors have treated of under the head 
of fractions; which are, the reducing of a whole quan- 
tity to an equivalent frattion of a given denomination, and 
a compound fraction to a ſimple one of the ſame value. 
Neither of theſe, indeed, are of any great uſe in the 
ſolution of problems, however it nught be improper to 
leave them intirely untouch'd. ' 

1. A whole quantity is reduced to an equivalent frac 
tion by multiplying it by the given denominator, and writ- 
ing the multiplier underneath the product, with a line between 
them. | 

Thus the quantity a, reduced to the denominator 


3 | 
b, will be 7. and the quantity c d, to the denominator 


a ＋ 5, will be 214224 or rA 
a ＋ 1 2 ＋ 6 
2% A compound fraction is reduced to a ſimple one of 
the ſame value, by multiplying the numerators together for 
a new numerator, and the denominators together for a new 


denominator. . 
But by a compound fraction here, we are not to un- 


— 


* 


latter: for in reducing to the loweſt terms, it is plain 
that, inſtead of the whole numerator and denominator, 
we ws take that part of each, which 1s defined by the 
greateſt common meaſure ; whereas, in reduction to 
the ſame denominator, we, on the contrary, make uſe 
of equimultiples of thoſe quantities ; fince, in multi- 
* plying any numerator into all the denominators, except 
it's own, we multiply it by the very ſame quantities by 
which it's denominator is multiplied. 
" The Rule, for reducing a compound fraction to 
a ſimple one, may be explained thus. It is. plain 


that the part of 5; defined by 5, which ariſes by 


dividing by 6, will be equal, to 1 (the diviſor here 


E 3 being 
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derſtand one conſiſting of ſeveral terms, connected to- 


ether by the ſigns + and — (which is the general 
| Teſinition of a compound quantity) but ſuch an one as 
expreſles a given part of ſome other traction. 


* 
Thus 9.4 will be equal to -—z and the + | 


part af => 7 will be = = = 1 


Of the Redudtie of Radical Quantities, 


The Reduction of ſurd quantities, like that of frac- 
tions, may be either to the leaſt terms, or to the ſame 
denomination. 

A radical quantity is reduced to it's leaft terms, by re- 
felving it into twa factors, and extracting the root of that 
which is rational. 


Thus, / 28 is reduced to V 4x7 ; which, by 
* the ſquare root of 4, becomes 27 : alſo 
e is reduced to VA x VI; which, by extracting 


the root of , becomes av/ 5: likewiſe in, a*b**, or 
I ä 8 1 
e is reduced to /a3b; x VD, or ab 2 a 


Jy — 24 * 
moreover 9 2 * EE 5s reduced to Is 7 


— 22 vo EE Ax - 9 1647 T1504 
| ; and 8164: —ib2b5s 


5 A r 


being 6 times as 5 Cole) ; the part of 7 de- 
fined by +; * . as that defined by 5; » 
muſt be truly expreſſed by — 2 * , or it's equal 


oP ys Was 3 


18 


_ "8 
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4 


os 41⁊— — : 
164 ax* + a*x* 2x 
is reduced to of Fir r 


3 2,2 
2 . ; and fo of any other: all which is 


* — 2bx 

evident from caſe 4 of multiplication, and caſe 3 of in- 
volution. But it is to be obſerved, that, in reſolvin 
any expreſſion in this manner, the factor out of which 
the root is to be extracted, is always to be taken the 
greateſt the caſe will admit of. It alſo may be proper to 
take notice, that this kind of reduction is chiefly uſeful 
in the addition and ſubtraction of ſurd quantities, and in 
uniting the terms of compound expreſſions that are 
commenſurable to each other, where the irrational part, 
or factor, after reduction, is the ſame in each term. 


Thus / 18 +v/ 32 is reduced to 3/ 2 ＋ 4% 2, or 
TV 2; and J S + V 50a* -N 724* is reduced to 
2290 2 + 540 2 — bay 2 = av 2. Moreover, by re- 

3 Lf I24*x of 15 48a*x 
duction, 5 + 4 becomes 2 * 
„„ © 

20 = 4 20 + 5% 20 = NN 200 
And 3a 4a. ＋ 8x* + 3xv ga* + Ia becomes 
GV + 2x* + gaxva* + 2x* = I5axv a* + 25% 

Surd quantities, under different radical figns, are re- 


duced to the ſame radical ſign, by reducing their indices to 
the leaſt common denominator, | 


Thus 4 and a?, reduced to the ſame radical ſign, 


will become ad and 45 (for the indices are here 4 and 
2, and theſe are equivalent to 3 and 3, where both have 


the ſame denominator). In the fame manner Ar and 


* will become Ad and "6 or Fs and M. And, 


- Wy 
wniverſally, Ar and By, _ when their W 
4 | 
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are reduced to the ſame denomination, become A "7 


2 
and Bh. : IEA 
The principal uſe of this ſort of reduction, is, when 
quantities under difterent radical ſigns are to be multi- 


plied or divided by each other. 


That the reduction of a radical quantity to another 
of a different denomination, by an equal multplicati- 
on of the terms of it's exponent, makes no alteration 
in the value of the quantity, may be thus demonſtrated, 


Let Ar be any quantity of this kind; then, the 
terms of it's exponent being equally multiplied by any 


number , I ſay, the quantity Ar, hence ariſing, is 
equal to the given one Ar. 


1 


For, if x be aſſumed = A, or, which is the ſame, 
if the value of x be ſuch, that x. = A; then, the ath 
root of x being x (by caſe 2 of ſeftion 6) and the nth 

T* 


root of A being Ar (by notation „ theſe two quantities 
T 


x and A” muſt, likewiſe, be equal to each other : 
and, if they be both raiſed to the mth power, the equa- 
lity will ſtill continue; but the th power of the former 


(x) is = x (by caſe 2 of involution) ; and the mth 
| T m 

power of the latter (Ar) is Ar (by notation) ; there- 
fore x is = An. But, x being = Am, we have 


mr 
Ny 


* Ar, by notation; and conſequently A 


= Ar; which was to be proved, 


LE TR 
Thus, 
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Thus, V5 multiplied by 7 IO, or 5 into TA, 
will give T75]* x 100,* or 12500,*: alſo Var into 
is, or ax into ax, will give a © x a 
or F: and Var divided by e will give 


or A'“. Laftly, 2x multiplied into v/ Jaz, 


a*x* 5 a 


will give „ ax, or  12ax*, 


w_ — 


SECTION IX. 
Of Equations. 


N Equation is, when two equal quantities, dif- 
ferently expreſſed, are compared together, by 
means of the ſign = placed between them. 

Thus, 8 — 2 = 6 is an equation, expreſſing the 
equality of the quantities 8 — 2, and 6: and x=a+b 
is an equation, ſhewing that the quantity repreſented 
by x is equa] to the ſum of the two quantities repre- 
ſented by à and b. | 

Equations are the means whereby we come at ſuch 
concluſions as anſwer the conditions of a problem; 
wherein, from the quantities given, the unknown ones 
are determined ; and this is called the reſolution, or 
reduction of equations. 


Reduction of ſingle Equations. 


Single equations are ſuch as contain only one un- 
known quantity; which, before that quantity can be 
diſcovered, muſt be ſo ordered and transformed, by the 
addition, ſubtraction, multiplication, or diviſion, &c. 
of equal quantities, that a juſt equality between the two 
parts thereof may be il preſerved, and that there may 
reſult, at laſt, an equation, wherein the unknown quan- 


tity 
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tity ſtands alone on one fide, and all the known ones 
on the other. But, though this method of ordering an 
equation is grounded upon ſelf-evident principles, yet 
the operations are ſometimes a little difficult to manage 


in the beſt manner; for which reaſon the following 
Rules are ſubjoined. 


1% Any Term of an equation, may be tranſpoſed to 
the contrary fide, if 2 un le changed. 5 
Thus, if x + 6 = 16; then will x = 16 — 6, that 
is, £22400; 
And, if x—4=8; then will x=8+4, or x =12: 
Alſo, if 3x = 2x + 24; then will 3x — 2x = 24, 
+ {that is, 2 14 4 
Again, if 5x - 8 = 3x + 20; then will 5x — 3 = 
20 +8, or 2x 28: 
Laſtly, if ax + bx — c +d— ex = f —g TUN —tx; 
then, by tranſpoſition, ax + bx — ex — bs ＋ kx = 
—g+c—4d; where all the terms affected by x 
(the unknown quantity) ſtand, now, on the ſame fide of 
equation. 


2% I there is any quantity by which all the terms of an 
equation are multiplied, let them all be divided by that 
' quantity ; but, if all of them be divided by any quantity, let 
the common diviſor be caft away. 

Thus, the equation ax = ab is reduced to x I; 


alſo 10x = 70 (or 10 Xx * = 10 x 7) is reduced to 
x=7; and x3 = ax* + bx*, is reduced tox =a+b-: 


*The reaſon of this rule is extremely evident; ſince 
tranſpoling of a quantity thus, is 5 more than 
ſubtracting, or adding it on both ſides of the equation, 
according as the ſign thereof is poſitive, or negative. 
Thus, in the equation x + 6 = 16 (which by tranſ- 
poſition becomes x = 16 — 6 = 10) the number 6 
is ſubtracted from both ſides ; and, in the equation 
x — 4 == 8 (which by tranſpoſition becomes x = 8 + 4 
= 13) the number 4 is added on both fides. | | 

| Moreover 
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Moreover (by the latter part of the Rule) — == is re- 


ar ab, —acx* 
duced to x=b; and — = - „ to a = 


abx* — acx* ; which, if the whole be divided by ar, 
will be farther reduced to x = b6 — c. 


3%. If there are irreducible fractions, let the whole 
equation be multiplied by the product of all their denomi- 
nators, or, which is the ſame, let the numerator of every 
term in the equation be multiplied by all the denominators, 
except it's own, ſuppoſing ſuch terms (if any there be) that 
tand without a denominator, to have an unit ſubſcribed. 


Thus, the equation x += + 7 11, is redu- 
x +2 


ced to bx + 3x + 2x = 663 and x + 5 =12 
— to 40x ＋ 8x + 16 = 480 + 5x —15; ſo 


x +6 


likewiſe a — — = : , is reduced to a == ox = ax" 


ax 


a+x 


+ ab; and 
acx + ex? 
4*. If,, in your equation, there is an irreducible 
wherein the unknown quantity enters, let all the other terms 
be tranſpoſed to the contrary fide (by rule 1); and then, 
if both fides be involved to the power denominated by the 
ſurd, an equation will ariſe free from radical quantities; 
unleſs there bappen to be more ſurds than one, in which 
caſe the operation is to be repeatad. 

Thus, v x + 6 = 10, by tranſpoſition, becomes 
v x (= 10— 6) = 4; which, by ſquaring both ſides, 
gives x = 16. | 

So likewiſe, V aa + xx — c = x, becomes / ag-+ xx 
=<c + x; which, ſquared, gives aa + xx = ec ＋ 2x 
＋ xx, Or aa — cc = 2cx (by rule To 


+4a=F> to abx + a*b + abx — —— 
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this, as well as of the two preceding rules, depend on 
ſelf-evident principles: for, when the equal quantities, 
on each ſide of an equation, are multiplied, or divided by 
the ſame, or by equal quantities, or raiſed to equal powers, 
the quantities reſulting muſt neceſſarily be equal. 


5˙. Having, by the preceding rules (if there is occaſion), 
cleared your equation of fractional, and radical quantities, 
and ſo ordered it, by tranſpoſition, that all the terms, where- 
in the unknown quantity is found, may ſtand on the ſame 
fide ptr let the whole be divided by the coefficient, or the 
ſum of the coefficients, 2 the higheſt power of the ſaid un- 
known quantity. And then, if your equation be a ſimple 
one (that is, if the firſt power, or the quantity itſelf, 
be only concerned) the work is at an end; but if it 
be a quadratic, or cubic one, &c. ſomething further 
remains to be done; and recourſe muſt be had to the 
particular methods for reſolving theſe kinds of equati- 
ons, hereafter to be conſidered in a proper place. 

I ſhall here ſubjoin a few examples for the Learner's 
_ exerciſe, wherein all the aforegoing Rules obtain pro- 
miſcuouſly. | 

Ex. 1. Let 5x —16 = 3x + 12: then (byrule 1) 
SE l + 16, or 2x = 28: whence (by rule 5) 
* | 

x == = 14. 
Ex. 2. Let 20 - 9x — 8 = bo — 9x: then — 
* + 7x 0 — 20 -þ 8, that is, 4x = 48; and conlg- 


quently x = ＋ = 


Ex. 3. Let ax - Ser +d; then a cr d, 
N b 
or a -C Xxx ANT; and therefore x = —— (by 


rule 5.) | | 

Ex. 4. Let 6x* — 20x = 16x + 2x* : then, dividing 

by 2x (according to rule 2) we have 3x —10=8 + x; 

whence zu — x = 8 + 10, that is, 2x = 18; and 
18 £0 . 


therefore x = — = 9 | 1 


* 


Ex. 5. 


. 
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Ex. 5. Let 3ax* —abx* = ax* ＋ 2acx* : here, di- 
viding the whole by ax, we have 3x —b=x-þ 2c 
2c ＋ b 


therefore 2x = 2c + b, and x = 8 


Er. 6, Let g f Y 21. then iy rule 3) 4x + 34 


= 252 ; and therefore x 1 87 = Þ. 


Ex. 7. Let *2 4+ 2 > 16. then, 
12x + 12 + 8x 4 4 = 384 — bx — 18; whence 
* 78 

26x = 338, and x = . 123 | 


bb 


Ex. 8. Let a —— =c: then ax — bb = cx; whence. 
d c I, and x = — , 
4 — 


2 "208, | 
Ex. 9. e then, bcx T acæ + 
abx = abcd, or bc + ac + ab x x = abcd; and conſe- 


Ex. 10. Let ax + P = then, ax + b* 
a +x=ax ＋ ac, that is, a*x ＋ ab* + ax* + bx = 


ax + ac* ; whence a*x + ax* + bx —as* = ac —» 
ab*, or a*x + bx = ac — ab*; and therefore x = 
ac — ab* 


aa + bb * . 
a 355 ; * 
Ex. 11. Let Tf =: then, ax + ab + bx 


= ax =þ xx ; whence — xx + bx = —ab; which, by 
changing all the ſigns (in order that the higheſt power 
of x may be poſitive) gives xx — bx = ab. But the 
ſame concluſion may be otherwiſe brought out, by firſt 
changing the ſides of the equation ax + ab + bx = ax 


+ xx; 


4 8 
— 


— — — — 1 "i — 
— — _-_ — > — - 
ry N : . 


— 


— 
— — — 
oy — > - . 


— 
2 — 


if 
l 
f 

| 
"kh 
4 
4g 

1 

? 


or xquarions. 


xx 3 which thereby becoming ax T- xx = ax + ab 
bx, webthence get xx — bx = ab, = ker To 


Br. 1a. Le v + 12 2 17: hen 5 


and V 5x = 5B; whence (by rule 4) 5x = 225, and 
therefore x = = 45 = $$ 


Ex. 13. LetVi2+x=2+v x: then (ly rule 4) 
12 ＋ = 4+ 49 x + x ; whence, by tranſpoſition, 
8=a4v x; and, by diviſion, 2 2 x; conſequently 


= MX, 
Ex. 14. RE Here (by 
rule 3) xx Vai + x + a + x* = 24* ; whence x x 


L = —x*, and * Xx a*+ 2 
rigs (by rule 4), that i is, a pat = a* —= 2 x* 4-x*; 
fore 3a*x* = at, and . = =O 
therefore 3a*x za, and x* == 
Ex. 15, Let x + Vas = — Then 
EZ Vacs 
Vax+xx + a+x= 2a, or Vax+ xx =a=x; whence 
: | a* a 
ax + xx = &* — 2ax + A, and x = = = =» 
+ + *, * = 3a 3 
Ex. 16. Let V - = x—c : then, by cubing 
both ſides, x* — 6 = x7 — 3art + „ ; whence 


ger? — JO 4 — , and x* = by di- 
3e 
viding the whole by 3c. | 


Ex. 17. N then, by rat | 


ing both ſides to the fourth power, we have aa+ xx* 
= 6+ + x*, that is, a* ＋ 22 - = b* + x* ; and 
_ +, #6 

* ** 2. 


24 — aa 


>£ 5 | El. 18.” 


ac * 
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Ex. 18. Let x = Va + Ir — a. Here 
xa —=vo ＋ xv tb+ xx; which, ſquared, gives x* + 
2ax + a* = + xv Tax, or + 24 =xVv bb+ xx; 
divide by x, ſo ſhall x ＋ 24 = v/bbþ xx ; this ſquared 
again, gives x* ＋ 4ax + 4 = bb + xx ; whence 4ax 

; bb 


Of the Extermination of unknown quantities, or the re- 
dufticn of two, or more equations, to a ſingle one. 


It has been ſhewn above, how to manage a fingle 
equation ; but it often happens, that, in the ſolution of 
the ſame problem, two, or three, or more equations are 


concerned, and as many unknown quantities, mixed pro- 
miſcuouſly in each of them; which equations, before 


any one of thoſe quantities can be known, muſt be re- 
duced into one, or ſo ordered and connected, that, from 
thence, a new equation may at length ariſe, affected 
with only one unknown quantity. -This, in moſt caſes, 
may be performed various ways, but the following are 
the moſt general. 


19, Obſerve which, of all your unknownu quantities, is the 
leaft involved, and let the value 4 that quantity be found 
in each equation (by the methods already explained) looking 
upon all the reſt as known ; let the values thus found be put 
equal to each other (for they are equal, becauſe they all ex- 
preſs the ſame thing); whence new equations will ariſe, 
out of which that quantity will be totally excluded; with 
which new equations the operation may be repeated, and the 
unknown quantities exterminated, ane by one, till, at laſt, 
you come to an equation containing only one unknown quan- 
tity. 

2%, Or, let the value of the unknown quantity, which 
you would firſt exterminate, be found in that equation where- 
in it is the leaft involved, conſidering all the other quanti- 
ties as known, and let this value, and it's powers, be ſub- 
Aituted for that quantity and it's reſpectiue powers in 2 


1 
— 
1 
. 
1 
* 
. 
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other equations ; and with the new equations thus ariſing 
repeat the operation, till you have only one unknown guan- 
tity and one equation. | | 

3*. Or, laſtly, let the given equations be multiply d or 
divided by ſuch numbers or quantities, whether known or 
unknown, that the term which involves the higheſt power of 
the unknown quantity to be exterminated, may be the ſame 
in each equation ; and then, by adding, or ſubtrafting the 
equations, as occaſion ſhall require, that term will vaniſh, 
and a new equation emerge, wherein the number of dimen- 
ions (if not the number of unknown quantities ) will be di- 
miniſhed. | 

But the uſe of the different methods here laid down 
will be more clearly underſtood by help of a few ex- 


amples. 
EXAMPLE I. 
Let there be given the equations x + y = 12, and 5x + 
32y=50; to find x and y. | 
According to the firſt Method, by tranſpoſing y and 3y, 
we get x =12— y, and 5x 50 — ; from the laſt 
g0—Y 


of which equations, x = : Now, by equating 


a 2 
theſe two values of x, we have 12 — y = S - ; 


5 
and therefore bo — 5y 50 — 3y : from which y is 
IO 
given =—=5; and x (=12—y =12—5) =7. 


According to the ſecond Method ; x being, by the firſt 
equation, = 12 — y, this value muſt therefore be ſub- 
ſtituted in the ſecond, that is, 60 — 5y muſt be wrote 
in the room of it's equal 5x ; whence will be had 60 — 


10 
gy 3y=50 ; and from thence y == = 5, as before. 
But according to the third Method, having multiplied 
the firſt equation by 5, it will ſtand thus, 5x + 5y=60 
from whence ſubtracting the ad equation, 5x + 3y = 50, 


there remains — — — — — 2y=10; 
whence y = 5, till the ſame as before. | 


The 
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The firſt of theſe three ways is much uſed by 
ſome Authors, but the laſt of them is, for the general 
part, the moſt eaſy and expeditious in practice, and is, 
tor that reaſon, chiefly regarded in the ſubſequent ex- 
amples. | 

EXAMPLE II. 
gx ＋ 8& = 124 

Let 3x — 2y = 20. 

Here, the ſecond equation being multiplied by 4 (in 
order that the coefficients of y in both equations may 
be the ſame) we have 12x — 8y = 80. 

Let this equation and the firſt be, now, added to- 
gether ; whence y will be exterminated, there coming 


out 17x = 204; from which x = = 12: therefore, 


"AP — —60 6 
by the firſt equation, (= — 8 . — —.— 05 


= 8. 
EXAMPLE III. 
: x — Jy = 90 

Groen N + - = 160. 

Here, multiplying the firſt equation by 2, and the 
ſecond by 5, in order that the coefficient of x may be 
the ſame in both, there ariſes 

I0ox — 65 = 180 
| Iox + 25y = 800. 
By ſubtracting the former of which, from the latter, 


6 
we have 310 = 620: hence y = I = 20 3 and ſo, by 


he firſt equation, x (N B42 = 30. 


But the value of & may be otherwile found, inde- 
pendent of the value of y; for, by multiplying the firſt 
equation by 5, and the ſecond by 3, and then adding 
them together, y will be exterminated, and you wi 
get 25x + bx = 450 + 480; whence x = Sf. = 30, 
the ſame as before. | 
| | F E X- 
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| Grven 3 

1 5 85 - 9 = 

| Here our equations, cleared of fractions, will be 
3x + 2y = 96 


— 5 = o. 
And, if from the wipe of the former the latter be ſub- 


tracted, we ſhall have ehen, 9o, that is, 
115 = 198; whence y = 18; and x (=2 =) =2C. 


EXAMPLE V. 
T LE?” 
"pn + 8 
x + x 2y — x 
Rigs + 27. 
Here 4x — 96 = 2y + 64, and | 

12x ＋ 12y + 20x — 480 = 3oy — 15x + 1620; 
which, contracted, become 

47x — 18) = 2100 : from the laſt of which ſubtract 
9 times the former; ſo {ſhall 11x = 2100 — 1440 = 


660; therefore x =bo, and (= EZ = 24 —80) 
= 40. 


_ Groen 


EXAMPLE VI. 


1 ＋ y = 13 
Tat * +z= 14%; tofnds, y, and a. 


\ 0 + z = 1 u 
By fubtraRiing the felt equation from the ſecond (in 
order to exterminate x) we have a —y= 1; to which 
the third equation being added, y will likewiſe be 
exterminated, there coming out 2z = 16, or z = 8: 
whence y (S&—4) = 7; and x (= 13 —y) = 6. 


* 


EXAMPLE 
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ane VI.. 
17 N 


72 * 


iven « A of fractions, become 
2x 97 6z = 1488 l 
20x + 15y + 12z = 2820 
30x + 24y + 20z = 4560. 
Now (to exterminate z) let the ſecond of theſe equa- 
tions ſubtracted from the double of the firſt ; and 
alſo the triple of the third from the quintuple of the 
ſecond ; whence is had 
5 = 156 
Ilox + 3y = 420: 


from which 12x—10xz=468— 420, andæ = = 
— 
We 


E 
— BER" 
8B. TI 
9 
Un | +> | 
9 + 1 
3 * 


＋ 2 
SO 


4 


| Therefore y (5-42 605 and z 
= 120. 
EXAMPLE VIII. 


te J T-i5 = y+ z 
y too = 2x + 2% 
z + 100 = 3e + 5. 

To the double of the firſt, let the ſecond equation 
be added; ſo ſhall the x's, on the contrary ſides, de- 
ſtroy each other, and you will have 300 + = 29 + 42, 
3 Moreover, to the triple of the firſt, 
we We equation be added, whence will be had 

400 = by + 3z, or 400 = by + 2z. 
ow, if from the double of this laft equation, the 
former, 300 = y + 4z, be ſubtracted, there will come 


00 
out 500 = I1y; and, conſequently, y = = . = = 45: 
F 2 there- 
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therefore z (=== = 75 — 2 = 75 —I1-4) = 
634; ; and x (=y + z —100 = 1094, —100) = Dr. 


EXAMPLE IX. 

Let x—y=2, and xy + 5x — by =120; to exter- 
minate x. 

By the former equation x =y + 2; which va'ue be- 
ing ſubſtituted in' the latter (according to the ſecond general 
method) it becomes y+2 x y + 5 X 4-2 —6y= 120, 
that is, y* + 29 +5 + 10—by = 120, or y +y=110. 


EXAMPLE X. 
Lu there be given x + y = ds Per an $5, whats 
terminate x. 
Here, by the firſt equation, x=a—y; and there- 
fore * =@a—y\' ; which value being wrote in the 


other equation, we have a —- M + * b, that is, 


— 40 
4 — 24% T r =; and therefore * — 4 8 


EXAMPLE XI. 


G1 2141221 exterminate y. 
272 + Th j 
Multiply the firſt equation ＋ 5, and the ſecond by a, 
and ſubtract the latter product from the former; whence 
you will have b/x— agx + cf5 —aby=df —ak ; which, 
if -ak-+agx-bfs 
by tranſpoſition and diviſion, gives y= _ 


Let this value of y be now ſubſtituted in the firſt 


equation, and there will ariſe 


adfx— a*kx + a"gx*—abfy* + 1 — wi + 1 


bx A; A; which, a by cf — ah, 8 5-4 
gives T —#f x x* + af — at + -M => bad. 


EXAMPLE 
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EXAMPLE XII. | 
Suppoſing ar nnen and f- ere 
fo exterminate K 


Proceeding here as in the laſt example, —— | 
fox + fen arab o; and, from thence, x = 2 


Whence, by ſubſtitution, a * 2 fil 4 bxab—fe 


— ag] fb—0a 
+ c = 0. . two laſt terms, 


bh— 
dividing the whole by a, gives 2 — — 


þ — ag —ag 


=03 


* conſequently ab—fq* anna. 


After the ſame manner x may be expunged out of the 
equations ax CE cx +d= 0, and fx*+gx+h=06, 
&c, But, to ſhew the uſe of the above example, ſup- 
poſe there to be given the equations x* + yx - =o, 
and x* + 23xy —10 =0: then, by comparing the terms 
of theſe 8 with thoſe of the general ones, ax* ＋ 
bx + c = ©, and ff TT, we have a=1, 
e e, g = . and B= — 10: 
which values being ſubſtituted i in the equation ab — fir 


T it thence becomes 


—10 + yl fi Art ts o, that is, 
100 — 205*² + f + 20 — 0 = o; or, 100 = 9 
whence y may be Hound, and from thence the value of 
x allo. | 


— — — 


SECTION X. 
Of Proportion. 


6 2 — — 


Uantities, of the ſame kind, may be compared to- 
gether, either, with regard to their differences, 

or according to the part, or parts that one is of the 
other, called their ratio. The compariſon of quanti- 
4 Sk 
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ties according to their differences, is called arithmetical ; 
but, according to their ratios, geometrical, 

When, of four Quantities, 2, 6, 12, 16, the dif- 
-ference of the firſt and ſecond is equal to the difference 
of the third and fourth, thoſe quantities are ſaid to be 
in arithmetical proportion. But, when the ratio of the 
firſt and ſecond 1s the ſame with that of the third and 
fourth (as in 2, 6, 10, 30) then the quantities are ſaid to 


be in geometrical proportion. Moreover, when the diffe- 
rence, or the ratio, of every two adjacent terms (as well 


of the ſecond and third, as of the firſt and ſecond, &c.) 
is the ſame, then the proportion is ſaid to be continued : 
thus 2, 4, 6, 8, Cc. is a continued arithmetical pro- 
portion; and 2, 4, 8, 16, &c. a continued geometri- 
cal one. Theſe kinds of proportions are alſo called 
Progreflions, being carried on according to the ſame 
law throughout, 


Arithmetical Proportion. 


THEOREM I. 
any four quantities, a, b, c, d, in arithmetical pro- 
Freſſion *, the ſum of the two means is equal to the ſum of 
the two extremes. | 
For fince, by ſuppoſition, b — a is dA -, there- 
fore is b + c =d þ a, by tranſpoſition, 


THEOREM II. 

In any continued arithmetical pregreſſion (5, 7, 9, 11, 
13, 15) the ſum of the two extremes and that of every 
other two terms equally diſtant from them, are equal. | 

For ſince, by the nature of Progreſſionals, the ſecond 
term exceeds the firſt by juſt as much as it's correſponding 


— 


* Although, in the compariſon of quantities accord- 
ing to their differences, the term proportion is uſed; yet 
the word progreſſion is frequently ſubſtituted in it's room, 
and is, indeed, more proper; the former term being, 
in the common acceptation of it, ſynonymous with ra- 


fo, which is only uſed in the other kind of compariſon. 


* 
17171 . . 


9 Kel 
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term, the laſt but one, wants of the laſt, it is manifeſt, 


that when theſe correſponding terms are added together, 


the exceſs of the one will make good the defect of the 
other, and fo their ſum be exactly the ſame with that 
of the two rang 96 : Fm in the ſame manner it will 
appear, that the ſum of any two other correſponding 
— muſt be equal to that 4 the two — 
When the number of terms is odd, as in the pro- 
greſſion 4, 7, 10, 13, 16, then the ſum of the two ex- 
tremes being double to the middle term, or mean, the 


ſum of any other two terms, equally remote from the 


extremes, muſt likewiſe be double to the mean. 


THEOREM III. 

In any continued arithmetical progreſſion, a, a + d, a + 24, 
a+ 3d, a +44, Sc. the laſt, or greateſt term, is equal to 
the fir/t (or leaſt), more the common difference of the terms 
drawn into the number of all the terms after the firſt, or 
into the whole number of the terms, leſs one. 


For, ſince every term, after the firſt, exceeds that 


preceding it, by the common difference, it is plain that 
the laſt muſt exceed the firſt by as many times the com- 


mon difference as there are terms after the firſt ; and 


therefore muſt be equal to the firſt, and the common 


difference repeated that number of times. 


46 THEOREM IV. : 
of any rank or ſeries of quantities, in continue 
— n (5, 7, 9, II, 13, 15) is equal 


to the ſum of the two extremes multiplied into half the num- 


ber of terms. 


For, becauſe (by the ſecond Theorem) the ſum of the 
two extremes, that of every two- other terms equally 
remote from them, are equal, the whole ſeries, conſiſt- 
—_— half as many ſuch equal ſums as there are terms, 

ill therefore be equal to the ſum of the two extremes 
repeated half as many times as there are terms. The 
ſame thing alſo holds when the number of terms is odd, 


as in the ſeries 8, 12, 16, 20, 24 ; for then, the mean, 


or middle term, being equal to half the ſum of any tw 
F 4 | terms 


| 
| | 


the number of the terms. 
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terms equally diftant from it, on contrary ſides, it is ob- 
vious that the value of the whole ſeries is the ſame, as 
if every term thereof was equal to the mean, and there- 
fore is equal to the mean (or half the ſum of the two 
extremes) multiply'd by the whole number of terms ; 
or, to the whole 2 of the extremes multiplied by half 


Geometrical Proportion. 


THEOREM l. 

If four quantities, a, b, c, d (2, 6, 5, 15) are in geo- 
metrical proportion, the product of the two means, bc, 
will be equal to that of the two extremes, ad. ; 

For, ſince the ratio of à to (or the part which 4 


is of h) is expreſſed by 7. and the ratio of c to d, in 


like manner, by — 3 and ſince, by ſuppoſition, theſe two 
ratios are equal, let them both be multiply'd by bd, and 


the products 5; x bd and J x bd will likewiſe be equal; 
0 | 
that is, 3 2 or ad ch (by caſe 2. ſect. 4). 


| | THEOREM II. 
If four quantities, a, b, c, d, are ſuch, that the pro- 
duct of two of them, ad, is equal to the produtt of the other 
two, be, then are theſe quantities proportional. 


For ray 4 ſuppoſition, the products ad and bc are 


equal, Jet be divided by bd, and the quotients 
4 be 5 
4 (+) and 5; (5) will alſo be equal ; and therefore 


" 4% $8 WY * 


, THEOREM 2 

if four quantities, a, h, c, d (2, ©, 5, 15) are propor- 
S of che mr Reg ty they Gans 
will giue the other extreme. $7” ON F 
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For, by the ſecond Theorem, ad = be (2 x 15 = 

6 x 5), whence, dividing both ſides of the equation by 
. - 5). Hence, if the 


two means and one extreme be given, the other extreme 
may be found. | 


bc 
a (2), we have d = > (15 = 


THEOREM IV. 

The products of the correſponding terms of twa geometri- 
cal proportions, are alſo proportional. 

That is, if 4: ):: c: 4, and : :: g: b, then 
will ae: bf :: g: db. 

6 4 e . 

For 7 = 7» and F = zz by ſuppoſition whence 
4 x F= 7 * 7» by equal multiplication ; and conſe 
quently 5;= 5, (by p. 18) 3 that i, ae : H:: ©: dh. 


Hence it follows, that, if 9 are proportional, 
their ſquares, cubes, &c. will likewiſe be proportional. 


THEOREM V.. 
If four quantities, a, b, c, d (2, 6, 5, 15) are proportional, 


* (1. inverſely, {35 tr an 4 jk oo: 4 

2. alternately, a:c::b:d(2 8 22 

3. compoundedly, a: a+b::c:c+d(2 :8 :: 5:20 

& | 4.dividedly, a:b—a::c:d—(2 :4 :: 5: 10 
— 5. mixtly, : —:: d : 8 : 4 :: 20: 10) 

6. by multiplication, ra: b:: c: (zr: br:: 5: 15) 

0 | a 6 /2 6 
7. by diviſion, Timid mi: 5:15) 


Becauſe the product of the means, in each caſe, is equal 
to that of the extremes, and therefore the quantities are 
proportional, by Theorem 2. 


THEOREM 


1 


* 
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THEOREM VI. 

I three numbers, a, b, c (2, 4, 8) be in continued pro- 
portion, the ſquare of the firſt will be to that of the ſecond, 
as the firſt number to the third; that is, a“: N a:c. 


For, ſince a : b:: c, thence will ac = bb, by 
Therorem 1; and therefore aac = abb, by equal multi- 
plication ; conſequently *: b* : : @ : c, by Theorem 2. 
In like manner it may be proved, that, of four quan- 
tities continually proportional, the cube of the firſt is to 
chat of the ſecond, as the firſt quantity to the fourth. 


THEOREM VIL 
In any continued geometrical proportion (1, 3, 9, 27, 81, 
Sc.) the product of the two extremes, and that of every other 
nus terms, equally diſtant from them, are equal. 

For the ratio of the firſt term to the ſecond, being 
the fame as that of the laſt but one to the laſt, theſe four 
terms are in proportion; and therefore, by Theorem 1, 
the rectangle of the extremes is equal to that of their 
two adjacent terms : and, after the very ſame manner, 
i will appear, that the rectangle of the third and laſt 
but two, is equal to that of their two adjacent terms, the 
ſecond and laſt but one; and ſo of the reſt, Whence 
the truth of the propoſition is manifeſt, 


| THEOREM VIII. 

De ſum of any number of quantities, in continued geome- 
frical proportion, is equal to the difference. of the reftangle 
of the ſecond and laſt terms and the ſquare of the firſt, di- 
vided by the difference of the firſt and ſecond terms. 

For, let the firſt term of the proportion be denoted 
by a, the common ratio by r, the number of terms by 
n, and the ſum of the whole progreſſion by x : then it 
is manifeſt that the ſecond term will be exprefled by axr, 
or ar; the third by ar x r, or ar*; the fourth by ar* xx, 


or ar, and the nth, or laſt term, by ar © 5 and there 
fore the proportion will ſtand thus, a + ar ＋ ar* þ+ ar 
oo . er * bar © =x; which equation, mul- 
_ tiply'd 
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tiply'd by r, gives ar + ar* + r . . . + ar 
bar Dr; from which the firſt equation being ſub- 
tracted, there will remain —a+ ar = rx — x; whence 


* 1 —1 8 —1 
ak ar — a x ar ras... — ar Xar — 
panel 721 N. ar — a 
as was to be demonſtrated. 


— — — i... 


SECTION XI. 


The Application of Algebra to the reſolution of nume- 
rical Problems. 


WI EN a Problem is propoſed to be ſolved alge- 
braically, it's true defign and ſignification ought, 
in the firſt place, to be perfectly underſtood, fo that (if 
— it may be abſtracted from all ambiguous and 
unneceſſary phraſes, and the conditions thereof exhibit- 
ed in the cleareſt light poſſible. This being done, and 
the ſeveral quantities therein concerned bein — 

proper ſymbols, let the true ſenſe and meaning ot the 
ele be tranilated from the verbal, to a ſymbolical 
orm of expreſſion ; and the conditions, thus expreſſed 
in algebraic terms, will, if it be properly limited, gi 
as many equations as are neceſſary to it's folution. 
if ſuch equations can't be derived without ſome previous 
operations (which frequently happens to be the caſe), 
then let the Learner obſerve this rule, viz. let him 
. conſider what method or proceſs he would uſe to prove, 
or ſatisfy himſelf in, the truth of the ſolution, were the 
numbers that anſwer the conditions of the queſtion to 
be given, of affirmed to be ſo and fo ; and then, by fol- 
lowing the very ſame ſteps, only uſing unknown ſym- 
bols inſtead of known numbers, the queſtion will be 
brought to an equation. 

'Thus, if the queſtion were to find a number, which 
being multiply'd by 5, and 8 ſubtracted from the — 

| u 
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duct, the ſquare of the remainder ſhall be 144 ; then, 
having put @=5, b=8, and c = 144, ſuppoſe the 
number. ſought 


tobe — — — — — 4| (or) „ 
then 5, or @ times that num- | 
ber will be — — — nd * 


u —3 


from which 8, or þ being ſub-) 
tracted, there remains f 15 | 
which, ſquared, is — — 144 [a*x*— 2axb + . 
Therefore a*x* — 2axb + b* is = c (or 144) according 
to the conditions of the queſtion. In the fame manner 
may a queſtion be brought to an equation when two or 
more quantities are required. 
After the conditions of a problem are noted down in 
algebraic terms, the next thing to be done, is to con- 
ſider whether it be properly limited, or admits of an in- 
definite number of anſwers; in order to diſcover which 
obſerve the following rules. 


RULE I. 

When the number of quantities ſought, exceeds the num- 
ber of equations given, the queſtion or the general part 
is capable of innumerable anſwers. 

Thus, if it be required to find two numbers (x and y) 
with this one ſingle condition, that their ſum ſhall be 100, 
we ſhall have only one equation, via. x + y = 100, but 
two unknown quantities, x and y, to be determined; 
therefore it may be concluded, that the queſtion will 

admit of innumerable anſwers, a 


RULE II. 

But, if the number of equations, given from the conditi- 
ons of the queſtion, is. juft the ſame as the number of quan- 
tities ſought, then 1s the queſtion truly limited. 

As, if the queſtion were to find two numbers, whoſe 
ſum-is 100, and whoſe difference is 20; then, x bei 
put for the greater number, and y for the leſs, we ſh 
have x + y = 100, and x —y = 20: therefore, there 
being hcre two equations and two unknown 8 
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the queſtion is truly limited; 60 and 40 being the only 
two numbers that can anſwer the conditions thereof. 


RULE III. 


When the number of equations exceeds the number of 


quantities fought, either, the conditions of the problem are 
inconſiſtent one with another, or what is propoſed, in general 
terms, can only be poſſible in certain particular caſes. 

But it is to be obſerved, that the equations underſtood 
here, as well as in the preceding rules, are ſuppoſed to 
be no-ways dependent upon, or conſequences of one an- 
other, If this be not the caſe, the queſtion may be either 
unlimited, or abſurd, or perhaps both, at the ſame time 
that it ſeems truly limited ; as will appear by the fol- 
lowing example, 

Wherein it is required to find three numbers, under 
theſe conditions ; that the ſum of once the firſt, twice 
the ſecond, and three times the third, may be equal to a 
given number 5 ; that the ſum of four times the firſt, 
twe times the ſecond, and fix times the third, may be 
equal to a ow number c ; and that the ſum of ſeven 
times the firſt, eight times the ſecond, and nine times 
the third, may be equal to a third given number 4. 
Now, the three numbers ſought being, reſpectively, de- 
noted by x, y and z, the queſtion, in algebraic terms, 
will ſtand thus, 5 

x + ＋ 32 5 : 


242118 
7* + Y + 92 = 


Here, there being three equations and juſt the ſame 
number of unknown quantities, One might-conclude the 
queſtion to be truly limited: but, by reflecting a little 
upon the nature and form of theſe equations, the con- 
trary will ſoon appear ; becauſe the laſt of them includes 
no new condition but what is compriſed in, and may bs 
derived from the other two; for, if from the double of 
the ſecond, the firſt equation be taken away, the value 
of 7x ＋ 8 + 92 will from thence be given = 2c — b. 
Hence it is manifeſt, that giving the value of 7x + 8y 
+ 92, in the third equation, contributes nothing * 
| war 
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wards limiting the problem; and that the problem itſelf 
is not only unlimited, but alſo impoſſible, except when 
d is given equal to 2c - 0. 

Having laid down the neceſſary rules, for bringing 
problems to equations, and for diſcovering when they 
are truly limited, it remains that we illuſtrate what is 
hitherto delivered by proper examples. 


Arithmetical Problems. 


PROBLEM I. 
To find that number, to which 75 being added, the ſum 
ſhall be the quadruple of the ſaid required number. 

Let the number ſought be repreſented by , . , 
then will it's quadruple be _— by . - +» + 4x3 
whence, by the conditions of the queſtion, x+75==4x3 
this equation, by tranſpoſing x, becomes. . 75 = 3x: 
from whence, dividing by 3, we have x = 2 1. 
which is the number that was to be found (for it is plain 
that 25 + 25 Xx 3 2 25 X 4 = 100). 


| PROBLEM II. 
What number is that, which being added to 4, and alſo 
multiplied by 4, the product ſhall be the triple of the ſum. 
Let the number fought be denoted by ., . . x; 
ſo-ſhall the ſum be denoted b. „44, 
and the product B . + +» + » 4x: 


whence, by the conditions of the queſtion, 4x =x+4X3z 
that is, 4x = 3x + 12; from which, by tranſpoſition, 
X = 12. } 
To fond PROBLEM II. 
o find two numbers, ſuch that their ſum ſhall be 30 
and their difference 12. 4 4 22 
If x be taken to denote the leſſer of the two numbers; 
then, by . the difference 12, the greater number 
will be denoted by x + 12; and ſo we ſhall have 


2x + 12 = 30, by the queſtion. 
From which equation, 2x= 30 - 12 =18 ; and con- 
| ſequently 


= 
* 
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5 ern e KF : whence the greater number 
(x + 12) is alſo given = 21, 


PROBLEM IV. 
To divide the number 60 into three ſuch parts, that the 
firſt may exceed the ſecond by 8, and the third by 16. 
Let the firſt part be denoted by x ; then the ſecond 
will be x — 8, and the third x — 16: the aggregate of 
all which, or Jx — 24 is = 60, by the queſtion. 


_ — 


that 28, 20 and 12, are the three parts required. 


The „ 6601. nas raed (fr V. 2 
um 22 raiſed ( for a . Lk 2 
by four perſons, A, B, C and iv; whereof B 

fwice as much as A; reaps much as A and 282 
much as B and C: what did each perſon contribute ? 


Let the ſum, or number of nn 


by A, be called 
then will the number of B's pounds be denoted by 2x, 
that of C's — — — Zx, 
and that of D's by — — — — — 


55 
the ſum of all which is given equal to 660 J., that is, 
I1x = 660: ben whence x = 2 = 60. Therefore 
60, 120, 180, N are the reſpective ſums that 


were to be d 


4 PROBLEM VI. 1 
certain money was ſhared amon per ſons, 
A, B, C, Lr wheres B reatved 161. 4, than 
A; C 161. more than B; D 51. leſs than C 151. 
more than D: moregyer it appeared, * the "ks of the 
two laſt together were . to the ſum of the ſhares of the 
ether three : What was the whole ſum ſhared, how 
much did each receive ? 


Let 


Hence 3x = 60 ＋ 24 = 84, and = = 28: lo 


[ 
1 
ö 
N 
| 
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Let x denote the ſhare of A: 8 


x — IO | "5 
then j * 4 will be the ſhare „ 8 
bl 

x + 16 E; 
and therefore 2x + 17 = Jx — 4, by the gueſtion: 
from whence, by tranſpoſition, 21 = x ſo that 21, 
11, 27, 22, and 37 J. are the ſeveral required ſhares ; 

amounting, in the whole, to 118 /. 


PROBLEM VII. 

To find three numbers, on theſe conditions, that the = 
of the firſt and ſecond ſhall be 15; of the firſt and third 
I6; and of the ſecond and third 17. 

If the firſt number be denoted by x ; then it is plain, 
by the queſtion, that the ſecond will be repreſented by 
15—x, and the third by 16 - «K. But the ſum of 
theſe two laſt is given equal to 17 ; that is 31 — 2x = 
17; whence, by tranſpoſition, 14 = 2x; and conſe- 


quently x = — = 7. Hence 15—x=8, and 16—x 
=9z which are the other two numbers required. 


PROBLEM VII. 

To find that number, which being doubled, and 16 ſub- 
tracted from the product, the remainder ſhall as much ex- 
ceed 100 as the required number itſelf is leſs than 100. 

The number ſought being denoted by x, the double 
thereof will be repreſented by 2x ; from which ſubtract- 
ing 16, the remainder will be 2x — 16; and it's ex- 
ceſs above 100, equal to 2x — 16 — 100 : therefore 
2x — 16 — 100 = 100 — x, by the alien; whence 

| 9 
3x= 216; and conſequently x = J Ja. 


PROBLEM IX. | 
To divide the number 75 into twa ſuch parts, that three 
times the greater may exceed ſeven times the leſſer by 15. 
Let the greater part be =; then will the leſſer 
part 


LY 
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part = 75 — #, and we ſhall have 94 — 15 = 
75 — xX 7 ; or, which is the ſame, 3x—15=525—7x: 
from whence 10x = 540, and conſequently x = 54. 


PR OF * MX. PO 
Two perſons, A and B, having received equal ſums 0 

money, | of his paid away 251. and B ah uf 
and then it oy that A had juſt twice as much 
money as B: what money did each receive? 

Suppoſe x to denote the ſum received by each per- 
ſon; then A, after paying away 25 J. had x — 25 
and B, after paying away 60 J. had x — 60: hence 
x — 25 = 2x — 120, by the queſtion ; and therefore; 
120 —25 = 2x — x, that is, 95 = x. 


PROBLEM XI. 
To find that number, whoſe 3j part exceeds it's 4 part 


by 12. 
Let the number ſought be repreſented by x then 


will >— === 12, by the conditions of the problema z 
which equation (by multiplying every numerator in- 
to all the denominators, CR it's own) gives 47 
— 3x = 144, that is, x = 144. 


PROBLEM XII. 


Mat ſum of money is that whoſe + part, 4 a and 


+ part, added together, ſhall amount to 94 
If, be the number of pounds required, then will 


37717 2N1 from whence, by reduction, 205 


151 + 12x = 9 X 60, that is, 47x = 94 x 60 and 
therefore x == 2 X 60 = 120. 


PROBLEM XIII. of 
In a mixture of copper, tin, and lead, one half of tbe 


| Whole — 16 lb. was copper ; one third of the whole — 121d. 
tin; and one fourth of the whole + 4 Ib. lead: what quan- 
tity of each was there in the compoſition ? 

G Let 
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Let x denote the weight of the whole ; 
x 


3 16 copper, 


then will J . 12 \be the weight . 


8 of che on 
E + , lead ; 
and, if all theſe be added together, we ſhall have 
—— : | 
mn we 7 n. by the queſtion. Hence, by 


reduction, 12x + 8x + 6x — 576 = 24x; therefore 


6 
2x = 576, and x = — = 288. So that there were 


128 lb. of copper, 84 Ib. of tin, and 76 lb. of lead. 


| PROBLEM XIV. 
That ſum of money is that, from which 5 I. being ſub- 
trated, two thirds of the remainder ſhall be 40 J.! 
Let x repreſent the required ſum ; then, 5 being ſub- 
tracted, there will remain x — 5 ; two thirds of which 


een — 10 8 
will be ͤ— 5 x 4, or 2 ; and fo, by the queſtion, 
2x — 10 | 
we have * 40: whence 2x — 10 = 1203 
| © + KO * 
and x == =6s. 
PROBLEM XV. : 


What number is that, which being divided by 12, the 
quotient, dividend and diviſor, added all together, ſhall 
amount to 64? X | 

Let x = the required number; ſo ſhall 


— + x + 12 = 64, by the conditions of the queſtion, 

Whence x -þ 12x = 52 X 12, or 13s = 624; and con- 
© 

ſequently x = = = 48. 


13 4 4 
* PROB. 
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PROBLEM XVI. 

To find two numbers in the proportion of 2 to 1, ſo 
that, if 4 be added to each, the two ſums thence ariſing 
ſhall be in proportion as 3 to 2. 

Let denote the leſſer number; then the greater will 
be denoted by 2x ; and ſo, by the queſtion, we ſhall have 
2x +4:x+4::3: 2. From whence, as the product 
of the two extremes, of any four proportional num- 
bers, is equal to the product of the two means, (ſee 
Section 10. Theorem 1) we have the following equation, 
viz. 2x +4 X2 = x +4 X 3, that is, 4x + 8.= 
3x + 12; whence x = 4, and 2x =8: which are the 
two numbers that were to be found. 


| PROBLEM XVII. | 

A prize of 2000 l. was divided between two perſons, 
whoſe ſhares therein were in proportion as 7 tag: what 
was the ſhare of each ? 

If x = the ſhare of the firſt, then that of the ſecond 
will be 2000—x; and we ſhall have x : 2000—x :: 7 : 9. 

Hence, by multiplying the extremes and means, 

1. 9 14000 

9x = 14000 — 7x; from which x is found = 25 5 = 


875 J. and 2000 — x = 1125 J. 


PROBLEM XVIII. 
A bill of 1201. was paid in guineas and moidores,. and 
the number of pieces of both ſorts was juſt 100 ; to find 
many there were of © each. | 
If x = the number of guineas, then will 100 — x be 
the number of moidores : therefore, the number of 
ſhillings in the guineas being 21x, and, in the moidores, 
27 X 100 — x, we have 21x + 27 Xx 100 — x = 
120 x 20 = the ſhillings in the whole ſum : hence, 
by multiplication, 21x + 2700 — 27 = 2400 ;- and 
300 | 


— — — 


2 50. 
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| PROBLEM XIX. ry 

A labourer engaged to ſerve 40 days, on theſe conditions, 

that, 2 every day he wort'd he was to receive 20 pence, 
but that, for every day he play d, or was abſent, he was to 
forfeit 8 pence ; now after the 40 days were expired it was 
found that he had to receive, upon the whole, 380 pence : 
the queſtion is, to find how many days of the forty he wort a, 
and how many be play d. 

Let the number expreſſing the days he work'd, be re- 
preſented by x; then the number of days he play'd will be 
expreſſed by 40 — x : moreover, ſince he was to receive 
20 pence for every day he work'd, the whole number of 
pence gain'd by working, will be 20x ; and for the like 
reaſon, the number of pence forfeited by playing, or 
being abſent, will be 8 x 40 — x, or 320—8x; which 
deducted from 20x, leaves 28x — 320, for the ſum total 
of what he had to receive : whence we have this equa- 
tion, 28x — 320 = 380; from which 28x = 380 + 


320 = 700, and conſequently x = 5 = 25, equal 


to the number of days he work'd ; therefore 4a. — 25 
= 15, will be the number of days he play'd. 


PROBLEM XX. 

A farmer would mix twa farts of grain, viz. wheat, 
worth 4 8. a buſhel, with rye, worth 2.s. 6 d. the buſhel, 
fo that the whole mixture may conſift of 100. buſhels, and 
be worth 3's. and 2 d. the buſhel: now it is required to find 
how many buſhels of each fort muſt be taken to make up ſuch 
a mixture. | f BON, 

Let the number of buſhels of wheat be put = x, and 
the number of buſhels of rye will be 100 — x : but the 
number of buſhels multiply'd by the number of pence 
per buſhel is equal to the number of pence the whole 
is worth ; therefore 48x is the whole value of the-wheat, 
and 30 X 100 — x, or 3000'— 3or, that of the rye; 
and conſequently, 48x + 3000 — 30x, the ſum of theſe 
two, the whole value of the mixture ; which, by the 
gueſiion, is equal to 100 x 38, or 3800 pence ; hence 

| | We 


* 
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we have 48x + 3000 — 30x = 3800; and therefore 
«=P = 444 the number of buſhels of wheat ; 


whence the number of buſhels of rye will be 100 — 
445 = 554 
PROBLEM XXI. 

A farmer ſold, to one man, 30 buſhels of wheat and 40 
of barley, and for the whole received 270 ſhillings ; and to 
another hg {old 50 buſhels of wheat and 30 of barley, at the 
ſame prices, and for the whole received 340 ſhillings : now 
it is required to find what each fort of grain was ſold at 
per buſhel. | 

Let x and y be, reſpectively, the number of ſhillings 
which a buſh 
the conditions of the queſtion, we ſhall have theſe two 
equations, VIZ. 

30x ＋ 4% = 270, 

Jon + 30% = 3403 
from 4 times the ſecond of which ſubtract 3 times the 
0 


firſt, ſo ſhall 110x = 550; and conſequently WW 


110 
= 5 : moreover, by ſubtracting 3 times the ſecond, from 
5 times the firſt, you will have 110y == 330, and there- 


X 
M XXII. | 
A ſon aſting his father how old he was, received the fol- 
lowing reply ; my age, ſays the father, 7 years ago, was 
Juſt four times as great as yours at that time; but 7 years 
hence, if you and I live, my age will then be only double to 
yours : it is required to find from hence, the age of each 
perſon. 
Let x repreſent the of the ſon ſeven years be- 
fore the queſtion ; then the age of the father, at that 


time, was 4x, by the A of the queſtion ; =_— 


3 


el of each ſort was fold for; then, from 


LW 
4 
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if each of theſe ages be increaſed by 14, it is plain that 
x + 14 and 4x + 14 will reſpectively expreſs the two 
ages 7 years after the time in queſtion ; whence, again 
by the problem, we have Ax + 14=2 x » + 14 ; from 
which x = 7, and 4x 2 28; therefore 7 + 7 = 14z 
and 28 + 7 = 35, are the two ages required. 


For 1 14 — 7 X 4x 
035+ 7 = 145+ 7X 2. 


1 PROBLEM xxII. @ 

A gentleman hired a ſervaut for 12 months, and agreed 
to allow him 201. and a livery, if he laid till the year 
was: expired; but at the end of 8 months the ſervant went 
away and received 121, and the livery, as a proportional 
fart of bis wages : the queftton is, what was the livery 
valued at? 

Let be the value ſought ; then 20 ＋ x will be the 
whole wages for 12 months, and 12 + x the part there- 
of which he received for 8 months, 

But, the wages being in the fame proportion as the 
times in which they are earned, or become due, we 
therefore have, as 12 :8::20+x: 12 + x; whence 
12X12 + x = 8X20 + x, or 144 + 12x = 160 + 8x, 
(by Theor. 1. p. 72) conſequently 12x — 8x 160 —144, 


16 
nd x — 241. 
and æπ 2 


| PROBLEM XXIV. 

Four perſins, A, B, C, D, ſpent twenty ſhillings in 
company together; wherzof A propoſed uo pay 4 ; B, 43 
C, ; and D, 3 part; but, when the money came to be 
collected, they found it was not ſufficient to anſwer the in- 
tended purpoſe : the queſtion then is, to find how much each 
perſon muſi contribute, to make up the whole reckoning, ſup- 
poſing their ſeveral ſhares to be te each other in the propor- 
tion above ſpecified f 4 

Let x be the ſhare of A; then it will be, as 
5 * x | 
1 2 or, as 4: 3 77 = the ſhare of B; and, as 


2 9 


p * 
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2:4, c. 2 5 3222 = the ſhare of C; alſo, as 


1 715 


122, 0 42212228 = the flee of B+ 


Therefore, by the gag x + 7 + E: + ==203 


whence, 40x + 30x ＋ 24x + 20x = 800, that is, 114 
= 800 ; and'conſequently x = = = 7 4, the ſhare 


of A; j I (=) that of 5 be = 535 ; that of 
C (Sus. and that of D (5) = 338- 


PROBLEM XXV. 
A market-woman bought in a certain number of eggs, at 
2 a penny, and as many at 3 a penny, and fold them all out 
again, at the rate of 5 for two pence, and loſt four pence 
by fo doing : what number F eggs did ſbe buy and ſell ? 


Let x be the number of eggs of each price, or ſort ; 
then 2 will be the number of pence which all the firſt 


ſort coſt, and = the price of all the ſecond fort ; but 


the whole price of both ſorts together at the rate of 
5 for two pence, at which they were ſold, will be 


= (for as 5: 2: : 2x * number of eggs): = -) 


Wie by the queſtion, _ = + 5 — — 3 * = 4; whence 


15x + ILO — 24x = — and AS. x = 120. 
fer + 3 — x2=60+ 40 — 96 8844 
2 3 5 
PROBLEM XXVI. 
A compoſition of copper and tin, containing 100 cubic 
inchgs, being weigh'd, it's weight was — to be 50g 
G 4 ounces 3 
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ounces : how many ounces of each metal did it contain, 
ſuppoſing the weight of a cubic inch of copper to be 51 
ounces, and that of a cubic inch of tin 44 

Let x be the number of ounces af copper; then 


os — x will be the number 1 ounces of tin, and we 
all have 


S+ : I leubie inch) :: *: 8 inches of copper. 


41 1 (cubic 8055 506 -: 77 inchesof tn 


Therefore — — + —— = 100, by the queſtion, 


Whence or. 54 * 73 — FARA X 100, that is, 


I7Xx 21X505—x/ 21X17 XI00 1X17 X25 

1 TT * 0 F 

which, by rejecting the common diviſor, becomes 

17 + 21 x 505 — * = 21 X 17 * 4 = Tongs 

or 17 — 21x = 8925 — 10605 = — 1680, From 
1680 

whence hou = 420; and 505 — * = 85 


which are the two numbers required. 


The ſame otherwiſe. 

Suppoſe * to be the number of ſolid inches of cop- 
per; then, the number of inches of tin being 100 == x, 
we have 5- M * + 41 X 100 — * 2 505, that is, 

x + 425 — 4,* 305, Or x = 505 — 425 = 80 
Set, multipl lied * $4» Fives 420, for the ounces of 
copper. 


PROBLEM XXVII. 
4 ſhepherd, in time of war, fell in with a party 
folders, who plundered him of half his flock, and half a 
' ſheep over ; afterwards a ſecond party met him, who took _ 
haif what he had left and half a ſheep over ; and, ſoon after 
this, a third party met him, and uſed bim in the ſame 
manner; and then be had only Tf Rept left it ts Pre 
e find what number of ſheep he had at fir/t. 14 
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Let x (as uſyal) be the number t ; then, ac- 
cording to the queſtion, the number of left, after 
being plundered the firſt time, will be expreſſed by 


—— the half of which is ——=; from 
whence ſubtracting 2, the remainder (=== 
will be the number of ſheep left after being plun- 
dered the ſecond time: in like manner, if from —F= 
x —3 

4 
X — 


main — 2 * =>, the number of ſheep re- 


* 
1 5 * 


(the half of ) you, again, take 4, there will re- 


maininSat laſt. Hence we have "7 = 53 there» 
fore x =» 7 = 40, and x = 47. 


PROBLEM XXVIIL 
——_— of two _ s being —＋ „ equal 2 
and the difference of their ſquares, equal 10 40; to 
DE 8 

Let the leſſer number be x3 then, the difference be- 
ing 4, the greater muſt conſequently be x + 4, and it's 


ſquare xx + 8x + 16, from which xx, the ſquare of 


the leſſer being taken away, the difference is 8x ＋ 16: 
therefore 8x + 16 = 40; which, reduced, gives x = 3z 


whence x ＋ 4 = 7 ; therefore the two required num- 


bers are 3 and 7. | 
All the problems hitherto delivered are reſolved by a 
numeral exegeſis, wherein the unknown quantities, only, 
are repreſented by letters of the bet; which 
ſeem'd neceſlary, in order to ſtrengthen the Beginner's 
idea, at ſetting out, and lead gan we” Boner pt nn 
tions: but it is, not only more — bm ega 
but alſo more uſeful, to repreſent the 
as the unknown quantities, by algebraic 
from thence a general theorem is derived, 
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all other queſtions of the ſame kind may be re- 
folved. | 

As an inſtance hereof, let the laſt problem be again 
reſumed 3. then, the given difference of the required 
numbers being denoted by a, the difference of their 
quares by 6b, and the leſſer number by x; the greater 
will be x + a, and it's ſquare & + 2xa ＋ a* ; from 
which, x*, the ſquare, of the leſſer number being de- 
ducted, there remains 2æ + a* = b : whence, if aa 
be ſubtracted from both ſides, there will remain 24x = 

a 

b — this, divided by 20, gives x = 175 — 2 and 


. 2 "of | : 
conſequently x ＋ 4 = — * Hence it appears, 


that, if the difference of the ſquares be divided b 
twice the difference of the numbers, and half the ait 
ference of the numbers be ſubtracted from the quotient, 
the remainder will be the leſſer number; but if half 
the difference of the numbers be added to the quotient, 
the ſum will give the greater number. Thus, if the dif- 
ference (a) be 4, and the difference (h) of the ſquares 


| DN 
40 (as in the caſe above) ; then ( —-) the difference 


of the ſquares, divided by twice the difference of the 
numbers, will be 5; from which ſubtracting (2) half 
the difference of the numbers, there remains 3, for 
the leſſer number ſought : and, by adding the ſaid half 
difference, you will have 7 = the greater number. In 
the:-ſame manner, if the difference of the two numbers 
had been given 6, and the difference. of their ſquares 
bo, the numbers themſelves would have come out 2 and 
8: and fo of any other. 


PROBLEM XXIX. 
Having given the ſum of two numbers, equal to 30, 


and the difference f their. ſquares, equal to 120; to find 


the numbers. 


Put a=3o, and b= 120, and let x be the leſſer num- 
ber ſought, and then the greater will be  — x ; whoſe 
ſquare 
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ſquare is aa — 2ax + x* from which the ſquare of the 
lefſer being ſubtracted, we have a*— 2ax = b; this, re- 


duced, gives x, the lefſer number, = >— - 13: 


Therefore the greater (a — *) will be'= 4 — 72 + 


= = = + — = 17. But if the greater number 
had been firſt made the object of our inquiry, or been 
put = x, the leſſer would have been a— x, and it's 
ſquare a — 2ax + x*, which ſubtracted from x* leaves 


2ax - —=b; whence arb Le, nd =—— = 2 


= 17, the ſame as before. 


PROBLEM XXX. 
F one agent A, alone, can produce an effect e, in the 
time a, and another agent B, alone, in the time b ; in how 
long time-will they both together produce the ſame effect ? 


Let the time ſGught be denoted by x, and it will be, 
as 4124 2 = the part of the effect produced by A: 


(Theor. 3. p. 72) alſo, 2 Pr , the part pro- 


duced by B: therefore 2 + = e. Divide the whole 


duced, gives x = > 


by e, and you will have = + 7215 and this, re- 

| | ab | 

| b : 

there be three agents, A, B, and ©, the time wherein 

they will all together produce the given effect, will 
abc 


After the ſame manner, if 


come out = 


ab + ac + be 

Example. Suppoſe A, alone, can perform a piece of 
work in 10 days; B, alone, in 12 days; and C, alone, 
in 16 days; then all three together will perform the 


Aa 
* 


ſame 
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fame piece of work in 44 days ; for, in this caſe, 
. 12, c = 16, it is plain chat 
| lo x2 x 16 * S. 


== (= 12 + 10x16 + 12 x 16 


PROBLEM XXXI. 

Tivo travellers, A and B, ſet out together from the 
ſane lace, and travel bath the me way ; A goes 28 mules 
the firſt day, 26 the ſecond, 24 the third, and ſo on, de- 
creaſing two miles every day; but B travel, un 3 
20 miles every day : now it is required to find how ma 
each perſon muſt travel before B comes up, again, with A! 


Let x = the number of days in which B overtakes 
A; then the miles travelled « B, in that time, will 
be 20x; and thoſe, travelled 2 A, 28 + 26 + 24 ＋ 22, 
Sec. continued to x terms; where the laſt term (by 


Sefton 10. Theorem 3) will be equal to 28 —- 2 x x — 1, 


92 


or 3 2x ; and therefore the ſum of the whole pro- 
| equal to 28 + 30 — 2x x 4, or 200 — 7 (by 
em 


4). Hence we have 20x = 29x — x* ; whence 
20 = 29 —x, and x =9: therefore 20 X 9 =180 
is the diſtance which was to be found. 


OR. „ * 
find three numbers, ſo that ; the firſt, + of t 
on, and + AT the third, ful be equal to 62; 2 Y 15 
e fecond, and + of the third, equa * Yo ; 
ol "Fe fo + of the ſecond, and 3 of the third, 


Put a = 62, 5 = 47, and c = 38, and let the num- 
bers ſought be denoted by x, y and z; then the condi- 
tions of the problem, expreſſed in algebraic terms, will 
ſand thus, 


—— > WwW Nt D-Þ 


as "I 
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5 

And, by ſubtracting the ſecond of theſe equations 
from the quadruple of the firſt, (ia order to exterminate 
z) we have 4x + = 484 — bob; moreover, by taking 
3 times the third from 10 times the firſt, we have rgr + 
4 = 1204 — 1806; this, ſubtracted from 4 times the 
laſt, leaves x = 72a — 2406 + 180 = 24 whence 
EEEED) 

» (48a — 604 4x) = bo, ( 


= 120. 


eee. 
For bat FIT eg ew 8+ 15 +24 = 47> 
:.. 304 60 120 


ba a in 6+124+20= . 


PROBLEM XXXIL 


4 13 e 
tt 1 
Te of he he ire te Pre of he ſecond 


x of the ſum of the other three, and the ſhare of the 
third 2 of the ſum of the other three; and oft Was el 
the ſhare of the firſt —_— that 25 2 
14 I. : the queſtion is, what was the whole 

was the ſhare of each perſon ? 


Let the ſhares be repreſented by x, y, 2, at; u, re- 
hes and let a =14; then, by the queſtion, we 


K = x 6. Which 
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Which equations, cleared of fractions, become 
2x = y + 2 + 1, 
3) =# + 2 + 
4% =# + y + , 


; . 

Now, if x be added to the firſt, y to the ſecond, and 

2 to the third, we ſhall get (x+ y+z+u) = 3x = 4} 
-—_ 52 and from thence A, and y = v 3 which 

values being ſubſtituted in the firſt equation, we have 


== += o+ w, or u = ==; but, by the 4th 
equation, 1 — 43 therefore x — a = ==, and 


x== = 40 : conſequently y ( 2 = 30, 2 (=) 
CS | 4 5 
= 24, and 2 (x — 14) = 26; and the whole ſum 


(x+y += +24) = 120/. 


PROBLEM XXXIV. 


To four numbers, ſo that the fir/t together with hal 
the "x may be 357 ( 3 the ' ſecond with + of the 5 
equal to 476 (6), the third with + of the fourth egual to 
595 (c), and the fourth with 4 of the firft equal to714 (d). 

The required numbers being denoted by x, y, z and 
1, and the conditions of the queſtion expreſſed in alge- 
braic terms, we have the four following equations: 


x + = = 4 
: „ = | 
2 +=>=6 
* 
4 1 . 
From the firſt whereof we get 23 and 


from 


*. 


-= d, and therefore x = 
= 190; as above. 
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from the 4th, = 54 — 54; whence a — 22 5d— Fu, 
and y = 20 — 10d + 10; but, by the ſecond, y — þ — 
= therefore 2a — 10d. + 0 =b—=> and z = 3b 


— 6a ＋ 30% — 3ou ; but, by the third, z = c — =; 


whence 23þ — 6a + 30d — 30 ===> and 125 — 


24a ＋ 1204 — 120% 46 — u; conſequently u = 
— — — = 676; whence z (c — 
119 | 4 


IL — _— ho > a 
=426, j(=b—=) = 334, and x (= 42 — 2) = 190, 


Otherwiſe. | 
Let the firſt of the required numbers be denoted by x 


(as above); then, the ſum of the firſt and æ the ſecond, © 
being given equal to a, it is manifeſt that 3 the ſecond 


2 


muſt be equal to a minus the firſt, that is = a— x, and 


therefore the ſecond number = 2a — 2x: moreover, the 


ſum of the ſecond, and + of the third, being given ; 


it is likewiſe evident that + of the third muſt be equal 
to b minus the ſecond, that is = bþ — 2a + 2x, and con- 
ſequently the third number itfelf == 34 — 6a + 6x: in 
the ſame manner it will appear that + of the fourth 


number = - 36 + 6a — bx; and conſequently the 


fourth number itſelf, = 4c — 12þ + 244 — 24x: 


whence, by the queſtion, 4c — 125 ＋ 244 — 24x += 


— 5d + 20c — 60b + 1204 
119 


PROBLEM XXXV. 


To divide the number 90 (a) inte four ſuch parts, that, 


af the firſt be increaſed by 5 (b), the ſecond decreaſed by 
4 (c), the third multiply d by 3 (d), and the fourth di 


vided 


_——  ——— r 


1 


LA 


| 
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vided by 2 (e), the reſult, in each caſe, ſhall be exattly 


the ſame. ; 
Let x, y, % and u, be the parts required; then, by the 
queſtion, we ſhall have theſe equations, viz. 
x Sy +2 + #= 4, and 
x +b=y— c = dz = =. 
Whence, by comparing dz with each of the three 
other equal values, fucceffively, x = dz — b, y = & 
Te, and u = dez; all which being ſubſtituted, for 
their equals, in the firſt equation, we thence get dz — 
b + dz + c + z + dz = a; whence dex ＋ 2dz + 2 
a+b—=c 
=a+b—c, andz = TTT = 7. There- 
fore x (= dz —b) = 16; y (= dz +c) = 25; and 
uu (= dez) = 42. | 


8 (a) days; — dee, dB nd 
in 10 it take 
e og mn ee. tg oth. el 
Let the three numbers ſought be repreſented by x, 
y and æ, reſpectively : then it will be, as x (days): 4 


(days) : : 1, the whole work, to * the part thereof 


performed by A in a days; and, 9 5 4:2 12 the 
part performed by B, in the ſame time; 3 
- queſtion, 7 + = = 1 (the whole work). And, by 
proceeding in very fame manner, we ſhall. have 
theſe two other equations, viz. = + == 1, and 


Cc 3 | 4 


be divided by a, the ſecond by ö, and the third by 6 
n "6, | T4 


— 
* 
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1 1 IT 
— HED 
I I I 
1 
1 1 1 
5 ng. 


which added all together, and the ſum divided by 2, give 
1 CC | 
- + += = = Os from whence, 

ch of the three laſt equations being ſucceſſively ſub- 


tracted, we get 
S — be + ac + ab 
„„ * 2abc , 
3 113111 
om OS 2abc . 
SER... 14 „ 
I met Ho — 
£1 +: BE o 
rer io 12 OY 
_ 2abc ws 1440 1724 
7 — + ag ab go — 80 + 72 Jews 
2a 1440 3 3 
"i + ac — ab 90 +'80 — 72 1445: 
Otherwiſe. 


Let the work performed by A in one day be de- 
noted by x; then his work in a days will be ax, and in 
b days it will be bx; therefore the work of B in @ days 
will be 1 — ax; and that of C, in & days, 1 — bx, "a 
the conditions of the problem ; whence it follows 
that the work of B, in one day, will be expreſſed by 


I — ax 1 — bx ; 


und that of C, in one day, by 

| = 
the ſum of theſe two laſt is, by the queſtion, equal to - 
part of the whole work, that is, 1 + ==; 


H whence 


1 — ＋ 2 2 S. * 2 — a 
4 = 2 a: —Y L * * — . « . 
- q — $4 * - woos Z a — > = —y 
<> — — 4 5 a — * 2 —— — F, —— . 5 
- ; 45 r e "© 2 . — x === 2 bl. 1 E = — 525 > —— . ” will * Up | bs 2 7 - IC 
| k - . 1 * = l + - < * — 7 „ — y - . 7 * 5 I ry T 
- _, _— == DS 2 — e -- pe : 8 > CON ns nt” $i 2 — . pes 7 
— 2 > 3 BE = 2 5 * 8 n Fw” of 1 £ 4 
= w—_ — LEI: I Iz 2 2 = 2 — 5 tn — — = * I a= - — md 7 7 
=» — — — — — 2 2 — 2 ff ' . 
— =>; = I = X — 2 — - — — — RIES tr —— ” 
— — - N 1 2 5 9 3 4 4 * — — n 
| 1 - W 4 ? 
2s. ” 4 1 


— 


S 
= 


# Y 
Ke = Þ_= 23 — — 


* = ES — 
T —_— — 
a Mn 


I I be + ac — ab 
whence x = T — — = = . „ equal 


to the work done by A in one day; by which divide 


1 (the whole) and the quotient, 75 — will give 


24 
+ ac 
the required number of days in which he can finiſh the 
whole. | | 


PROBLEM XXXVII. 
To find three numbers, on theſe conditions, that a times 
the firſt, b times the ſecond, and c times the third, ſhall be 
equal to a given number p; that d times the firfl, e times 


the ſecond, and F times the third, ſhall be equal to another 


given number q; and that g times the firſt, h times the ſe- 
cond, and k times the third, ſhall be equal to a third given 
number r. 


Let the three required numbers be denoted by x, y 
and z, and then we ſhall have 


ge + by + kz = r. 
From d times the firſt of which ſubtract @ times the 
ſecond, and from g times the firſt ſubtract @ times the 
third, and you will have theſe two new equations, 
212. $ % — aey ＋ az — afs = db — ag, 
" 2 bgy — aby ＋ gz — akz = gþ — ar; 
or, which are the ſame, 
 bd—aeXy + d—af Xx 2 = dþ — ag, 
and, g — ab Xx y + cg —ak x 2 = gþ — ar. 
Multiply the firſt of theſe two equations by the coeffi- 
cient of y in the ſecond, and vice verſd, and let the laſt 
of the two products be ſubtracted from the former, and you 
will next have cd — af x bg — ah x z — b4—ae Xx cg — ak 
XZ = -a x db —aq — bd — de x gp ar; and 
therefore z = — — — SECS 5 
cd — af x bg — ab — d — ae X cg — ak 
whence x and y may alſo be found. 


/ 


Example. 


] 
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Example. Let the given equations be id 

7 of x + y + E = I2, 

2x + ＋ 4z = 38, 

3 + by + 10z = 83; 

Or, which is the ſame thing, — St, et, 

212, d= 2, 2 3, f=4, g 2, g IN b=6 

N and r =83: then theſe values being ſubſtituted 


above in chat of a, it will become A 


2-4X 3— 0-2-3x 3-10 


tw BAM = DS gig! whence, alſo, we find 
— — — 2 — — 2— 
58 2 __ — 22 ) = 1 — 424 
oy | TM 2 
W == RS 
e e 4 ) . I 
= $ 

Having exhibited a variety of examples of the uſe and 
application of Algebra, in the reſolution of problems 
producing ſimple equations, I ſhall now proceed to give 
ſome inſtances thereof in ſuch as riſe to quadratic equa- 
tions ; but, firſt of all, it will be nece to premiſe 
ſomething, in general, with regard to theſe kinds of 
equations. 

It has been already obſerved, that quadratic equations 
are ſuch wherein the higheſt power of the unknown 
quantity riſes to two dimenſions ; of which there are 
two ſorts, viz. ſimple quadraticks, and adfected ones. 
A ſimple quadratic equation, is that wherein the ſquare 
only of the unknown quantity is concerned, as xx = ab z 
but an adfected one is, when both the ſquare and it's 
root are found involved in different terms of the ſame 
equation, as in the equation x* ＋ 2ax = bb, The re- 
ſolution of the firſt of theſe is performed by, barely, 
extracting the ſquare root, on both ſides thereof: thus 


in the equation x* = ab, the value of x is given = / ab 
(for if two quantities be equal, their ſquare roots muſt 
neceſſarily be equal). The method of ſolution when 
the equation is adfected, is likewiſe by extracting the 

H 2 * 
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ſquare root; but, firſt of all, ſo much is to be added to 
both ſides thereof as to make that where the unknown 
quantity is, a perfect ſquare : this is uſually called com- 
pleting the ſquare, and is always done by taking half 
the coefficient of the ſingle power of the unknown 
quantity, in the ſecond term, and ſquaring it, and 
then adding that ſquare to both ſides of the equation. 
Thus, in the equation xx + 2ax = bb, the coefficient 
of x in the ſecond term being 2a, it's half will be a, 
which, ſquared and added to oth ſides, gives x* + 2ax 

a* = b* a“; whereof the former part is, now, a 
perfect ſquare. The ſquare _ thus completed, it's 
root is next to be extracted; in order to which, it is to 
be obſerved, that the root, on the left-hand fide, where 
the unknown quantity ſtands, is compoſed of two 
terms, or members ; whereof the former is always the 
ſquare root of the firſt term of the equation, and the 
latter the half of the coefficient of the ſecond term : 
thus, in the equation, x* + 2ax KA = b* + a*, before 
us, the ſquare root of the left-hand fide, x*+ 2ax + @*, 
will be expreſſed by x + a (for x ax x +a = x* + 
2ax + ). Hence it is manifeſt that x + a = 


a, and therefore x = /þ* + a* — a; from 
which x is known. Theſe kinds of equations, it is alſo 
to be obſerved, are commonly divided into three forms, 
according to the different variations of the ſigns : thus 
** + 2ax = is call'd an equation of the form ; 
x* — 24x = b*, one of the ſecond form ; and x* — 2ax 
= — þ*, one of the third form; but the method of 
extracting the root, or finding the value of x, is the 
Tame in all three, except that, in the laſt of them, the 
root of the known part, on the right-hand fide, is to 
be expreſſed with the double fign & before it, x having 
two different affirmative values in this caſe. The reaſon 
of which, as well as of what has been ſaid in general, 
in relation to theſe kinds of equations, will plainly ap- 
pear, by conſidering, that any ſquare, as ** — 2ax + 
a*, raiſed from a binomial root, x — 4 (or a —x) is 


compoſed of three members; whereof the firſt is the 
da1are of the firſt term of the root; the ſecond, a * 
| angle 
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angle of the firſt into twice the ſecond ; and the third, 
the ſquare of the ſecond : from whence it is manifeſt, 
that, if the firſt and ſecond terms of the ſquare be 
given, or * not only the remaining term, but 
the root itſelf, will be found by the method above de- 
livered. 

But now, as to the ambiguity taken notice of in the 
third form, where x* — 24x = — , or x* — 2ax 

a* = a* — b*; the ſquare root of the left-hand fide 
may be either x—@, or 4 — x (for either of theſe, 
ſquared, produce the ſame quantity) therefore, in the 


former caſe, x =a+vVa*— , and in the latter, 


x=a -V -“; both which values anſwer the con- 
ditions of the equation. "The ſame ambiguity would 
alſo take place in the other forms, were not the root 
x) confined to a poſitive value, 

When the higheſt power of the unknown quantity 
happens to be affected by a coefficient, the whole e- 
uation muſt be divided by that coefficient ; and if the 
* of that power is negative, all the ſigns muſt be 
changed, before you ſet — to complete the ſquare. 

All equations, whatever, in which there enter only 
two different dimenſions of the unknown quantity, 
whereof the index of the one is juſt double to that of 
the other, are ſolved like quadratics, by completing 
the ſquare: thus, the equation a* + 24* = , by 
completing the ſquare, will become x* + 2ax* + 4 
SH; whence, by extracting the root on both ſides, 
x* Þ$a=v b+@a*; therefore K* NY a* —a, 


and — V 9 ＋4* : — 2. 
Theſe things being premiſed, we now proceed on in 
the reſolution of problems. | 


PROBLEM XXXVIII. 
To find that number, to which 20 being added, and from 
which 10 being ſubtracted, the ſquare of the fum, added 
to twice the ſquare of the remainder, ſhall be 17475. 


Let the number ſought be denoted by x ; then, by 
| H 3 condi- 


— 
ach 1 
2 _ 5 PET 


If the leſſer number be denoted by x, the greater will 
be x + 8; and ſo, by the queſtion, we ſhall have x* ＋ 8x 


C 
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conditions of the queſtion, we ſhall have x + 20]* + 2 
x x—10|* = 17475; that is, x* + 40 + 400 + 2x* 
— 40x + 200 = 17475 ;' which, contracted, gives 3x* 
= 16875, Hence & = 5625 ; and conſequently, x = 
v 5625 = 75. | 


PROBLEM XXXIX. 

To divide 100 into two ſuch parts, that, if they be mul- 
tiplied together, the product ſhall be 2100. | 

Let the exceſs of the greater part above (50) half the 
number given, be denoted by x ; then 50 + x will be 
the greater part, and 50 — x the leſſer ; therefore, by 
the queſtion, 50 + x Xx 50 — K, or 2500 — x* = 2100; 
whence x* = 400, and conſequently x = / 400 = 20 ; 
therefore 50 + x = 70 = the greater part, and 50 — x 
= 30 = the leſs, | 


/ PROBLEM XL. | 
bat two numbers are thoſe, which are to one another in 


| the ratio of 3 950 to 5 (ö), and whoſe ſquares, added to- 
1 


gether, make 1666 (c)? 0 
Let the leſſer of the two required numbers be x ; 

3 
then, a: 52 2 2 == the greater; therefore, by 


2 


the queſtion, x + —- e; whence a þ hat a, 


d .. ſ tl 3 
and & = IF conſequently x = = 
bx ; 


. c ; : 
A gin = 21 = leſſer number, and —=35= 


the greater. 


PROBLEM XLI, 
To find two numbers whoſe difference is 8, and product 


= 240. 


— © * — 
— 


equal te each other, 


to the RESOLUTION of PROBLEMS. 10g 
= 240. Now, by completing the ſquare, * 4+ 8x 


J 16 (= 240 + 16) = 2563 and, by extracting the 


root, x +4 =v/256 = 16: whence x = 16 —4 = 
I2; and x +8 = 20; which are the two numbers 
that were to be found, | 


PROBLEM XLII. 


To find two numbers whoſe difference ſhall be 12, and 
the ſum of their ſquares 1424. 


Let the leſſer be x, and the greater will be x + 12; 
therefore, by the problem, x + 121" + * = 1424, or 
2x* + 24x + 144 = 1424; this, ordered, gives & + 


— 


12x= 640; which, by completing the ſquare, becomes 


* + 12x-+ 36 (= 640+ 36) =676 ; whence, extract- 

ing the root on both ſides, we have x + 6 = (4/676) 

26 ; therefore x = 20, and x + 12 = 32, are the two 
numbers required. 

32 — 20 = 12, 

For. 1 = 1424- 


PROBLEM XLIIL 
To divide 36 into three ſuch parts, that the ſecond may 


exceed the firſt by 4, and that the ſum of all their ſquares 


may be 404. 
Let x be the firſt part, then the ſecond will be x + 4; 
and, the ſum of theſe two being taken from (36) the 
whole, we have 32 — 2x, for the third, or remaining 
part; and ſo, by the queſtion, x* + x + 4} + 322 
= 464, that is, 6x* — 120x + 1040 = 464 ; whence 
6x* — 120 = — 576, and x* — 20x 2— 96. Now, 
by completing the ſquare, x* — 20x + 100 (= 100 
— 96) = 4; and, by extracting the root, x — 10 = 
J 2. Therefore x = 10 J 2, that is, x = 8, or x = 
12; ſo that 8, 12, and 16, are the three numbers re- 
quired, | 
2 PROBLEM XLIV. f 

To divide the number 100 (a) into two ſuch parts, that 

heir product, and the difference of their ſquares, may be 


R$ Let 
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Let the leſſer part be denoted by x, then the greater 


will bea—x, and we ſhall have a— x x =a —a\ 
— , chat is, ax — x* = a* — 22 whence x*— Zar 
= —&*; and, by completing the ſquare, x* — Jax 


=(— 4 2 . of which the root being 


he” 
extracted, there comes out x — 724% E. 


therefore x = > 1 + 72 But x, by the nature of 
the problem, . leſs ing: a, the upper per ſign (+) gives 


x too great ; fo that x = © — Z. 46 
Ec. muſt be the true value required, 


* P R OBLEM XLV. 3 
um, and the ſum of the ſquares, of two s 
. to find the numbers. / 128 

Let half the ſum of the two numbers be denoted by 
a, half the ſum of their ſquares by ö, and half the di 
ference of the numbers by x ; then will the numbers 
themſelves be repreſented by a— x, and a x, and 
their ſquares by @* — 2ax + x*, and a* + 24 + * 
and ſo we have a* — 2 + x* + a* + 2ax + A mm 
by the queſtion. Which equation, contracted and divided 
by 2, gives a* + ; whence x*= b — &@*, and 
conſequently x = v Þ =. Therefore the numbers 


ſought are a —=v/b — @*, and g + = . 
PROBLEM XLI. 


The fum, and the ſum of the cubes of two _ being 
given; to find the numbers. 


Let the two numbers be expreſſed as in the 3 
problem, and let the ſum of their cubes be denoted by 


6. Therefore will a= TATA = e, that is, by 
involution and reduftion 2 + bax* = c 3 _ 
x? 


to the ResoLUTION of PROBLEMS, 105 


c — 247 c 


be, a- and x= ; 


282282 HITS: p 
The ſum, and the ſum of the biquadrates (or 4th powers 
of — being given; to find the numbers. a 
The numbers being denoted as above, we ſhali here 
havea—x\* + a+ d, that is, 24 ＋ 129*x* + 
2x* ; from which, by tranſpoſition and diviſion, 
x* + ba*x* =2d=0*; and, by completing the ſquare, 
* ＋ Gal + ga* = 14 + 8% whence x* ＋ 3a* = 


VII-; and ,conſequently, x = 3) . 


PROBLEM XLVIII. 
The ſum, and the ſum 2 5th powers, of two num- 
bers being given, to find the numbers. 

The notation in the preceding problems being till re- 
tained, we ſhall have 245 + 20a*x* + 1c = e;, and 


a* 
therefore, 8 == gp and i . 


— 


2 7 e J a 


P R OBLEM XLXIX. 

What two numbers are thoſe, whoſe product is 120 (4) 
and if the greater be increaſed by 8 5. and the leſſer 
5 (c), the | Hai of the two numbers thence ariſmg 
be 300 (d)? 

If the greater number be denoted by x, and the 
leſſer by y, we ſhall have 

xy a, and 
„ I y+c=4, b the conditions of the queſtion. 
Subtract the firſt of theſe equations from the ſecond, and 


you will have TTIX YT -H A4, that is, 


ex + by + be = Ad- 4; where both ſides being multi- 


plied 


— as — 
7 9 
— Aa 2 
2 ** In l 


— 


5 
. 
. 
T1 
"| 
4} 
A 
j 
it 
339 
T 
4158 
R 
1 
| 
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plied by x (in order to exterminate ), we thence have 

c + bxy + ber = dx — ar; but xy being = a, there- 

fore is bxy = ab, and conſequently, by ſubſtituting this 

value in the laſt equation, c& + ab ＋ ber = dx — ax; 

whence cx + bx + ax — dx = — ab, and therefore 
dx 


x ab ; : 
„ + br += == =——=5 which, by making f = 


. | . 5 
2—— (= 28), will become 4 — fr = — =; 


$4 ak Wes 
hence * —. fr + if - +3f, x—3f=#X 
ap <S, wiz=ift/ wp —* = 16, or 


=12; and conſequently „() =, or = 7,5. 
12 X 10 = 120 
_ 12 X 10 ++ 5 == 300. 
16 X 7,5 = 120 
16+8 X 7,5+5 = 300. 
PROBLEM L. 


To find two numbers, ſo that their ſum, their product, 
end the difference of their ſquares, may be all equal to one 


Alſo } 


another. 


The greater being denoted by x, and the leſſer by y. 
we have x + y = , and x+ y=ax*— *: the laſt of 
theſe equations, divided by x ＋ y, gives I =x—y; 
whence K = 1 + y; this value, ſubſtituted for x in the 
firſt equation, gives 1 + 2y = y + *; thereforey® — y 
=I, andy =; + v 5 ; conſequently x (1 ＋ 722 
＋ 4. | 

PROBLEM II. | 

To divide the number 100 (a) into tws ſuch parts, that 
the fum of their ſquare roots may be 14 (b). 

Let the greater part be x, and the leſſer will be a—x ; 
therefore, zy the problem, / x + V- =I; bt 


3 
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by ſquaring both ſides, x + 2 ax—xx + a—x=db; 
whence, by tranſpoſition and diviſion, * ax - 2 


— 


: therefore, by ſquaring again, ax — xx = 
Bb — al* | 5b — a\* * 


4 2 4 


b 
IV 24——b* = 64 = the greater part; whence a—zx 


= 36 = the leſſer part. 


1 PROBLEM LIL $2 
Wu grazier bought in as many ſheep as coſt him 601. out 
"of which he reſerued 15, and ſold x 6 remainder for 54 1. 
and gained two ſhillings a head by them : the queſtion is, 
_ ig Heep did he buy, and what did they caſt bim a 
ea 

Let the number of ſheep be x ; then if, 1200, the 

number of ſhillings which they all coſt, be divided by x, 


I " 
the quotient, — —iþ will, it is evident, be the number 


- * 7 | 
of ſhillings which they coſt him apiece ; and fo 
the number of ſhillings they were ſold at per head will 


be — = + 2, by the queſtion ; and therefore this, mul- 
tiply'd by x—15, the number of ſheep fa fold, will give 
1200 ＋ 2x — 2 — 30, equal to the whole number 


* 
of ſhillings which they were all fold for; that is, 1170 


8 | 
+ 2x — _ 1080: hence we have 1170x + 2x* 


— 18000 = 1080x, 2x* ＋ 90x = 18000, * + 45x = 
9000, and x= v/ 9506.25 — 22.5 = 75, the number 
of ſheep; and conſequently 75 = 16 ſhillings, the 
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) PROBLEM Ll. 

Two country-women, A and B, betwixt them brought 100 
(c) eggs to market ; they both received the ſame ſum for their 
eggs, but A (who had the largeft and beſt) ſays to B, had 
1 brought as many eggs as you I ſhould have received 
18 (a) pence for them ; but, replys B, had I brought no 
more than you, 1 ſhould have receiued only 8 (b) pence for 
_ : the queſtion is, to find haw many eggs each . perſon 


If the number of 1180 which A had be = x, the 
number of B's eggs will be = — x; therefore, by the 


problem, it will be, c=x :@:: x: 


= the num- 
c—x 


er 4 


bX — = the number of pence which B received : 
3 
whence, again, by the problem, — = — and 


therefore ax* = b X c — A* 2 bo Aber + br*; 
2bcx 4 
Lad — and? 
—_— x” 
from whence x comes out = 4 2 - 

(7 — 4 — 


which equation, ordered, gives a? +8 


= ——— = 40. But the value of x may 


be otherwiſe, more readily, derived from the equation 
ax* = bx c—x) , without the trouble of completing 
the ſquare ; for the ſquare root being extracted on both 


ſides thereof, we have vV a = c—x x vb z whence 

Ya ＋ * cu, and conſequently x = N 

= _100/8 1004/4 
vBEVB © Jo +V43 


= 40, as before. 


PROBLEM 


* 


to the ResoLUTION of PRopBLEMS. tog 


PROBLEM LIV. 

One bought 120 pounds of pepper, and as many of ginger, 
and had one pound of ginger more for a crown than of 
pepper; and the whole price of the pepper exceeded that of 
the ginger by fix crowns : how. many pounds of pepper had 
he for a crown, and how many of ginger ? 

Let the number of pounds of pepper which he had 
for a crown be x, and the number of pounds of ginger 
will be x + 1 ; moreover, the whole price of the pep- 


per will be — crowns, and that of the ginger — 


x +1 
therefore, by the que/tizn, _ — 72 = 6; whence $ 
120x + 120 — I20x == bx* + bx, and therefore x* + x . 
20; which, ſolved, gives x = 4 = the pounds of 
epper, and x + I = 5 = thoſe of ginger, 
| PROBLEM LV. | i 
To find three numbers in arithmetical progreſſion, whereof g 


the ſum of the ſquares ball be 1232 (a), and the ſquare 
of the mean greater than the product of the tius extremes 


by 16 (6). | 

Let the mean be denoted by x, and the common dif- 
ference by y; then the numbers themſelves will be x —y, 
x, and x + y; and fo, by the problem, we ſhall have 
theſe two equations, * 
TNT 4, and | 
* =2x—yxx+y+6b: theſe, contracted, become 
3x* + 25 =24, and x- =x* — j* +6; from the latter 
whereof we get * =b = 16; and conſequently y = 
v b = 4; which, ſubſtituted for y in the former, gives 


3x* +2b =a; whence a* = <= and therefore 


> Aft ODEs _ _ 
- & = 


Ny ſo that the three required num- 
bers are 16, 20, and 24. $ _” 
For 16* + 20* + 24* = 1232, 

20* — 16 X 24 = 16. | 
| PROBLEM 


— — ns 29g 
— 1 | = 
I te er TS — 2 2 ng rem ems. — : 
* bs — 2 — - — — 
2 5 * — — — _ — — by — — 
- ” q bg * — — — 
— — — — — 
— - . — 
- 


— ——ͤ — — 


2 
— 
— 


—_ — — _ — 
— 9 = 


"oO: 959. ARE” "Su — 


— 
—— 


bd > 
— — — — | 
= 
- ——— — — — 
5 


— — 


. 
241 
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PROBLEM LI. 


To two numbers whoſe difference ſhall be 10 (a), 
and if 600 (b) be divided by each of them, the difference 


of the quotients ſhall alſo be equal to 10 (a). 


The leſſer number being repreſented by x, the greater 
will be repreſented by x + @ ; and therefore, by the prob- 


b : 
lem, Lam = which, freed from fractions, 


gives bs + ba — bs = ax* + ax, that is, ba = ax* of 
&*x ; whence, dividing by a, and completing the ſquare, 


we have x*þ ax + ia* = b +44; therefore x + 1a = 


Ila, and conſequently x = /b+ Za* — ia = 20, 
the leſſer number; whence x + a = 30, the greater 


number. | 
PROBLEM LVn. * 14 
thy® ( 


To find two numbers whoſe ſum is 80 (a) ; and, if 
be divided alternately by each other, the ſum of the quo- 


tients ſhall be 3* (b). 


If one of the numbers be x, the other will be a — Xx, 
and we ſhall therefore have — + — =: which 
equation, brought out of fractions, becomes x* ＋ 4 
2ax + x* = aby — bx*; and this, by tranſpoſition, 
gives 2x* ＋ bx* — 2ax — abx = — 4, that is, 
2 +bxx* — 2+ bXax = —a*; whereof both ſides 
being divided by 2 + b, we have «** — ax = — 


; whence, by completing the ſquare, x*— ax + 


2 
a 


a of a* 3 a 
— — — bf A VA:. 


„ d 
and x = — -A or = 20; which 
two, are the numbers that were to be found. 


PROBLEM LVIII. 
To divide the number 134 (a) into three ſuch parts, 


that once the firſt, twice the ſecond, and three times the 


third, 


to the RESOLUTION of PROBLEMS. 


of the ſquares of all the three parts may be = 6036 (c 
Let the three parts be denoted by x, y, and z, reſpec- 
tively ; then, from the conditions of the problem, we 
ſhall have theſe three equations, 
x + y + 32 2 „„ 
z FF + = = 
| ** 1 
Let the firſt of theſe equations be ſubtracted from the 
ſecond, whence y + 22 2 -, or y=b — 2 — 223 
alſo, if the double of the firſt be ſubtracted from the 
ſecond, there will come out z— x = b — 24, or x=% 
+ 22 —6b: wherefore, if F be put = - a (= 144)» 
g=h—2a(=10), and for y and x, their equals f— 2z 
and x — , be ſubſtituted, our third equation, x* + y* 


* 


"+ 2* =c, will become zz — 2gz + + ff — 4f® 


+4 4xzz + 22 = © ; which, ordered, gives z* — 
EL gn .; whence, by putting þ = 


3 R 
WS 19 1) 
found = + LEE + (= 3 + 70. 


50: therefore y (=f— 22) = 44, and x (=z—g) 


= 40- | 
PROBLEM LIX. | 
A traveller ſets out from one city B 10 go to another C, 
at the ſame time as another traveller ſets out from C for 
B; they bath travel uniformly, and in ſuch proportion, that 
the former, four hours after their meeting, arrives at C, 
and the latter at B, in nine hours _— : now the queſtion 
is to find in how many hours each perſon performed the 
Journey. 
D 
— — CO 


B ——— — C 
Let D be the place of meeting, and put a= 4, B, 
and x = the number of hours they travel before they 
meet: then, the diftances gone over, with the ſame uni- 


form motion, being always to each other as the times in 
N which 


ttt. 
' third, added togrther, may be = 278 (b), and that the 


6 


- - — — — — — - Li — 
— — — — — — — == — - 
- — , —— — — — _ — — = = - 
- — e — — ae — —— = - 
= _— . ja 


= — — — — -— * — — = 
— — . - 2 2 — = 
— 6 — — _ — — — 
— — —— — 
bh "GE 


—_ —— ﬀ 


— —— — _ 


whereof the ood, the extremes is 3250 (a 


firſt ſtep) ; z therefore, by completing 


4 


— 
— 
* 
. "= 
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me: thay are deſcribed, we therefore have, BD : 
5 time in which the firſt traveller goes the 
a (the time in which he goes the di- 


RE DC): and, for the ſame reaſon, BD : DC :: 5 


(the time in which the ſecond goes the diſtance BD) 
: x (the time in which he goes the diſtance DC): 

wherefore, ſince it appears that x is to @ in the ratio of 
BD to DC, and b to x in the ſame ratio, it follows that 


4 : 4: :: x; whence x* = ab, and x = ab (= 6); 
therefore # oþ va 10, nr. are the 


two numbers requi 


PROBLEM LX. 
There are four numbers in arithmetical progreſſion, 
6 and aa 
EI the _ mm: 3300 (þ : what are the numbers ? 
r extreme be repreſented by y, and the 
— gant x ; then the four required num- 


bers will be expreſſed by y, y+x, y+2x, and y + 3x: 
therefore, by the — we have theſe two equations, 
7 

yx 3+ 3 or ＋ 29 = 4, and 


x * 5 + 2x or * + 390 - =6b; whereof 
27s — deing taken from the latter, we get a = 


3-2; and from thence x = = 5. But, to 


find y from hence, we have given y* + 29 ma (hy th 
quare, &c, 


1 4 2 0: and ſo the four num - 


bers are 50, 55, 60, and 65. 


| PROBLEM LXI. 
The ſum (30), and the ſum of the ſquares (308) of three 
s in arithmetical progreſſion being given ; to 
the numbers. 
Let the ſum of the numbers be repreſented by 2 
the ſum of their ſquares by c, and the common di 
rence by x: then, ſince the middle term, or number, 
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ſrom the nature of the progreſſion, is = b, or + of the 
whole ſum, the leaſt term, it is evident, will 'be ex- 


preſſed by b — x, r by Y; and 
therefore, by the gueſtion, we have this equation, 
-N ITS e; which, contracted, 


gives 35 + 2x* Z whence 2x* = — , and 


r=} TT —Tz 2. Therefore 8, 10, and I2, are 
| the three numbers ſought. 


PROBLEM — 
Having given the ſum (O), and the ſum of the ſquares 
(c) of any given number of terms in arit — progreſſion 3 


to find the progreſſion. 
the common difference be e, the firſt term 2 e, 


and the number of terms 2. then, the queſtion 
ſhall have 3 


L Hitz + x 3 
N . . c. 
ut (by Section 10. Theor. 77-4) the fum of — 
progreſſions is ur + .I.; And the ſum of che 
ſecond (as will be — further N. is = u + 
wangli. xe +7: 2 therefore our 


6 
two equations will become 


*, and 


* ＋ 1 Q I 4. LE — 


Let the former whereof be ſquared, and the latter mul- 
tiply'd by , and we _ thence have 


* + nf . 20 hoe — b, and 


. . „ — — =nc: 
| I 262 
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let the firſt of theſe be ſubtracted from the ſecond, fo 
ſhall n* ,n+1.2n+ r 1 
W 6 4 


| 4 
But -L. — ——— is . 1 TI x 


8: + 4—Gn—6 _ 


„ - Cine = 2 , bes X 
: ＋ 


* . 21. 


Therefore- — = uc — , and : 


— 126* n . 
2 = ; whence x (= — * £ )is known. 
x1 —1 n 2 
Example: Let the given number of terms be 
6, their ſum 33, and the ſum of their ſquares 199 
then, by writing theſe numbers, reſpectively, for u, 5, 
and c, we ſhall have e I; whence x = 2, and the 
required numbers 3, 4, 5, 6, 7, and 8. 


PROBLEM LXII. 

Two poſti-boys A and B ſet out, at the ſame time, from 
tiuo cities 500 miles aſunder, in order to meet each other : 
A rides 60 miles the fir ſt day, 55 the ſecond, 50 the third, 
and ſo on, decreaſing 5 miles every day: but B ges 40 
miles the fir/# day, 45 the ſecond, 50 the third, &c. in- 
creaſing 5 miles every day; now it is required to find in 
what number of days they will meet. | 

In order to have a general ſolution to this problem, 
let the firſt day's diſtance . of the poſt A be put = m, 
and the diſtance which he falls ſhort each day of the 

eding d; alſo the firſt day's diſtance of the poſt 

= p, and the diſtance which he gains each day e; 
and let x be the required number of days in which they 
meet : then the whole diſtance travelled by A will be 
expreſſed by the following arithmetical progreſſion, 
mu- + m 24 + m— 34, &c. and that of B by 
* | yard 


to the RESOLUTION of PROBLEMS: 115 


| p+e+ "+ 2 + Þ + 3+, &c. where each pro- 
de" ach to be continu'd to x terms. But the ſum of 
the firſt of theſe progreſſions (by Sect. 10. Theor. 4) is = 


me ., and that of the ſecond = px + 
2 


XXEX=LEXZ: therefore theſe two laſt expreſſions, add- 


2 | 
ed together, muſt, by the conditions of the queſtion, 
be equal to 500 miles, the whole given diſtance ; which 
we will call , and then we ſhall have p+ mx x + 


x XR x- IX 24 eK XxX 1 

a — = b, of — L 

7 | , fs + - = , by 

writing F pn, and g =e—d: which equation is 

redu » & OM 2/x = 2bz. or * — # + 
2 ; 

= = z whence, by completing the ſquare, &c, x 


rer A ＋ Bub in 
the particular caſe propoſed, the anſwer is more ſimple, 
and may be more eaſily derived from the firſt equation 


pA Xx ＋ 2 —_ — b ; for, e being = d, 
xXXx—IXe—d will ; 
2 8 9 1 0 — TS wa 

equation; and therefore x will be barely = r 
75 Fo. = 5- The. ſame concluſion is alſo readily de- 
rived, without algebra, by the help of comman arith- 
metic only: for ſeeing the fum of the two diſtances tra- 
vell'd in the firſt day is 100 miles, and that the poſt B 
increaſes his diſtance, every day, by juſt as much as the 
5 A decreaſes his, it is evident, that between them 
th, they muſt travel 100 miles every day; therefore, 
if 500 be divided by 100, the quotient 5 Will be the 

12 number 


» 


here entirely vaniſh out of the 
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number of days, in which they travel the whole 500 
miles. . 
PROBLEM LXIV. 

| Two ons A and B ſet out together, from the ſame 
place, * * both the lh dh, A La 8 miles the 
firſt day, 12 the ſecond, 16 the third, and ſo on, increaſing 
4 miles every day : but B goes 1 mile the firſt day, 4 the 
ſecond, 9 2 third, and fo on, according to the ſquare of 


the number of days : the queſtion is, to find how many days 
aach muſt travel before B comes up, 52 with A. 


Let (4) the common difference of the progreſſion 8, 12, 
16, Cc. * put e, and the firſt term . minus the 
ſaid common difference = m, and let the number of 
terms, or the days each perſon travels, be expreſſed by 
* then the ſum of that progreſſion, or the number of 


miles which A travels will be x x m + ZLXLILINY 


"Ws: | 
(by Sec. 10. Theor, 4). And (by what follows hereafter) 
the ſum of the progreſſion 14449 7 . x*, or 205 


ſtance travel d by B, will appear to be A4 — . 


— — —ää 
2x 


therefore, by the quyſon, we have TL 
= ma +EXEETX? nich, divided by x and con- 
engel, gives EEE = m + Ef, whence 


| TO —_— 
„12 —== 3 += ==; and, by com- 
pleting the ſquare, x + EL = x + 


2 1 
i (= 38 ＋ 2 — 2 N 


EL 4 5 — 2) = EN whence 
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Y = "+1230, od 


os +3 — 
IT WE. 


4 
V48m +1 EOESS: L=3 = 7, the number of days 
oe 


required. 


PROBLEM LXV. | 
The ſum of the ſquares (a), and the continual product 
(b) 4 po numbers in arithmetical progreſſion being given z 
to #4 the numbers. | 
Let the common difference be denoted by 2x, and 
the leſſer extreme by y — 3x ; then, it is plain, the 
other three terms of the progreſſion will be expreſſed by 
y—x, y + x, and y + 3x reſpectively ; and fo, by the 
queſtion, we have 
1—=3Y $10 $3FN +1 = — and 
— zr Xz—x X TI Xy+ 3x = 
that is, by reduction, f 
* + 20% = a, ane 
Jie; | 
from the former of which * = 1a — 5x*; and there- 
fore . = . — lar ＋ 25x*: values being 
ſubſtituted in the latter, we have 154 — fax + 25a*. 
— 2 + 50a* + gat = b, and therefore x* — G- 


3 a® 


* ende whence, by completing the ſquare, 
Ys. r LY 22 ) = 


h 16 2 
v ia — 5x*) is alſo known. 


I 3 *PROB- 
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PROBLEM LXVI. 
Die difference of the means (a), and the difference of the 
extremes (b) of four numbers in continued geometrical pro- 
portion being given; to find the numbers, 


Let the ſum of the means be denoted by x ; then the 
greater of them will be denoted by — =, and the leſſer 


Rx — q 


by —: whence, by the nature of proportionals, it 


will be 422 22 — .: A the leſſer 


2. F 
| | x—a x+a „42 T4 4 
extreme, and —:: - , 
2 2 | 2 2.x — 2.4 


greater. extreme: therefore, by the problem, we have 


x + al* x — a? 
— — and conſequently x + 4 — 


= A = 2b Xx—a x x+@, that is, 6x*a + 2 = 


——— aa 
2b X x*— 4 ; whenes x? = 2 and conſequently 
1 | b + a 
* = 2 


PROBLEM LXVII. 

Dye ſum, and the ſum of the ſquares of three numbers 
in geometrical proportion being given; to find the numbers, 
Let the ſum of the three numbers be denoted by a, 
and the ſum of their ſquares by þ, and let the numbers 
themſelves be denoted by x, y, and z: then we ſhall have 

a x +Fy TT = a, 

K* + +2 = 6, 

and xz 52. 

Tranſpoſe y in the firſt equation, and ſquare both 
ſides, ſo ſhall x* þ 2xz + z2*= a* — 22 + *; from 
whence ſubtracting the ſecond equation, we have 24% 
M a — 29y + * —b: but, by the third, 22 
== 2z* 3 therefore * 24 + y*— þ; and conſe- 
i; OE quently 
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Of —b | b 
quently y = = = 2 2 Now, to find * 


and z, y may be looked upon as known ; and ſo, by the 
ſecond equation, we have given x* þ * =b— ; 
from which ſubtracting -2xz = 2y*, there ariſes x* — 
2x% T2 = b6 — 33* ; where, the ſquare root being 
extracted, we have x - 2 = bb — 357: but by the 
firſt equation we have x + z= a — y; whence, by 


adding and ſubtracting theſe laſt equations, there reſults 
2x=a—y+v/b— 3), and 22zzza—y—vb—3y. 


PROBLEM LXVIII. 

De ſum (s), and the produ2? (þ) of any two numbers 
being given ; to find the ſum of the ſquares, cubes, bigua- 
drates, &c. of thoſe numbers. © 

If the two numbers be denoted by x and y ; then will 

x + y= s | 
2 * re. b the problem. 

e former of which, ſquared, gives xx ; 
from whence fubtraling the double of 5 — = 
have x* + y* = 5* — 2p, the ſum of the ſquares. 

Let this equation be multiply'd by x + == fo 
ſhall * + ay xx +3 + = 2p, that is, & + 
pXs +y* = 5 — 25þ (becauſe xy=p, and x+y=5s) 
and therefore x* + y* = 5? —-35p, the ſum of the cubes. 

Multiply, again, by x + y = 5s, then will * + ay 
X TY =#— 3p, or + px f— 29 + 
„= 3% (becauſe * + y* = 5* — 258). Conſe- 
quently x+ + y* = 54 4% + 2p*, the ſum of the bi- 
quadrates. : 

Hence the law of continuation is manifeſt, being 
ſuch, that the ſum of the next ſuperior powers will be 
always obtained by multiplying the ſum of the powers 
laſt found by , and ſubtracting, from the product, the 
ſum of the preceding ones multiplied by p. And the 
ſum of the nth powers, expreſſed in a general manner, 


will be ; ow 54 n. — aw, . 


14 — 7 , 8 


8 2 
I 4 1— 5 


* 
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n—5 n—6 1 —5 —6 1 —7 8 
. 23 Fs + Ne. 2 1 3 v 4 * *. 
; Ec. 


| PROBLEM LXIX. 

The ſum of the ſquares (a), and the exceſs (b) of the 
produtt above the ſum of two numbers being given; to 
find the numbers. | 


Let the ſum of the numbers be denoted by t, and 
their product by r : then the ſum of the ſquares will be 
* — 2r (by the laſt problem), and we ſhall have r —5 
= b, and * — 2r = a, whence, by adding the double 
of the former equation to the latter, — 25 = a + 26; 
and conſequently s V +2b+1 + 1. From which 


r (=b +5) is likewiſe known; and from thence the 
numbers themſelves. 


PROBLEM 'LXX. | 
The ſum (a), and the ſum of the ſquares (b) of four 
numbers, in geometrical progreſſion, being given; to find 
the numbers. | | þ 
- If x and y be taken to denote the two middle num- 
bers, the two extreme ones, by the nature of progreſſio- 


nals, will be truly repreſented by * and 2 


Put the ſum of the two means = 5, and their rec- 
tangle = 7; ſo ſhall the ſum of the two extremes 


5 —— 2) be =@a — 5, and their rectangle alſo = r 


(by the nature of the queſtion). But (by Problem 68) 
the ſum of the ſquares of any two numbers 
whoſe ſum is 5s, and rectangle r, will be = 5s — 27; 
and (for the very ſame reaſon) the ſum of the ſquares of 
our other two numbers (whoſe ſum is a — , and rect- 


angle r) will be = 4A - —2r, Therefore, by add- 
ing theſe aggregates of the ſquares of the means and 
extremes together, we get this equation, viz. 5* + 
a—) —4=b. bes banged 


Moreover, 
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xx | 
Moreover, from the equation, 577 PT = 4 — , 


we get x þ 3 =3y X@a—5=rXa—5: but (by the 

ſame Prob. jult up quoted) 5 2 — 357 ; therefore 
4 — Jr = ar — ir, ory = which value be- 

ing ſubſtituted for r, in the preceding equation, we 

3 
have i* + G7 — == This, ſolved, gives 
A bb b a 
22 Rf, + = — 7 © whence every thing 
| a0 is readily found. 


PROBLEM LXXI. 
The ſum (a) and the ſum of the 2 (b) of 


„ in geometrical progreſſion, bein n, to find 
the numbers, 0 4 


Let the three middle numbers be 3 dy x, * 


and z : then the two extreme ones will be — - and — ; 
and therefore we ſhall have 


+ Ty += += = 
Leobp+u+Z=k 


Put x +z= u ; then, by the firſt equation, — = + = 


=4a —#u-—y, Wherefore, ſeeing the ſum o the two 
extremes is expreſſed by a — u — y, and their rectangle 
by y (hee Theor. 7. Sect. 10), the ſum of their ſquares will 
(H Problem 68) be --- - 257: and, in the 
very ſame manner, the ſum of the ſquares of the two 

terms (x and z) n middle one (y) vill be be 
= 2 — 22. ence, by ſubſtituting theſe values, 
13 — 2y* 


ease 


+u+y = 4, and 


gk | 


our equations become 
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2-1 „ —2f + &f — 2 + * = b; which, by 
reduction, are changed to 


rr 


and ay — un — wy 9 80 
To the former of which add the double of the the hills 


fo thall aa — 24u = ; and therefore a= = — 2. 


2a 
From 2 and y + — 2 — * =u uu, the value of 
is likewiſe given. 


» (= 4 
PR 0 BLEM III 

The ſum (a), the ſum of the ſquares (5), and the ſum 
of the cubes (c) of any four numbers in geometrical pro- 
portion being given; to find the numbers. 

Let half the ſum of the two means be x, and half 
their difference y; alſo let half the ſum of the two ex- 
tremes be z, and half their difference v, and then the 
numbers themſelves will be expreſſed thus, z , x - , 


x+y, z + v: whence, by the conditions of the pro- 


blem, ＋.— 

2 — +x-y +x+y +z+v = «a, 
za +x—5 +*+1+2+0'= 3, 
z=0]+x- 0} + x + + zÞo'= e, 


* -U X 2+vV =x=y x x+ y (Theor. 1. 5. 720 


which, contracted, are, 
n, 
22* + 29* ＋ 2K 4 27* 
223 + 6 ＋ 2x* + 69 

| . © a 5. 

Let &— 2 + *, the value of 15 in the laſt of theſe 
equations, be ſubſtituted inſtead of y*, in the two pre- 
ceding ones, and we ſhall have 

227 ＋ 29* E 2 + 2 — 22* + 2 =b, and 
225 + bzv* + 2x" + ba" — b + b = ez 
which, abbreviated, become 
4x* ＋ 4 = b, and 
| 2” + 8 — br + Db = 


b, 


CG 


Let 
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Let 40 — , the value of u, in the former of theſe 
equations, be ſubſtituted, for it's equal, in the latter, 
and we ſhall next have 22* + 8x? — 6xz* ＋ 6x Þ+ 62 


* 72 x — x* = c; moreover, if for x, in the laſt equation, 
it's e ual 2 ! 4 — x be ſubſtituted, there will come out 2 x 


14 — 48 bx x IS: + 20xX49=ar me 
that is, ber. 30's + © .- =c; therefore a 


ax c 5 a* | a 


eo! "nt BR and conſequently x = _ 


b 
WE 3 + 7p whence , v, and y, are likewiſe 
known, 


Let the ſum of the two means = 5s, and their rect- 


angle r; ſo ſhall the ſum of the two extremes = a 


— 5, and their rectangle alſo =» (by the queſtion) 
from whence, and Prob. 68, it is evident, that the ſum 
of the ſquares of the means will be = — 2r, and 


the ſum of the ſquares of the extremes = a A 
— 27; alſo, that the ſum of the cubes of the means 


will be = 376, and that of the extremes = @ — s\* 


e zr * 2 by means whereof, and the conditi- 


ons of the problem, we have given the two following 
equations, 

viz. CAI A4 =b,or, 2 —205 —4r =b-aa; 
and 53 +a—\ — Jra==c, or, 34 — Ja*s — Zar = C : 
divide the former by 2, and the latter by 3a, and then 
ſubtract the one from the other, ſo ſhall r = 72 


+ Sq whence the value of s (=> — 


== 
== + 2+ 7” by the fiſt equation) is alſo 


given 
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08. 
8 
5 
+ 
2 
2 
E* 
D 
5 
= 
8 
L 

88 
] 


PROBLEM LXXIIL 


Having given the ſum (a), and the ſum of the ſquare 
(b) of any number of quantities in geometrical progreſſi- 
en; to determine the progreſſion. 


Let the firſt term be denoted by x, the common ratio 


by z, and the given number of terms N ne then, by 
ave 


the conditions of the problem, we ſhall | 
x + xz ＋ x28 + x23 + x24 „ 4, 


K + * * * + ** 2 + £225 + a... = 5 =a6. 
Multiply the firſt equation by 1 — 2, and the ſecond 
by 1 — z2; ſo ſhall 
t — K 24 X I—z, and 
2" 

x* = os = þ X I—=. 
Divide the latter of theſe by the former; whence will 


be had x + xz = - x ITZ: let this equation and 
the firſt be now multiplied croſs-wiſe, into each other, 
in order to exterminate x; ſo ſhall ax1 +2 = 
S* = ee 

If n be an even number, put zm n; then our laſt 
equation, when multiplication by 1 + z is actually 
made, will ſtand thus, 5 * 142 I + 22 + 22 


een 4 >"; whit ab 
aa 


| ] 2 
ed by 2 becomes 7 x— +2" == +=; 
2 


+ 2% 


2 +2 m—2 
„ T2 T2 +a... + 2 
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+ 3 % « Let s be now put (== + z) = 


the ſum of the halves of the two terms of the ſeries 
adjacent to (2) the middle one; then, the rectangle of 


theſe quantities being 1, the ſum of their ſquares (or 


half the ſum of the two terms of the ſeries next to 
thoſe) will be = 42 — 2 (by Problem 68); and the ſum 


— + 2?) of half the two next terms to theſe laſt = 
53 36, &c. &c. | 

Hence, by making 4 = RY and putting the 
value of — + z”" (as expreſſed in the ſaid problem 68) | 


= Q, and then ſubſtituting above, &c. our equation be- | 


comes dQ =1 +5 +83—2 +5 — 35 + 4-43 ＋ 2, 
&c. continued to m terms; whence the value of s may 
be determined. 


Thus, let », the number of terms given, be four 
then m being = 2, Q {== +=?) will be a2 —2; 
and our equation will, Bere, be d X 1 — 2 =1 + 5. 
If » be = 6, Q(==+ 2˙) will be = 37; 


and we ſhall have 4 x f— 37 i 4 22 
2 +5—1; and ſo in other caſes, where n is an even 


num 
72 be an odd number, put 2m=n—1; and let 
ſides of the equation | 


axi+z = SxIbaxXI+E=+B..o-t 
be divided by 1 + z; ſo all 


n—z2 


aũX I- Tz2 25. * 2 2 4a == X 1＋ ZT n 
1 
(becauſe I+z x I=2+2—2 +2... — +2 


— 1 
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0. — —— x r * f OY 
|” = oh 


* +z—22+23—2#.,. + —2 
1+z / ): whence, by tranſpoſition, and 2 my 


* +=... 42 8 2 ＋ 2 
a 


my or 7 * ett e 


the whole equation be divided by a —5 xx; then will 


1 1 1 


r. 3 = 
_— 8 | 
LEES EO 14 . 


Now, if n be an even number, the powers of z in 
the former part of the equation will be the even ones, 
and thoſe in the latter the odd ones; but if m be an odd 
number, then, vice versd. | 


In — firſt _ our _—— may be wrote ths, 
2 
— + +++. .+z* +2" = 


I I "hg" a — 


+= 7: TTA ＋2 . 


235 + 44 2, &c. we ſhall, 


by ſubſtituting theſe values in each ſeries (proceeding 

= the middle both ways) have 1 |, Fry 7 —= 2+ 
— 4 + 2 +, &c. Se into 5 þ 5 — 35 +, &c. 

. in the ſecond caſe, where is an odd num- 


ber, and the even powers of 2 come into the ſecond 
ſeries, we ſhall, by the very fame method, have 


s+8—p+8 T 55 +, Sc. = c into 1 + 
In 


7 — 2 ＋ 7 — 455 + 2+, Cc. 
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In both which caſes the terms are to be ſo far continu- 
ed, that the exponent of 5, in the higheſt of them, may 


be — Thus if u, the given number of 


| OO n—1I — 9 

terms, be 3, then m ( - ) being = 1% the equati- 
on belongs to caſe 2; and will bes c, Barely. If 
n 5, thenm=2; and therefore 1 + - 2 = c, 
or * g ct; by caſe 1. If n be 7, m will be 3; 


and fo 5 + — $=cx1l+f—2, or — 25 = 


c X 1; by caſe 2, Laſtly, if à = 9, then m = 4, 


and therefore 1+ 5*— 2 ＋ $#—4+2 = Xx 5+ — 33 
or — 3. +I =cxs* — 25; bycaſe 1. 
PROBLEM LXXIV. 

Having given the ſum (a), and the ſum of the cubes 
(5) of any number of terms, in geometrical progreſſion 3 


to determine the progreſſion. 


By retaining the notation in the laſt problem, and 


proceeding in the ſame manner, we here have 


a= + xz ＋ x2* PRE” oo = — and 
« | * — of 

K + x*2* + 32%... + 22 = -— f 02 
Theorem 8. Sect. 10). | 

Divide the laſt of theſe equations by the former, ſo ſhall 

2 — IX 2 —1 * zn + 29 +1,” 

= x — be- 

Wo Px 7 "+= +1 (be 


— — x* x 


S I 


2 + I). Let this equation, and the ſquare of the firſt, 


Sd LIVE TP , be now multiplied, croſs-wiſe, 
Z* — 22 + 1 


in order to exterminate K; whence will be had | 


fmt" e whick, 


- — & 96." — 
— ow wor ed 


— 4 
* —_— 


-_ pd 
—— — 


; | 
q 
* 
| 
* 
= 
: 
14 
IN 
'S U 5 
3 : 
$ : 
S © 
: iy 
1Þ 
l 
: : 
4 „ 
uy . 
eo 47. 
j 
"TT 4 
i 3h j 
4 Ll, 
t Ft 
jb 14 
ws * : 
a v7? 
* 
. 
n 
' 
[1 6 
* * 
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NN 1 
*. * 
iu 
+ * 
3. 
4 
N 
1 
5 
1 
| 
j - 
mat; 5 70 
7 > 
} 0 
| . 
: 


0 — — 
— 


— 2 =o — _ 
py + - — — — x _ "4 
- — — — — — 
. 5 
* 


* _ — 
- — — 
= — —— — 
— 5 — — £ 


the numerators being divided by x", and the denomina- 


ſum let be denoted by 8; ſo ſhall our equation become 


— 8 ; 
—ͤ—ä——ñ — — — — 
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tors by x, will tand thus, 


ms 2+ 2 +1 i * 
b * — =0@& x — Put (as 
z—2 + — z+1+— 


before) the ſum of 2 and 2 then, their rectan- 


gle being 1, the ſum of their th powers (2 +=) 


will be had in terms of s (from Problem 68), which 


— . 8 
„ x —— whence the value of 5s may, 


b x- 


in — 5 be determined. 


Thus if (u) A terms be 33 then 


R =) being = — 31, 


3—3 — 2 33— 3 ＋1 

SOX +1 
by diviſion, b x * | 25 + I = @* x * N 

If the number of terms be 4; then will S2 

4 — 4 4 

4 * +2; and therefore þ x — _ =o x—F IP 
which, by an actual divifion of the numerators, is re- 
duced to h X 71 T 257 = 4 x —f— 35 + 3. 

Again, taking » = 5, we have S = — 5 ＋ 5; 

9241 28 Fee I 

and therefore — tx” ESE, 
which, by diviſion, is reduced to ix, 25% —f— 25 +1 
=Axt—S—4* +4+1i: and fo of 7 
where it may be obſerved, that the values of 8 — 
and 8 + 1, will be always diviſible by their reſpcAtive 
denominators ; except the latter, when n is either 3, or 


à multiple of 3. SE oa os 


we have b x 


Na- 


5 
, 
- 
T 
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PROBLEM LXXV. 

The any rank of quantities (a + b + c +4 + 
8+, Px) — given == P, the ſum of all their rectan- 
gles (ab + ac + ad, &c. + be + &c. ＋ cd, &c.) 
= Q, the ſum of all their ſolids (abc abd + abe, &c. 
+ acd + ace, &c. + bed, &c.) = R, &c. &c. it is pro- 
poſed to determine the ſum of the ſquares, cubes, biquadrates, 
&c. of thoſe ps 

p=b +c + 4, Cc. = ſui of all the quan- 
tities after the firſt (a) 
9 = bc + bd + be &c. + ad + ce, &c. = the 
Put ſum of their rectangles, 


r = bed + bee, &c. + ode, &c. = the ſum of 
their ſolids, 


By ſquaring the firſt of which equations, we have 
P* = a + 2ap + p* ; from whence the double of the 
ſecond being ſubtracted (in order to exterminate 2ap ), 
there reſults P* — 2Q = @* + p* — 29. Where 
P. — 2Q expreſſes the true ſum of the pro- 
poſed ſquares a + b* + & + 4d*, &c.; becauſe, all 
the quantities a, b, c, d, &c. being concerned exact! 
alike in the original, or given equations, they m 
neceſſarily be alike concerned in the concluſions 
thence derived; ſo that, if ſubſtitution for 5 and 
were to be actually made in the equation P* — 2 
= a* + þ* — 2 here brought out, it is evident that 
no other dimenſions of 6, c, d, e, &c. beſides the ſquares, 
can remain therein, as no dimenſion of a, beſides 
it's ſquare, has place in this equation. 

In order to find the ſum of all the cubes, 
put A (=P) = a + p = ſum of the roots, 
and B{=P*—2Q) =a* + p* — 24 = ſumof the ſquares z 
then, multiplying the two equations together, we 


—— ² m1 
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From whence (to exterminate pa*, the next inferior 
power of à after the higheſt, a) let QA = p + a 
+ ga + pg (the product of the equations Q and A) 
be ſubducted; and there will remain PB — QA = 
4 — 3ga + þ* — 30% To this laſt equation (in or- 
der to take away the next inferior power of a) add 
three times the equation R = ga + , fo ſhall PB — 
QA + 3R = 4 44 — 7 4 7 From whence it 
is evident, that PB — QA + 3R muſt be the re- 
quired ſum of all the cubes a + 6 + & + 4a?, &c. 
for reaſons already ſpecified with reſpect to the preced- 
ing caſe, 

10 determine the ſum of the biquadrates, put 
Ca b. A 30 + zr = the ſum of all the cubes; 
then N y the equation PS + þ (as be- 
fore), we get PC = + pa + pa — 3p. + Zra + 
* — 3Þ*qg + 3pr. From which (to exterminate pa“) 
ſubtract QB = pa* ＋ pa — 2pga + % + pq — 24, 
(the product of the equations Q and B); fo ſhall- 
PC — QB = a* — % — pga + ra + J. — 489 + 
Zor + 24* : to this add RA = ga* + pga +ra+rp; 
then will PC — QB + RA = ＋ 4ra + pf — 4p* 
+ 4pr + 24 : laſtly, ſubtract 48 = 4ra + 4s, fo al 
PC — QB T RA 48 g ＋ . — 49% ＋ 4br + 
25 — 45 = D, the ſum of all the biquadrates. 

In like manner (the laſt equation being, again, mul- 
tiplied by P=a + p, the preceding one Q== pe 
+ 5 &c. &c.) the ſum of the fifth powers will be found 
= PD—- QC + RB—SA-+ 5 T: from whence, and 
the preceding caſes, the law of continuation is manifeſt; 
the ſum (F) of the ſixth powers being PE — QD 
RC — SB + pr or the ſum (G) of the ſe- 
venth ers = PF — RD — SC + TB 
_ UA T W. Sc. &c. T 1 

But, if you would have the ſeveral values of B, C, 
D, E, c. independent of one another, in terms of the 
given quantities P, Q, R, 8, T, &c. then will N 
B S P — 20, 

C = P* — 3PQ + 3B, 
D = Þ* — PQ + ATR + 2Q* — 48, 
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E=P—$P.Q SER S- 5PS SSR LST. 
Sc. Ec. re values. may be 3 255 at 
pleaſure, by multiplying the laſt by P, the laſt but one 
by — Q, the laſt but two by R, the laſt but three by 
— $, &c. and then adding all the products together; 
as is evident from the equations above derived. Theſe 
concluſions are of uſe in finding the limits of equati- 
ons, and contain a demonſtration of a rule, given for 
that purpoſe, by Sir Jſaac Newton, in his Univerſal 
Arithmetich. 


— — en. — ey ——————_— ——_——_ 
SECTION A. 
Of the Reſolution of Equations of ſeveral dimenſions. 


. we proceed to explain the methods of re- 
ſolving cubic, biquadratic, and other higher equa- 
tions, it will be requiſite, in order to render that ſubject 
more clear and intelligible, to premiſe ſomething. con- 
cerning the origin and compoſition of equations. 
Mr. Harriot has ſhewn how equations are derived 
by the continual multiplication of binomial factors into 
each other : according to which- method, ſuppoſing 
x - 4, x—b, x —c, «- d, &c. to denote any num- 
ber of ſuch factors, the value of x is to be ſo taken 
that ſome one of thoſe factors may be equal to nothing: 
then, if they be multiply'd continually together, their 
product muſt alſo be equal to nothing, that is, -x — @ 
xX Xx - XXX -d, &c, oO: in which equation, 
* may, it is plain, be equal to any one of the quan- 
tities a, 5, c, d, &c. ſince, any one of theſe being ſub» 
ſtituted inſtead of 2 the whole expreſſion vaniſhes. 
Hence it appears, an equation may have as man 
roots as it has dimenſions, or as are — by he 
number of the factors, whereof it is ſuppoſed to be pro- 


duced. Thus, the quadratic equation -x 
= O, or ETA o, has two roots, 4 and 
| K 2 45 
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b; the cubic equation xX—aXx—bXx—c = o, or 


—a 3 
x? += ** ＋ ac g x — abc = o, has three roots, 
bc 

a, b, and c; and the biquadratic equation, x — @ X 
x—bxx—cxx—d=0, or 


_ ab + ac 4 of 
xt + _ +a 4 hb =o x + abcd o, 
EY bd + cd I 
has four roots, a, b, c, and d. From theſe equations 
it is obſervable, that the coefficient of the ſecond term 
is always equal to the ſum of all the roots, with contra- 
ry ſigns ; that the coefficient of the third term is always 
equal to the ſum of their rectangles, or of all the pro- 
ducts that can poſſibly ariſe by combining them, two 
and two ; that the coefficient of the fourth- is equal to 
the ſum of all their ſolids, or of all the products which 
can poſſibly ariſe, by combining them three and three; 
and that the laſt term of all, is produced by multiply- 
ing all the roots continually together. And all this, 
it is evident, muſt hold equally, when ſome of 
the roots are poſitive and the reſt negative, due regard 
being had to the ſigns. Thus, in the cubic equation 
3 
x—aXx—bXx-+c=0O, or x* + —b| ** + 
c 


— O 


ab 
= 10 x + abc = o (where two of the roots, a, b, are 
_ poſitive, and the other, —c, is negative) the coefficient 
of the ſecond term appears to be = a — b + c, and that 
of the third, ab — ac — bc, or ab + ax -C UX, 
conformable to the preceding obſervations. Hence it fol- 
lows, that, if one of the roots of an equation be given, 
the ſum of all the reſt will likewiſe be given ; and that, 
in every equation where the ſecond term is wanting, the 
ſum of all the negative roots is exactly equal to that of 
all the poſitive ones ; becauſe, in this caſe, they _ . 
| ally 
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ally deſtroy each other. But when the coefficient of the 
ſecond term is poſitive, then the negative roots, taken 
together, exceed the poſitive ones. But the negative 
roots, in any equation, may be changed to poſitive 
ones, and the poſitive to negative, by changing the 
ſigns of the ſecond, fourth, and ſixth terms, and fo 
on, alternately. Thus, the foregoing equation 


1 —-&4} +adb 
(x — a Xx —bxx+ =) + bf 2 a+ ak 
"0 — 


= ©, by changing the ſigns of the ſecond and fourth 
+a + ab 
terms, becomes x? +35 Lack x — abc So, or 
— Cc 

x+aXx+bxx=—c = 0; where the roots, from a,. 
+6, and — , are now become — a, —6, and e. 
Moreover the negative roots may be changed to poſitive 
ones, or the poſitive to negative, by increaſing or di- 
miniſhing each, by ſome known quantity. Thus in the 
quadratic equation x* + 8x + 15 = ©, where the two 
roots are — 3 and — 5 (and therefore both negative) 
if 2 — 7 be ſubſtituted for x, or, which is the ſame, if 
each of the roots be increaſed by 7, the equation will 
become z— 7) + 8xz—7 +15=0; that is, z* — 
6248 = o, or z—2xz—4=0; where the roots 
are 2 and 4, and therefore both poſitive. This method 
of augmenting, or diminiſhing the roots of an equation 
is ſometimes of uſe in preparing it for a ſolution, by 
taking away it's ſecond term; which is always perform- 
— adding, or ſubtracting +, 4, or + part, &c. of the 
coefficient of the ſaid term, according as the propoſed 
equation riſes to two, three, or four, &c. dimenſions. 
us, in the quadratic equation & - 8x + 15 = o, let 
the roots be diminiſhed by 4, that is, let x - 4 be put 
=2%, orx==4+z; then, this value being ſubſtituted 
for x, the equation will become z+ 4\* = 8 x z +4 + 
15 o, or 1 o; in which the ſecond term is 


wanting. 


K 3 Likewiſe, 
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Likewiſe, the cubic equation 2? — ＋ bz o, 
by witing 's = = + + z, and proceeding as above, 
| +36 FO | 

will become 2 . 4 4. —* =0; and ſo 
| | L - 
of others. Fe 

Hence it appears, how any affected quadratic may be 
reduced to 1 quadratic, and ſo reſolved without 
completing the ſquare; but this, by the bye. I now 
-proceed to the matter propoſed, viz. the Reſolution of 
cubic, biquadratic, and other higher equations; and 
ſhall begin with ſhewing 


Hoto to determine whether ſome, or all the roots of an equa- 


tion be rational, and, if ſo, what they are. 
Find all the diviſors of the laſt term, and let them 


be ſubſtituted, one by one, for x, in the given equation; 


and then, if the poſitive and negative terms deſtroy each 
other, the diviſor ſo ſubſtituted is manifeſtly a root of 
the equation; but if none of the diviſors ſucceed, then 


the roots, for the general part, are either irrational or im- 


o 


poſſible : for the laſt term, as is ſhewn above, being al- 
ways a multiple of all the roots, thoſe roots, when rati- 
onal, muſt, neceſſarily, be in the number of it's diviſors. 
Examp. 1. Let the equation x*— 4x*— 7x + 10 = o, 
be propoled ; then, the diviſors of (10) the laſt term 
being + 1, = 1, + 2, -2, +5, - 5, + 10, = 10, 
let theſe quantities be, ſucceſſively, ſubſtituted inſtead 
of x, and we ſhall have, 
1— 4— 7+10==0, therefore 1 is a root 
—I— 4+ 7+10=12, therefore — 1 is no root; 
8— 16—14+10==— 12, therefore 2 is no root; 
—8 — 16 +14 +10 =o, therefore 2 is another root 
I25—I00—35-+10=0, therefore 5 is the third root. 
It ſometimes happens that the divifors of the laſt 
term are very numerous ; in which caſe, to avoid trou- 
ble, it will be convenient to transform t ie equation to 


| another, wherein the diviſors are fewer; and this is beſt 


effected 
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effected by increaſing or diminiſhing the roots by an 
unit, or ſome other known quantity, g 
Exam. 2. Let the equation propounded be * 45 
8) + 32=0; and, in order to change it to another 
whoſe laſt term admits of fewer diviſors, let x + 1 be 
ſubſtituted therein for y, and it will become * = 6x* = 
I6x + 21 = 0; where the diviſors of the laſt term are, 
„ Þ — 3, 7, = 7, 21, and 21; which being, 
ſucceſſively, ſubſtituted for x, as before, we have, 
1— 6—16+21=0, therefore 1 is one of the roots; 
1— 6+16+21= 32, therefore - 1 is not a root; 
$1—5$4—48+21=0, therefore 3 is another root. 
But the other two roots, without proceeding further, 
will appear to be impoſſible; for, their ſum being equal 
to — 4, the ſum of the two politive roots (already found), 
with a contrary ſign (as the ſecond term of the equation 
is here wanting), their product, therefore, cannot be 
equal to (7) the laſt term divided by the product of the 
other roots, as it would, if all the roots were poſſible. 
However, to get an expreſſion for theſe imaginary roots, 
let either of them be denoted by v, and the other 
will be denoted by - 4 — ; which, multiply'd toge- 
ther, give = 4v — v* = 77 whence v = = 213, 
and conſequently - 4 — v = 2 - v/ — 3. Now let each 
of the four roots, found above, be inereaſed by unity, 
2 ou will have all the roots of the, equation pro- 
oſed. 
y When the equation given is a /iteral one, you may 
ſtill proceed in the ſame manner, neglecting the known 
quantity and it's powers, till you find what diviſors ſuc- 
ceed ; for each of theſe, — the ſaid quantity, 
will be a root of the equation. hus, in the literal 
equation x* ＋ Jax* — 44⁰ 122 = o, the numeral 
diviſors of the laſt term being 1, — t, 2, = 2, 3, = 3» 
Sc. I write theſe quantities, one by one, inſtead of x, 
not regarding 4; and fo have 
I+ 3— 4—12=-12, therefore @ is not a root; 
—I+ 3+ 4—12=- 6, therefore - @ is no root; 
8+12— 8—12 go, therefore 2a is one of the roots; 


K 4 —8 
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— 8-+12+ 8—12= o, theref. - 24 is another root; 
27 +27 —12—12==30, therefore 3a is not a root; 
27 + 27 +12—12=0, therefore 3a is the 3d root, 
e reaſon of theſe operations is too obvious to need 
2 further explanation. T hall here ſubjoin a different 
way, whereby the ſame concluſions may be derived, 
on Sir Jſaac Newton's Method of Diviſors; which is 
us : 
Inflead if the unknown quantity ſubſtitute, ſucceſſroely, 
FR. or 4 adjacent Poſts of he rim pro 


fron 2, I, O, = I, — 2; and, having collected alt t 
terms of the equation into one ſum, let the quantities thus 


reſulting, together with all their diviſors, be placed in a 
line, right-againſt the correſponding terms 7 the progreſſion 
2, I, O, = I, —- 2; then ſeek among the diviſors an arith- 
metical progreſſion, whoſe terms correſpond with, or ſtand 
* 7 # the = of the terms 2, 1, o, = I, = 7 
of t rogreſſian, and whoſe common difference is 
— an * or ſome 45%. the —— of the 
higheſt power of the unknown quantity (x) in the given 
equation. If any ſuch — ny can be diſcovered, tet 
that term of it which ſtands againſt the term o, in the firſt 
progreſſion, be divided by the common difference, and let the 
quotient, with the fign + or — prefix d, according as the 
progreſſion is increaſing or decreaſing, be tried (as above) 
by fat it fir x in the propoſed equation. 

hus, let the propoſed equation be x3 — x* — 10x 
+6 = 0; then, by ſubſtituting ſucceſſively the terms 
of the progreſſion 2, 1, o, — 1, inſtead of x, there will 
ariſe — 10, — 4, 6, and 14, reſpectively ; which, toge- 
ther with their diviſors, being placed right-againſt the 
correſponding terms of the progreſſion 2, 1, o, = I, 
the work will ſtand thus: | 
2|—10|1.2.5.10 

11— 4 14. 4 . 
o [T 6[1.2.3, 6 
—1|+14l1.2. 7. 14 

Now, fince the coefficient of the higheſt power (* 

is, here, only diviſible by an unit, I ſeek, among the di- 
viſors, a collateral progreſſion whoſe common difference 


2 


5 
4 
— 
2 


- 


Dr 
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is an unit; and find the only one of this kind to be 5, 4, 
3, 23 whoſe third term, ſtanding againſt the term o in 


the firſt progreflion, I therefore take and divide by unity, 


and then ſubſtitute the . with a tive ſign, in- 
ſtead of x, and there reſults — 27 — 9 + 30 + no; 
therefore — 3 is, manifeſtly, a root of the equation. 
Again, if the propoſed equation were to be 2x7 —- 
5 + 4x — 10 = O, We ſhall, by procceding in the 


ſame manner, have 


21— 611. 2.3. 6 11 
1— 913.9 3 

of —10[1.2.5.10 | 5* 
—1|—21]1.3J.7.21 7 
1.3.4. 6. 9 Kc. 


:? 

In which caſe, I diſcover, among the $vifors, the 
increaſing arithmetical progreſſion, 1, 3, 5, 7, 93 Whoſe 
third term 5, ſtanding againſt the term o in the firſt 
progreſſion, being divided by 2, the common difference, 


and the quotient ( ) ſubſtituted for x, the buſineſs ſuc- 


ceeds, the poſitive al negative terms deſtroyingeachother. 
Moreover, if the equation x* + x* — 29x* — + 
180 = o were propoſed, the work will ſtand as f 


lows : ; | 
2] 70. 2. 5 7. 10. 14. 35+. 70 11215 
11144]. 2. 3. 4. 6. 8. 9. 12 &c. 105 Al 
0180]. 2.3.4. 8. 6. 9.10 &c.;3!4| 3j 5* 
np +> 1.2.4.5. 2. . % ONS 
—21 901. 2. 10. 15 Kc. 5113 


5. 6.9. 

Here are diſoorered no leſs than four progreſſions, 
whoſe terms differ by unity; whereof the terms cor- 
reſponding to the term o, in the firſt progreſſion, are 3, 
4, 3, and 5: therefore, the two former progreſſions 
being aſcending ones, and the two latter deſcending, I 


try the quantities + 3, + 4, — 3, = 5, one by one, 


and find that they all ſucceed. 


And after the ſame manner we may proceed in other 
caſes; but, in order to try whether any quantity thus 
found is a true root, we may, inſtead of ſubſtituting 
for x, divice the whole equation by that quantity _ 

n 
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nected to x, with a contrary ſign; for, if the diviſion 
terminates without a remainder, the ſaid quantity is 
manifeſtly a root of the equation. 

Thus, in the laſt example, where the equation is 
* + x* — 29x* — gx + 180 go, the numbers to be 
tried being + 3, +4, — 3 and — 5 I firſt take — 3 

And join it to x, and then divide the whole equation, x* 
+ * — 29x* — 9x + 180 (= 0) by x — 3, the quan- 
tity thence ariſing, and find the quotient to come out 

K* + 4x* — 17x — bo, exattly, Therefore ＋ 3 is one 
of the roots. 

Again, in order to try + 4, the ſecond number, I 
divide the quotient thus found by x — 4, and there 
comes out x* ＋ 8x +- 15; therefore - 4 is another 
root: laſtly, I try — 3, by dividing the laſt quotient by 
x + 3, and find it alſo to ſucceed, the quotient being 
x ＋ 5, See the operation at large. 


U 


-) * x*—29x* -= +180(x* þ 17-60 
5 — 3 | 


+ 4x" — 290" 
+ 4x) — 12x" 
1 
— 17x*+ 51x 
= —box+150 
— box +180 
© O 


2 


— 


* - 40 + 4x* —17x — bo(x* ＋ 8x +15 


x — 4x" 
+ 8x* —17x 
＋ 8x* — 32x 
= ＋ 15x — 60 
+ 15x — 60 


(x + 3 
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x+3)* +8x+15(x+5 
oo 
+ 5x + 15 
+ 5* +15 
1" O 
As another inftanee hereof, let there be propoſed the 
equation 2x* — 3x* + 16x — 24 = o; then, expound- 


ing K by 2, 1, o, and — 1, ſueceflively, and proceed- 
ing as in the foregoing examples, we have 


2 T1121. 2.3. 4. ©. 12 + 2|—1 
ne ln 
0-24 1 2. 3. 4. 6. 8 &.j+4|+3*. 
FU +51+s 


Therefore, the quantities to be tried being 4 and 2, 
I firſt attempt the diviſion by x — 4 3 which does not 
anſwer : but trying x — 2, or (it's double) 2x — 3, I 


ſind it to ſucced, the quotient being x* + 8, exa#th. 

The reaſon why the diviſors, thus found, do not al- 
ways ſucced, is, becauſe the firſt progreſſion 2, 1, o, 
— 1 is not continued far enough, to know whether the 
correſponding progreſſion may not break off, after a 
certain number of terms ; which it never can do when 
the buſineſs ſucceeds, Thus, in the laſt example, where 
we had two different progreſſions reſulting, had the 
operation, or ſeries 2, I, © — 1, been continued only 
two terms farther, you would have found the firſt of 
thoſe progreſſions to fail ; whereas, on the contrary, the 
laſt (by which the buſineſs ſucceeds) will hold, carry 
on the progreſſion 2, 1, o, — I as far as you will. The 
grounds of which, as well as of the whole method, 
upon which the foregoing obſervations are founded, may 
be explained in the following manner. 


Let there be aſſumed any equation, as πσ + bt + 
ex* + dx + e = ©, wherein a, 6, c, d, and - repreſent 
any whole numbers, poſitive or negative, and e px + 4 
denote any binomial diviſor by which the 1aid expreſſion 
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art + be + of + ds Te is diviſible, and let the quo- 


tient thence ariſing be repreſented by rx* + 5x* 4 tx +-y 

or, which is the |= in effect, let ax — bes ID | 

dx e = Nr + qxri + 8 + A This being 
miſed, ſuppoſe x to be now, ſucceflively, expounded 

the terms of the arithmetical progreſſion 2, 1, o, — 1, 
— 2 (as above) ; and then the correſponding values of 
our diviſor px + 9, will, it is manifeſt, be expounded 
by 25 +6 5 1. 4. 9% —Þ +4 and — 2p ＋ f reſpec- 
tively ; which alſo conſtitute an arithmetical progreſſion, 
whoſe common difference is p; which common diffe- 
rence (þ) mult be ſome diviſor of the coefficient (a) of 
the firit term, otherwiſe the diviſion could not ſucceed, 
that is, could not be had in a, without a remainder. 

Hence it appears that the binomial diviſor, by which 
an expreſſion of ſeveral dimenſions is diviſible, muſt al- 
ways vary as x varies, ſo as to be, ſucceſſively, expreſſed 
by the terms of an arithmetical progreſſion, whoſe com- 
mon difference is ſome diviſor of the firſt, or higheſt 
term of that expreſſion. 

It alſo appears, that the ſaid common difference is 
always the coefficient of the firſt term of the general di- 
viſor ; and that the term (g) of the progreſſion which 
ariſes by taking x = o, is the ſecond term. Therefore, 
whenever, by proceeding according to the method above 
preſcribed, a progreſſion is found, anſwering to the con- 
ditions here ſpecihed, the terms of that progreſſion are 
to be conſidered only as ſo many ſucceſſive values of 
ſome general diviſor, as px . Whence the reaſon of 
the whole proceſs is manifeſt. 

After the ſame manner we may proceed to the in- 
vention of trinomial diviſors, or diviſors of two dimen- 
ſions : for, let m + px + g, be any quantity of this 
kind, wherein , p, and g repreſent whole numbers, 
poſitive or negative, and let the terms of the progreſſi- 
on 3, 2, 1, o, — I, — 2, — 3 be wrote therein, one 
by one, inſtead of x ; whence it will become gm ＋ 3þ 
+4, 4m + 2þ +4, m+þ +4 4 M—p +49, 4m 
2þ + 9, and 9m — 30 + g, reſpectively ; where m muſt 


be ſome diviſor of the coefficient of the firſt term of the 
| given 
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given expreſſion ; otherwiſe, the diviſion could not ſuc- 
ceed. Hence it appears, 

1*. That the coefficient () of the firſt term of the di- 
viſor, muſt always be ſome numeral diviſor of the coeffi- 
cient of the firſt term of the propoſed expreflion. . 

2*, That the product of that coefficient by the ſquare 
of each of the terms of the aſſumed progreſſion, 3, 2, 1, 
o, — I, — 2, — 3, being ſubtra from the corre- 
ſponding value of the general diviſor, the remainders 
(3 ＋7. 2p + 4 P T7. > —t+Fh—2}+6—-3F 
+ g) will be a ſeries of quantities in arithmetical pro- 
greflion, whoſe common difference is the coefficient of 
the ſecond term of the diviſor. 

3*, And that the term () of this progreſſion, which 
ariſes by taking x o, will always be the third, or laſt 
term of the ſaid diviſor. From whence we have the 
following rule. Inſtead of x, in the quantity propoſed, 
ſubſtitute, ſucceſſievly, four or more adjacent terms of the 
progreſſion 3, 2, 1, o, — 1, —2, — 3; and from all 
the ſeveral diviſors of each of the numbers thus reſulting, 
ſubtract the ſquares of the correſponding terms of that pro- 
greſſion multiply d by ſome numeral diviſor 4 the higheſt 
term of the quantity propoſed, and ſet dywn the remainders 
right-againſt the correſponding terms of the progreſſion 3, 
2, 1, O, — 1, —2, — 3; and then ſeek out a c 
teral progreſſion which runs through theſe remainders z 
which being found, let a trinomial be aſſumed, whereof the 
coefficient of the firſt term is the foreſaid numeral diviſor ; 
that of the ſecond term, the common difference of this cul- 
lateral progreſſion ; and whereof the third term is equal ta 
that term of the ſame progreſſun which ariſes by taking 
x=0; and the exp — fo aſſumed will be the diviſer te 
be tried. But it is to be obſerved that the ſecond term 
muſt have a negative or poſitive ſign, according as the pro- 
greſſion, found among the diviſors, is an increaſing or a de- 
creaſing one. 

Thus, let the quantity propoſed be &“ — x3 — 5x* þ 
I2x—6; and then, by ſubſtituting 3, 2, 1, o, — 1, 
— 2, ſuccefſively, inſtead of x, the numbers reſulting 
will be 39, 6, 1, — 6, — 21, and — 26 reſpectively 

which, 
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which, —_— with all their diviſors, both poſitive and 
negative, I place right- againſt the correſponding terms 
of the progreſſion 3 2, I, 0, — I, — 2, in the follow- 
ing manner : 1 


3 39 FR So Down De un Jo == Ho = 20 

246. 3-.2.1.—I.—2.—- 3.— 6 

11 1. — 1 

of 6. 3.2. 1.—1.—2.— 3.— 6 
—1 121. 7.3. 1.—1.—3.— 7. — 21 


—21 26. 13.2. 1. — 1. — 2. — 13. — 26 
Then, from each of theſe diviſors I ſubtract the ſquare 
of the correſponding term of the firſt progreſſion mul- 
tiply'd by unity (as being the only numeral diviſor of 
the firſt term) ; and the work ſtands thus : 

3130. 4.—b.—8,—10.—12.—22.—48[4-4|—6 
2 2.—1.—2.—3.— 5.— 6.— 7.—Io+2]|—-3 

I 0.2. — — +ol+0 

Of 6. 3. 2. 1.— 1.— 2.— 3.— b|-2|+3* 
— O. 6. 2. O, — 2.— es 8.—22 1.5 
—2 122. 9.—2.—3.— 5. — 6. —17.—30}—6j--9 

ere I 7 — —1 the N colla- 

teral progreſſions, VIZ. 4, 2, O, — 2, —0 —6, and 
— 6, — 3, o, + 3, +6, +9; therefore the quan- 
tity to be tried is either x* + 2x — 2, or x* — 31 ＋ 3: 
by both of which the buſineſs ſucceeds. 
This invention of trinomial diviſors is ſometimes of 
uſe in — out the roots of an equation when they 
are irrational, or imaginary. Thus, let the equation 
e. be & — 4x* + 5x* — 4x 1=0; and let x be 
ucceſſively expounded by the terms of the progreſſion 
3, 2, 1, o, and the numbers reſulting will be 7, — 3, 
— I and 1; which, together with their diviſors, being 
ordered according to the preceding directions, the ope- 
ration will ſtand as follows : 
317. 1.—1.—71—2.—8.—10—16—2—8 
23. 1.—1.—3—1.—3.—5— 7] —1—5 
0 ene 
O 


„ * ®[+x][+7If 
Here we have two progreſſions, — 2, — 1, o, 1, and 
—8, —5, — 2, 1; therefore the quantity to be tried 
| * is 
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is either * — x + 1, or — 3x + 1; but I take cha 
firſt, and having divided x* — 4 + 5* —= 4x. + f 
thereby, find it to ſucceed, the quotient coming out 
x*— 3x ＋ 1, exattly. Therefore * — 4 + 5x7 — 
4x + 1 being univerſally equal to *— x + I X 
1 — zx ＋ 1, let x*— x +1 be taken o, and alſo 
x*— 2x +1=0; from the former of which equations 
we have x=+ + - 3; and from the latter x = 3 + 


) * 5 Therefore the four roots of the given equation 
«i are {+ +v/ =, +—=vV-4, 4 +43 and 4=v $3 
ul- whereof the two laſt are irrational and the two firſt 
of imaginary. And, in the ſame manner, the roots of a 
literal equation, as 2 — 442 ＋ 54 — 4K ＋ a* =0, 
5 where the terms are homogeneous, may be derived : for, 
2 let the roots be divided by a, that is, let x be put = 
.3F _ or ax = 2; and then, this value being ſubſtituted for 
0 2, the equation will become x* — 4 + 5x* — 4x +1 
2. = o; from which x will be found, as above; ; 
a” z (= ax) is alſo known, 
— Having treated largely of the manner of managing 
ee ſuch equations as can be reſolved into rational factors, 
3 whether binomials, or trinomials, I come now to ex- 
>”; plain the more general-methods, by which the roots of 
ne equations, of ſeveral dimenſions, are determined; and 
— ſhall begin with 
* . 
hon The reſolution of cubic equations, according to Cardan. 
— If the given equation has all it's terms, the ſecond 
ms term muſt be taken away, as has been taught at the be- 
* ginning of this ſection; and then the equation will be 
8 reduced to this form, viz. x* + ax ; where a and 6 
| repreſent given quantities. Put x Z; and then, 
3 | this value Tl ſubſtituted for x, our equation becomes 
1* Y r ＋. z T TY El, or f+ i 
and + 3zzx y+z +axy+z2=b. Aſſume, now, 352 
ried = ; lo ſhall the terms 2yzXy+z andaXy+z 


oy deſtroy 
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each other, and our equation will be reduced to 
3 +23 = b. From the ſquare of which, let four times 
the cube of the equation yz = — 45a be ſubtrated, and 


we ſhall have y* — 2y*z2* + * = b + 27 and there- 
fore, by extracting the ſquare root, on both ſides, 3 — 


ME 1 nes 


= +=; which added to, and ſubtradted 


27 
—_— =, * 447774 N and 
71 
225 = hom *. += N 77 , 
b 
and Zz = >= — 7 „ee =y 


: 5 JE b* 4 a 
Which is Cardan's 8 but the ſame thing may 
be exhibited in a manner rather more commodious for 
practice, by ſubſtituting for the ſecond term it's equal 


= 


- = K, becauſe yz = — 


- ad this be being done, our prey nee: Hands Ghats 
* 
* = - 2 * = 27 * 27 
2 — 
7750 —2 775 * 
Example 1. Let the equation 3 v1 T9 = 13 be 
propounded; and, in = to deſtroy the ſecond term 


thereof, let x — 1 be put ; ſo ſhall x —1}* + 


3x x— TXT I= 13, or N 
therefore, i in this caſe, a being = ©, and b = 20, we 


have (2+/ExL al —_ 


Gu 8 


of ſeveral DiuENSIoNs. 145 


2 


— — — — — . 
104 * 100 + 807 10+v 100 + 8? 20,3923 7 


— 2 2.732 —.732=2; and conſequently 


: * 20,392317 


y(=x—1) == I. 


Exam. 2. If the equation given be)“ — 37 — 25 
—8 So; then, by writing x + 1 for „, it will be- 
come Xx + i —3xz+i\'—2xx+1—-8S = , 


or * — 5x = 12: therefore, à being = — g: and 


= 12, x will here be equal to 6 + V 36 

4 = x 1,6666, &c. 
; ——_—_—_—0 600g]? + _ 
6 + v 36 — &/}7 F 55 0 177 
= 2, 26376 + „73624 = 3; and conſequently * 
(=x +1) = 4: which is the only poſſible value of 
in the given equation. And it will be proper to take 
notice here, that this method is only of uſe in caſes 


where two, of the three roots, are impoſſible (except when 
z 3 


—o-- 1. 
1 1 
2 7 


they are equal) ; for 7 — 52 being, in all other caſes, 
a negative quantity, it's ſquare root is manifeſtly im- 


poſſible. . | 
J ſhall now give the inveſtigation of the ſame 


neral theorem, for the ſolution of cubics, by a different 


method ; which is alſo applicable to other, higher equa- 
tions. ; | | 

 Suppoſing, then, the ſum of two numbers, z and y, 
to be denoted by 's, and their product (zy) by p, it 
will appear (from Prob. 68. p. t19) that the ſum of 
their cubes (z* + y*) will be truly expreſſed by 5 — 


30. | 
If, therefore, 3 ＋ y* be aſſumed = b, we ſhall alſo 


have 5? — 3þs = 6b but, zy being = p, or y= E, our 
3 


firſt equation, z* + y* = 6b, will become z* + Z =; 


from which, by completing the ſquare, Cc. z is found 
L = {6 


2 
8 
— 
4 


"za 
— — 


2 


2 
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= 3b + ½¼¼ — pr : whence y ( 2 is given = 


— 2 —; and conſequently s (= z + ) 
25 ＋ 4 — 79 6 
* 12 which ie, 


— 1 I bj DIV 
evidently, the true root of the equation 35 — 3þs = 6. X 
From whence the root of the equation & + ax = b, - 


wherein the ſecond: term is poſitive, will be given, by 


— ET — 
* 
5 — — _— 
— — 5 


r 


— by 


r y 


— 82 _— * - 
— = ® — 
— 
T — pe 2 * — — 
— ya —_— 2 — 
— 
= 
2 25 * 
— — 
— * — £5 2 — - 
5 24 . * 
; — 4 
2 * 4 — — — 
* - 6 fo 
— — - 
© I ITT 6 — . — 
4 * _ 
— 
— 1 4 ” 
Mt x ů ů ů 


* E 9 — = —— — — — 5 — A * — 
— — — — . = = — — ns 
- - S ——_—— — —— 7 E — 3 — 2 2 - --X — — Ns 
* 0 CY e ä - 7 - - > — — — a - — Re ai 
ge — — — — a — IAK 


writing x for t, and 4a for — p; whence x is found 
— 5 8 
i 7 | 
fame as before. | 
In like manner, if things be ſuppoſed as above, and there 
be, now, given z* +y* = b; then, by the problem there 
referred to, we likewiſe have 55 — 5ps* ＋ 59% = b, 


But the firſt equation, by ſubſtituting 5 for it's equal 
3, becomes 2* + Z =b: whence 2 — 527 — — þ*, 
= +/B=F, ands= 2 T V =. 
and conſequently s (= 2 T7 = 2 + Z) — 

=; = the true 


e LEC 2574, 


root of the equation 5* — 55 + 5p*s = b. Which, 


by ſubſtituting x for 6, and — = for p, gives x = 


1 s 1 © 

OB ww 14 174 7 — — -, for the 

1 | by. A + 4 + 3 h 13+ v 1b + aſt - ; 
BR | . true root of the equation a5 + ax* + 4 = b. | 
| N | > Gemerally, 


Oo Gena r 
- 


1E 


7 


— 
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Genernly, ſuppoſing 2 +y = 6, or 2 E's 


whence 2 = EL. . and s = 
+ _ therefore (N ＋ )= 


is the true root of the equation — np; © 


, ES pint bn 
1 —5 1 —6 127 = ” 
5 7 p "1a (= 2" + 571 


226. 


This equation, by writing x for 3, and - for — p- 


2 12 — 2 223 2—4 — 4. 
becomes x + ax + = d& * 


n—5 n—_s mn—5 n—b6 _ — 
33 „ r + 21 9 add 4 Ee. 


e Er 


Z. Wherein the two preceding 


EE 


3 are n with innumerable others of the 
ſame kind; but as every one of them, except the firſt, 


requires a particular relation of the coefficients, ſeldom 
L 2 occur- 
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occurring in the Reſolution of problems, I ſhall take no 
further notice of them here, but proceed to 


The Reſalution of biquadratic equations, according to Des 
t Cartes. 


Here the ſecond term is to be deſtroyed as in the ſo- 
lution of cubics; which being done, the given equation 
will be reduced to this form, x* + ax* + bx ce = o; 
wherein a,b, and c may repreſent any quantities whatever, 
poſitive, or negative. Aſſume x*+px + q x x* +rx +5 
= xt + ax* + bx + c; or, which is the ſame, let 
the biquadratic be confidered, as produced by the mul- 
tiplication of the two quadratics x* + px + q = ©, and 
** + rx +s = ©: then, theſe laſt being actually mul- 
tiply'd into each other, we ſhall have &“ + ax* + bs 


s 
+ c=x* 17 "+ bo + 0 x + gs; whence, 
on 


by equating the 2 terms (in order to deter- 
mine the value of the aſſumed coefficients p, 4, r and 5) 


we have p +r =0, s+q+pr=a, ps +qr =b 
and gs = c; from the firſt of which r from 


the ſecond. s + q (= a —pr) =a +p*; and from the 
| third 5 — Oy Now, by ſubtracting the ſquare of 
the laſt of theſe from that of the precedent, we have 
445 = a + 20Þ* .f that is, 4c = a* + 2af* 
+ þ* — = (becauſe gs = c); and therefore p* + 


20 4 . H from which p will be determined, 
as in example the ſecond, of the ſolution of cubics. 


| 4 \ 8 
Whence (= 40 +38 +55 „and ( 20 + 2 — 


1 * 
3 are alſo known. And, by extracting the roots of 


the two aſſumed quadratics x* + px + 2 = 0, and 
© 47 


* 


es 
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& + rs + $5 = 0, we have x, ne =—=£+ 


; r rr 
Jr an, in he other, =—<+ 7 * 


3 , becauſe r -p. Therefore the 
four roots 7 the biquadratic, * + ax* + bx + c 


=o, we. > 4. f WE 5 


2 
Als and — £ iT = 
EXAMPLE. 


Let the equation propounded be y4 — 4y? — 8y + 32 
= ©; then, to take away the ſecond term thereof, let 
x +1 =y; whence, by ſubſtitution, * * — 6x* — 
16x + 21 = 0; which being compared with the ge- 
neral equation, x* * + ax* + bx + c = Oo, we here 
have a = — 6, b = — 16, ande g 21; and conſe- 


quently p — 125 — 485* (= p* + 20% N — 4.70 _ 
256 (= 5). Now, to deſtroy the ſecond 1 —— of this 
laſt equation alſo, make z + 4 = p*; and then, this 
value being ſubſtituted, you will have 2 — 962 
= 576: whence, by the method above explained, z 


will be found (= 288 + * v288)* — 3285 + 


I 
288 ＋ 288 ===) = 12. Iherefvrt þ (= 


4 
2. = 4+: 4 = ++ 5p) = = 3, and 


4 (== — 2 . * 74 == 2 * 


e = SOON 
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=. which are the au roots of he 
equation x* — 6x*-— 16x + 21; to each of which let 


unity be added, and you will have 4, 2, — 1 + V7; 3 
and — 1 3, for the four roots of the equation 
propoſed; whereof the two laſt are impoſſible. 
nd, that theſe roots are truly aſſigned, may be ea- 
ſily proved, by — the equations, y — 4 o, 
y—2=0, I- ==, and yþ1+V=3 
= ©, thus ariſing, continually together; for, from 
thence, the very equation given will be produced. 


The reſolution of biquadratics by another method. 


In the method of Des Cartes, above explained, all 
biquadratic equations are ſuppoſed to be generated from 
the multiplication of two quadratic ones: but, accord- 
ing to the way which I am now going to lay down, 
every ſuch equation 1s conceived to ariſe by taking the 
difference of two complete ſquares. 

Here, the general equation x* + ax? þ bx 
+ oa + 4 = © bein poſed, we are to aſſume 

* + fax + A} — al =* þ+ ax* + bx* + 
ex +d; in which A B, and C, repreſent unknown 
quantities, to be determined. 

Then, x* + Lax + A, and Bx + C being WO 
involved, we ſhall have 
+Tax? + 2Ax 8 0 

| * 31 ax AH M + ax + by*- 
* #* — Bx* —2BCsx—C* * F 
ox + vs from whence, by equating the 9 
terms, will be given, 
1. 2A+3a*—B* = 6, or, 2A T4 —3 B ; 
2. ae = c, or, aA — 2BC; 

A - C R89w= 4d, or, A —4 C2 
Let now the firſt and laſt of theſe equations be multi- 
plied together, and the product will, evidently, be 


7 equal 


I 
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equal to + of the ſquare of the ſecond, that is, 2A? + 
dan - x A. — 24A — d x = (= B*C*) = 
XA — 2acA + & (= B*C*). Whence, denot- 
ing the 1 quantities Tac — d, and 3+ d x Zaa—b 
by & and /, reſpectively, there ariſes this cubic equation, 
A* — 2 +#A — So: by means whereof the 
value of A may be determined (as hath been alread 
taught) ; from which, and the preceding equations, bo 

B and C will be known, B being given from thence = 
* A +jaa—b, and C = — 

The ſeveral values of A, B, and C, being thus found, 
that of x will be readily obtained: for x* + 4ax + AP 
— Bx ' being univerſally, in all circumſtances of 
x, equal to a* ＋ ax* +*bx* + cx + 4, it is evident, 
that, when the value of x is taken ſuch, that the latter 
of theſe expreſſions becomes equal to nothing, the 
former muſt likewiſe be = o, and conſequently 


ble ; as will appear from the 1 ſubjoin'd. 


* + Aa ＋ A]; = Bx + C\* : whence, by extracting 
the ſquare root on both ſides, x*+ A +A=+Bx+C; 


which, ſolved, gives x =+*B-ia+y/ fax +BY +C-A 


= +iB—ta+Y/4,0* + T FEC -A ex- 


hibiting all the four different roots of the given equa- 
tion, according to the variation of the ſigns, 

This method will be found to have ſome advantages 
over that explained above. In the firſt place, there is 
no neceſſity here of being at the trouble of exterminat- 
ing the ſecond term of the equation, in order to prepare 
it for a ſolution : ſecondly, the equation, A. — 2 

A — 1 0, here brought out, is of a more ſimple 
kind than- that derived by the former method : and, 
thirdly (which advantage is the moſt conſiderable) the 
value of A, in this equation, will be commenſurate and ra- 
tional (and therefore the eaſter to be diſcovered), not 
only when all the roots of the given equation are com- 
menſurate, but when they are irrational and even impoſſi- 


Exam, 


8 : 
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' - Exam. 1. Let there be given the equation x* + 12x — 
I7 = 0. 

Which being compared with the general equation 
x* + ax* + UN + ix + d = o, we have @ = o, 
So, c = 12, and d=—17: therefore & (ae d) 
= 17, 1 (% + 4x aa =) = 36; and conſequently 
2 404A 4A — U=A +17A—18 =0; where 
it is evident, by bare inſpection, that A = 1. Hence 
| ws ah — c) 

B ( VA + 444 —b , 9 = 


— 


—12 


D- V JAT VAZ 


"oY AT . 2 I 
= + 270 F3vV rape” Therefore the four 


* f — 
roots of the equation are 20 2 E/ — 3 27» 


POT arr OT pen: 


2? 


— 1 | 
and — i AA RY, whereof the firſt and 
ſecond are impoſſible. 

Exam. 2. Let the equation given be x* — 6x* — 58x* 
—114x —II=0. | 
Here a=—b, b=— 58, c =—114, and d=—11; 
whence 4 (Tac — d) = 182, J (ic + d x Zaa—b) = 
2512; and therefore A* + 29A* + 182A —1256 = oO. 
Where, trying the diviſors 1, 2, 4, 157, &c. of the laſt 
term (according to the method delivered on p. 134) the 
third is found to ſucceed; the value of A being, therefore, 


= Whence there is given B = * 75 = 5 Þ 

90-45 Ts 
S = 3V 3, and * ( 4 B — 14 4 
7 RC =+2/j+ 2+ 
Jut 8 COLD 


* 
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Examp. 3. Let there be now propoſed the literal equation 
* ＋ 222 — 37% — 383 1 + a* = 0. 
This equation, by dividing the whole by 4“, and 


writing x = 75 is reduced to the following numeral 


one, * ＋ 2K — 37 * — 38r TTS. If, therefore, 
, b, c, and d, be now expounded by 2, — 37, — 38, 
and 1, reſpectively, we ſhall here have 4 (fac — d) = 


— 20, 1 (i + dx 4aa—b) = 399; and therefore, 
by ſubſtituting theſe values, 5 


A* 
A + — — 20A — 2 = oz, 


or, 2A* + 37. — 40A — 399 = 0. 
Which equation, by the preceding methods, will be 


found to have' three commenſurable roots, — —3. 


and — 19: and any one of theſe may be uſed, the re- 


ſult, take which you will, coming out exactly the ſame. 
Thus, by taking — 3, for A, we ſhall have * + x — 


3z=+vV 2x4x+ 2 : but, if A be taken S 2, then 


will „ + x + =+ Fx 3x +2: laltly, if A 


be taken =—19, then x* +-x—19 =+6v/ To. All 


which are, in effect, but one and the ſame equation, 


as will readily appear by ſquaring both ſides of each, 
and properly tranſpoſing; whence the given equation 
x* + 2K — 37 — 38x + 1 = ©, will, in oy 
caſe emerge. And the ſame obſervation extends to all 
other caſes, where there are more roots than one ; it 
being indifferent which value we uſe; unleſs, that ſome 
are to be preferred, as being the moſt ſimple and com- 
modious. 
Having given the general ſolution of biquadratic 
equations, by the means of cubic ones, I ſhall now point 
out two or three particular caſes, where every thing 
may be performed by the reſolution of a quadratic 


only. 
5 Theſe 
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Theſe are diſcovered from the vations, 
2A + i - 
> C*: 


wherein, if A ed = o, it is plain that 142 — 
ee ons GP! whence B = 
- , C= 29 . and con- 
444 — 


ſequently d = 7 by making f = b— las. 


Therefore, in this caſe, (wherein 4 = 4% the 
general equation, x* + lax + A = + Bx + C, will 
e 2. 

But, if B be M then will 2A + 26% 


3 and 9 7 — c So; whence A=; b— 


= i = 7 5 and therefore C (= A — = 


1 ſo that in this caſe (where c = =L) the 
general equation becomes x* + tax + if = + 
vV iff —4; which, ſolved, gives | 
22 — 1 4 in — f=. 
LLaſtly, if C be ſuppoſed = 0, op wal aA -c =O, 
and A*—d=0; conſequently A=== Vd, and 


B (=v/2A + ja* —b) = . therefore, in 


cc 


this caſe (where d = _ we ſhall have * + Jax 
== x A4 
Prom the 5 of 3 — 1 that, if c be 


25 or d, either, equal to —; 75 or to 2 (f being = 6 


arg 
— 24a) 
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Dn: then the ronts of the — 


ax? + bx* + ix + d = o, 
. hu quadratic, onl —— 


= I. Let there + ad Ee 
36 = ©. 


| Here a = 0, þ === 25, c 60, and d = — 36; 
therefore, F (= — 25) being = = 4 (== 25), 


» 2243 
— 5 e a = 


++ > E 6, thats, =S +5, or, + == 


247 b that, 2, 7, and — 6, are the four roots 

Exam. 2. Lit there be now given . 
+ 24x — 15 = ©. 

Then, @ being = 29, 6 = 34, c = 24, and 4 
— , thence will F (= b — ja) —_— and 24 
247) Sc; and fo, the example belonging — 2, 
e 17 =) 


=—#t/ Mz /pen 


Exam. 3. Lafth, ſuppoſe there to be given the equation 
* — 9x* + i5x* — 27x +9 = 0. 


Here, a being =—=9, b=15, c==—27, and d q, 
it is evident that — (= 9) = & (=9) : therefore, by 


Abele L- Eo E=, 
that 
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4 F ' Ta. I os 
that is, a* — 44 +3 (= #/ 6 + 7 is) = 
+ 2 v5: which, ſolved, gives 


o+3/5+4%78 +545, 


a= 


"The reſolution of LirzAAL EqvaT10ns, therein 
the given, and the unknown quantity, are alike 
affetted. 


Equations of this kind, in which the given and the 
unknown quantities can be ſubſtituted, alternately, for 
each other, without producing a new equation, are 
always capable -of being reduced to others of lower 
dimenſions. In order fu a reduction let the equation, 
if it be of an even dimenſion, be firſt divided by the equal 
powers of it's two quantities in the middle term: then aſſume 
a new equation, by putting ſome quantity (or letter) equal 
to the ſum of the two quotients that ariſe by dividing thaſe 
quantities one by the other, alternately; by means of which 
equation, let the faid quantities be exterminated ; whence a 
 muneral equation will emerge, of half the dimenſions with 
the given literal ane. 3 | 

But if the equation propounded be of an odd dimenſion, 
let it be, firſt, divided by the ſum of it's two quantities 

will 1t become of an even dimenſion, and it's reſolution 
will therefore depend upon the preceding rule, 


Exam. 1. Let there be given the equation à — 4ax* be 
54 — 4 at O. | 


3388 | XxX 
Ee, dividing by a*x*, we have ror — + 5 — 


4a , aa * x-, a 
— a= 95 fo += „ 


ing z = = + = and ſquaring both ſides, we have 
| alſa 


* 


wet Ber En. A arcs Z- Rs \ " WW Wy TW 
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.aa ax” as' 
allo = = = + 2 + fr 2 — 2 == how 
Therefore, by ſubſtituting theſe values, our equa- 
tion becomes z* A or 2 — 42 = 
— 3; whence z = 3. But = + = being = x, we 
have * — a = — @* ; and conſequently x = iza + 


Va —aa =!axz +vVzz—4 AXT 5» 

in the preſent caſe. | 
Exam. 2. Let there be given & + 4ax* — 129*x* — 

124 * + 4% + a* = ©. | 
In this aſe we muſt firſt divide by x * a, and the 


quotient will come out x* + 34 — 154 + 34 + 
a* = ©: whence, by procenting ame as in the former ex- 


Sage, we have = + = - + 3X —+S=15 = = 


Et —— 9. CEE 


Exam. 3. Suppoſe there to 3 * — — 
26a*x + 74 = 0. 


Which, divided by a“, becomes 7 * 372 — 


26 x - +$=0: Now, making, asbefore, == + £ — 


x* .a? 


we have * — 22 f + =; and, multiplying * 


by 2 = — = + =, we likewiſe have 2 — 2z = 3 + 


3 I x? 4 
3 
23 — 32 == 2 which values being ſubſti- 


tuted above, our equation becomes 7 X 23 — 32 — 
26 X 2* — 2 = o, or, 72* — 262* — 21z ＋ 52 o. 
| | Where, 
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Where, trying the diviſors of the laſt term, which are 


f, 2, 4, 13, &c. the third is found to anſwer; 2, con- 
ſequently, being = 4. 

. Exam. 4. Wherein let there be given 2x7 — 134 — 
132 + 207 = 0. 

Here dividing, firſt, by x + a, the quotient will be 
* — 22 — 110*x* + IIa — IIa — 24% + 
20 = ; which, divided again by a, gives 
| 7; * a* #8 

ANN Tg 25S TSS 3 
11 =O; that is, 2x 2 — 332 — 2x 2 — 2 — I1% 
+11 = 0, or 2z*—2z* —17z +15 = 0 (vid. p. 119): 
whence x = 3. | 


A Fiteral equation may be made to correſpond with 
a numeral one, by ſubſtituting an unit in the room 


of the given quantity (or letter) + and equations that 


do not ſeem, at firſt, to belong to the preceding claſs, 
may ſometimes be reduced to ſuch, by a proper ſubiti- 
tution ; that is, by putting the quotient of the firſt 
term divided by the laſt, equal to ſome new unknown 
quantity (or letter) raiſed to the power expreſſing the di- 
menſion of the equation. Thus, if the equation given 

be 2#* + 24x* — 315#* + 216x + 162 = 0; by put- 
ting = = *,. we have x = 3y; whence, after ſubſti- 


tution, the given equation becomes 162z* + 6489 — 
2835y* + 6485 + 162 = 0: which now anſwers to the 
rule, and may be reduced down to 2y* + 8) — 35 + 
8 + 2 = Os | | 


Of be reſolution of Equations by approximation and 


converging ſeriess. 


The methods hitherto given, for finding the roots of 
equations, are, either, very troubleſome and labori- 
ous, or elſe confined to particular caſes ; but that by 
eonverging ſeries's, which we are here going to explain, 
is univerſal, extending to all kinds of equations; and, 
0 | though 


a ao at ane. os ̃ ͤ¹⅛ũ, cos as Don ea ««a i I . -w i _ a od. a aa A—_s amy 
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though not accurately true, gives the value ſought, with 
little trouble, to a very great degree of exactneſs. When 
an equation 1s 7 be ſolved this n— 

the root thereof muſt, firſt of all, be nearly eſtimat 
(which, from the nature of the problem and a few 
trials, may, in moſt caſes, be very eaſily done); and 
ſome letter, or unknown quantity (as z) muſt be aſſum- 
ed, to expreſs the difference between that value, which 
we will call r, and the true value (x) ; then, inſtead of 
x, in the given equation, you are to ſubſtitute it's equal 
r + z, and there will emerge a new equation, affected 
only with z and known quantities ; wherein all the 
terms having two, or more dimenſions of z, may be 
rejected, as inconſiderable in reſpect of the reſt ; which 
being done, the value of x will be found, by the reſo- 
lution of a fimple equation; from whence that of x 
(=r +2) will alſo be known. But, if this value 
ſhould not be thought ſufficiently near the truth, the 
operation may be repeated, by ſubſtituting the ſaid value 
inſtead of , in the equation exhibiting the value of x; 

which will give a ſecond correction for the value of x. 
As an example hereof, let the equation & + z0x* 
+ 5x = 2600, be propoſed : then, ſince it appears 
that x muſt, in this Caſe, be ſomewhat greater than 
10, let r be put = 10, andr +z= x; which value 
being ſubſtituted for x, in the given equation, we have 
13 + 3r*z + 372* þ 23 ＋ 10r* + 20rz + 10z* + 5or 
+ 50z = 2600 : this, by rejecting all the terms where- 
in two or more dimenſions of z are concerned, is re- 
duced to r* + 3r*z ＋ 1or* + — 50 ＋ 502 = 
2600 — 71 —- 10 — or 

2600 ; whence 2 comes out = "3 For +50 
= 0.18, nearly: which, added to 10 (= r), gives 
10,18 for the value of x. But, in order to repeat the 
operation, let this value be ſubſtituted for r, in the laſt 
N and you will have z = — 0005347; which, 
ded to 10, 18, gives 10, 1794653, for the value of &, 
a ſecond time corrected. And, if this laſt value be, 
again, ſubſtituted for , you will have a third correction 
x ; from whence a fourth may, in like manner, be 
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found ; and ſo on, until you arrive to what of 
exactneſs you pleaſe. 24 On 

But, in order to get the. general equation from whence 
theſe ſucceſſive corrections are derived, with as little 
trouble as poſſible, you may neglect all thoſe terms, 
which, in ſubſtituting for x and it's powers, would riſe 
to two or more dimenſions of the converging quantity : 
for, they being, by the rule, to be omitted, it is bet- 
ter intirely to exclude them, than to take them in, and 
afterwards reject them. 

Thus, in the equation x* + x* + x = go, letr + x 
be put = x; and then, by omitting all the powers of 
z above the firſt, we ſhall have r* + 2rz = , and 
r + 3r*z = x*, nearly; which, ſubſtituted above, give 
r + 32 +r* +2rz+r+z=90; whence z is found 
One —ä4 
37 ＋T2T＋1 


to 4 (which, it is eaſy to perceive, is nearly the true value 


of x) we ſhall have z(= r ) 
| 48 +8+1 

o. 10, Sc. which, added to 4, gives 4.1, for the value of x, 

once corrected : and, if this value of x be now ſubſtituted 


for r, we ſhall have z (== -) = 00283 ; 


zr. +2r +1 
which, added to 4.1, gives 4.10283, for the value of x, 
a ſecond time corrected. 
In the ſame manner, a general theorem may be de- 


rived, for equations of any number of dimenſions. Let 
nu 1 —1 n —2 — 3 ea. . 

ax + be + ox = ds + ex c. = 

A, be ſuch an equation, where u, a, ö, c, d, &c. re- 

preſent any given quantities, poſitive, or negative: then, 

putting 7 + z = x, we have, by the Theorem in p. 41. 


Therefore, if r be now taken equal 


* . n 8 fa] 
* 4 ＋ ur 25 &c. 


I 25222 
* — 17 + * N 25 &c. 
" 


l + * — 2 K 2, &c. 


[| 
'P 


+> 
Ke. 


: 
o 


Which values being ſubſtituted in the propoſed equation, 
at 
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it becomes ar + nar 2 41 427 =1xb 2 
+ or *Þ n=2 x Ot 2 — ar” ＋2—3 * ar , 


&c. = Q. From which 2 is found = 


* nl 1—2 1— 
Q — ar —br = — dar 7 


ty: | 2 — er „&e. 

ie a en 1-3 — Mg. — nn; 

nar -I -N þ#t-3Xd J4n—-4Xxer Ce, 
As an inſtance of the uſe of this Theorem, let the 


equation — x? + 300 = 1000 be propounded. Here 
being =% a=—1, b=o, c =. 300, and U'= 


— — 


looo, we ſhall, by ſubſtituting theſe values above, have 


000 + 1? — 300 
2 = — — 2 4 in which (as it appears, by 
inſpection, that one of the values of x muſt be greater 
than 3, but leſs than 4) let er be taken = 3; and z 


will become = _ = 0.5, and conſequently x (r 


+ z) = 3.5, nearly. Therefore, to repeat the opera- 
tion, let 35 be now wrote inſtead of r, and z will 
I = — 0,027; which; added to 
3.5, gives 3.473, for the value of x, twice corrected. 
And, by repeating the operation, once more, x will be 
found = 3,4729635 1; which is true to the laſt fi- 


come out = 


re, 
If the root of a pure power be to be extracted, or, 


which is the ſame, if the propoſed equation be K — Q; 
then, a being = 1, and b, c, d, &c. each = o, 2, in 
* . 


this caſe, will be barely = 1 —; which may ſerve as 
ur 


a general Theorem for extracting the roots of pure 
powers. Thus, if it were required to extract the cube 
root of 10; then, u being = 3, and Q = 10, z will 


10o— , a 
be = a in which, let r be taken = 2, and it 


2 
will become z = 12 = 0,16: therefore x = 2,16; from 
M whence, 
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whence, by repeating the operation, the next value of 
x will be found == 2, 1544. | 

Themanner of approximating hitherto explained, as all 
the powers of the converging quantity after the firſt are 
rejected, only doubles the number of figures at every ope- 
ration. But I ſhall now give the inveſtigation of other 


rules, 1 whereby the number of places may 
3 


be tripl 
operation, 

Let there be aſſumed the general equation az + 
bz* ＋ cz + dz, Sc. p; 2, as above, being the 
converging quantity, and @, &, c, d, &c. ſuch known 
numbers as ariſe by ſubſtituting in the original equati- 
on, after the value of the required root is nearly eſti- 
mated, | | | 

Then, by tranſpoſition and divifion, we ſhall have 

e ' a6 


2 —, Ec. from whence, by re- 
a 4 a a 


quadrupled, or even quintupled, at every 


jeRting all the terms after the firſt, and writing g = 2, 
there will be given z = g : which value, taking in only 


one term of the given ſeries, I call an approximation of 
the firſt degree, or order, | 

To obtain an approximation of the ſecond degree, 
or ſuch a one as ſhall include two terms of the ſeries, 
let the value of z found above be now ſubſtituted in 


bz 
the ſecond term —, rejecting all the following 


ones ; ſhall = _ . E, which tri- 
ples the number of figures at every operation. 

For an approximation of the third degree, let this 
laſt value of z be now ſubſtituted in the ſecond and 
third terms, neglecting every where all ſuch quantities 


as have more than three dimenſions of : whence 2 
. of 2 of 
, 2 ( | 7 a Ly aa a ae 
b — at 
nyſe 


aa oy 
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The manner of continuing theſe approximations is 
ſufficiently evident: but there are others, of the ſame 
degrees, differing in form, which are rather more com- 
modious ; and whereof the inveſtigation is alſo ſome- 
what different. 

It is evident from the given equation, that 

ee e 2 ; 
r Karre If, therefore, the firſt 
value of z, found above, be ſubſtituted in the denomi- 
nator, and all the terms after the ſecond. be rejected, 


1 
7 ＋ r as + Tþ 


approximation of the ſecond degree. 


we ſhall have z = ; Which is an 


But, if, for z you write it's ſecond value, 9 ——, 


you will then have & (= — 22 * 
op A 
t 8 —— | ; being an approximation of 
4 ＋ %% —c.q | 
the third degree. 
: 1 2bþ — ac 3 
Again, by writing — 7 + in the 


room of x, and neglecting every- where all ſuch terms 
as have more than 3 dimenſions of 9, you will have 
* (= 1 


2 
bb - 2b. abc | A 2b 2 ) 
f HE. og Do nr 


outs rs ras nc” 
is an approximation of the fourth degree, 


It is obſervable, that the powers of the conver ing 
quantity , in the former approximations, ſtand, all o 
them, in the numerator ; but here, in the — : 

M 2 ut 


— — 2 — = 
2 . * * . 
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but there is an artifice for bringing them, alike, into 
both, and thereby leſſening the number of dimenſions, 
without taking away from the rate of convergency. 
To begin with the approximation z = 


- — 2 , Which is of the third degree, 
2 ＋4 1 2 — 7 


put 5 == — = = the coefficient of the laſt term of the 

denominator divided by that of the laſt but one; ſo ſhall 
þ | 

a + bg — bs? | 

denominator being, equally, multiplied by x + 54, it 

becomes z = — px +459 ky | 
a + by — %% + aq + % — % 

but, the approximation being only of the third degree, 

Bei may be rejected, and ſo we have 

. 

a ＋ U ＋ .. 4a ＋ f | 
In the ſame manner, in order to exterminate the 
third dimenſion of out of the equation 


————— . .—— 
; b — nk — — — 
6D .— * 


whereof the numerator and the 


aa a 


— the coefficient of the laſtterm 
of the denominator divided by that of the laſt but one; 


then will z = 


TFF (becauſe 5 =- n 
whereof the terms being equally multiplied by 1 ＋ wg, 


&c. thence have z = W 
e . Wr by — by + awgo+ buy? 


nu 


— — — 22 — — — a * 
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pX1+ wy 
Pra we np] 4 + w — 5s . bp 
— : which is an approxi- 
, axaa + b + aw. þ + w—s.Þp 
mation of the fourth degree, and quintuples the num- - 
ber of figures at every operation. 

By purſuing the ſame method other equations might 
be determined to include 5, or more terms of the given 
ſeries ; but, then, they would be found more tedious, 
and perplexed in proportion; ſo that no real advantage, 
in practice, could be reaped therefrom. I ſhall, there- 
fore, proceed now to illuſtrate what is laid down above 
by a few examples. 


— 
—— 


0 
5 


Exam. 1. Let tbe.eguation given be x* + 20x = 100, 


Here, x 3 by inſpection, to be ſomething 
greater than 4, make 4 + z = then the given equa- 
tion, by ſubſtitution, becomes 28z ＋ z* = 4. There- 
fore, in this caſe, a = 28, * 1, 280. 1 and 

112 — | 
p 4; and conſequently ——T7; =. 7 (= 7 788 = 197) = 


0.14213; which is one approximation of the value of x. 


But, if * exacineſs be deſired, then 5 [5 7 73 


ad — = T 


I 2b 
being here 7 and 1 (= 7 + jf tan 3 - wo 


ſhall, according to our two laſt formule, Vim, | 

4 (im a ＋ . —) = Hs 5 
E 28 X 28 + 2 X 4 

W — = T7 = 0,14213564, nearly ; and 

( 4 x a+ wp * A 
axaa+b+aw.p+w—s .þ 28X784 +12 +12 +4 

5 28 x 28 + 3 * 28 X 198 . 

7 * 79 +7 as 6 

M 3 


0. 142— 
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0. 1421 356236, more nearly; which value is true to 


the laſt figuxe. 


Exam, 2. Suppoſe the given equation, when prepared for 
a ſolution, to be 768% + 48z* + 2* := — 96, — 4 
In this caſe a = 768, b =48, c=1, d=0, b 


| "ont e ge wt; FO. OY oY © 
=% o(=2) == #(=2=5) = £—4 


Ws 2b 2 — bc\ 1 48 

. and w(= a +=) —8 43x48—7568 
I 

283 R Therefore z = 24 4 
8 16 32 a+b+as.q 

__=90-96x=3*4, _ — 06 + Z 2191 

708 +48+32x>>4 768 — 6 —4 1516 


—0, 1259894, nearly; or z = ——== 2 1 
a+bþ+aw.qhw-s.bgq 
* 2 -N — ANA. 228 

768 + 48+72x=-3 τ #4 708-0-9+53; 
_ —96x128+9x16 12144 
ers 90389 
more nearly. 

In the ſame manner the roots of other equations may 
be approached: but, to avoid trouble in preparing the 
equation for a ſolution, you may everywhere neglect 
all ſuch powers af the converging quantity z as would 
rife higher than the degree, or order of the approximati- 
on you intend to work by. And further to facilitate 
the labour of ſuch a transformation, the following ge- 
neral equations for the values of p, a, b, c, d, &c. may 
be uſed. ; 

b = — ar — sr — 55. — „, &c. 

a = a + 2& + 3y* + 4), Ec. . 

4 = 8 + 3yr + , 697? + ler, Sc. 

e = y + 4r + 10a" +, &c, 

4 = & + Ser +, Ec. 

The original equation being ax + B8x* þ yx3 + 3x4 
Ter, Sc. =: from whence, þy making r + 2 = x, 
the above values are deduced, -: a 


= , 125989480, 


The 


»*QS 7 


1 £) = 0,45, r by 
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The better to illuſtrate the uſe of what is here laid 
down, I ſhall ſubjoin another example; wherein let 
there be given x* + 2x* + 33 + 4 + 5x (or 
5x + 4 þ 3x? + 2x* + a) = 54321; to find x, by 
an approximation of the ſecond degree. 

In this caſe, 4 being = 54321, a=5, 64, 723, 
8 2, and «= 1, we have 

} = $4321 —5ox —4* — ff —- 2 — 50, 

a = 5 + 8 + 9g + 8 + 5, and 

b = 4 + gr +12r* +1077. 

Which values, by aſſuming r = 8, will become p = 
11529, 4 = 25221, and 6 5964: whence 9 (= 
2 55 11529 3 
25221 + 2683 

0,41; and therefore x (=r + 2) = 8,41, nearly. 

To repeat the operation, let 8,41 be now ſubſtituted 
for 1; ſo ſhall p = 135,92, 4 = 30479, 5 = 68706, 

1 BBB ͤĩ _s 
1 4 20 ee, ee 0 = 30479 + 30 
= ©,004455 : which added to 8,41, gives 8,414455z 
for the next value of x. | 

The formulz, or approximations determined in the 
preceding pages, are general, anſwering to equations of 
all degrees, howſoever affected: but in the extraction of 
the roots of pure powers the proceſs will be more ſim- 
ple, and the theorems themſelves very much abbreviated. 


For, let x I be the equation whereof the root x is 
to be extracted; then, by aſſuming r nearly equal to x, 


and making r x 1 + z = x, our equation will become 


" 1 4 ; 
*I —=4, ori +2] = ==, that is, 1 + 1 


| r 
+2. — * + 2 — .- . _ 


A. 2, ce. = =. from whence, by tranſ- 


3 4 7 | 
1—1 ,, 2 —1 #—2 
2 + 8 3 
M 4 . 


poſition and diviſion, x + 
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. } " $3 
1 —1 1 —2 © on a — 
=! . 3 ” 2*, &c, — * 
2 3 


Here, by a compariſon with the general equation, 
az ＋ 'bz* + cz ＋ dz“, &c. = p, we have a= 1, 


_n—_ 1 —1 *—2 1—1 1—2 


K — — . 4 = . * 
2 > 2 5 2 J 
n _ 
— . Sc. and p = — + Whence 9 2 = þ'; 
nr 
b c 1 —1 n —2 l 
a b/ 2 - 3 6 
ad 5 
— a —— — — ä — 
25 + h RN... 3 irre 
q 11 I 12 2 —1—4.2—2 
— 2 —1 * 2. 2 —3 — 23 — 2. 2 — 2 
I ASS bf 2 .n + 1 
221 1 — 221 
— = X 1— 3— 22 ＋2 = __ 
I 2.n+1 
MH —— 2 1 —1 1 — 2 n 
2. 141 | 2 2 


fore, for an approximation of the third degree, we have 


. 


aa +b + as. nel — 


I n for an approximation of the 
I + 21 — 1. 49 
fourth degree, „ EA. 8 
a O ＋ A . 7 ＋ 0 . 675 
— k —)—u—845—v. — 2 — 5p | — 
1 —1 3 n n+1 n—1 


PISS T-3-+5-—' 3 


by APPROXIMATION. 169 


2— 2. —. Hence it is evi- 
28 —1 22 —1 11 * f 
I + „ 


dent that — root x (r Xx 1 + 2) of the given equation 


x , will be equal to r nearly ; 
I + 2n — . 15 


and equal to r 4 — — 
— 2M — . — 
1+ Eo + ——e 


more nearly. 


But both theſe theorems will be render'd a little more 


commodious, by putting v = and ſubſtitut- 


k — 


ing = in the place of it's equal, p; whence, after 


proper reduction, x will be had = r + ” 2 8 
v x 6 ＋ 4n—2 
rX2v+n 


nearly; and equal tor þ — 


- 


0X 2 + 211+; - 1. 21 
more nearly. 
I ſhall now put down an example, or two, to ſhew 
the uſe and great exactneſs of theſe laſt expreſſions. 
I. Let the equation given be x* = 2, or, which is 
the fame, let the ſquare root of 2 be ' required. 
Fan, aſſuming r = 1.4, we have = =2, & = 2, 


o (=>) = 23% = 8; and therefore 


— = HIT n= 
„% 14 + 34 = 1,4 + 
v x by + 4n —2 98 * 594 


197 192 1 
70 X 198 — 154 «gr I 3860 — 1,41421356; which 15 


the value of x according to the former — ; 
ut, 
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but, according to the latter, the anſwer will come out 


5544 
* 39005 | 
the laſt figure: and, if with this number the operation 


be repeated, you will have the anſwer true to nearly 
60 places of decimals. a 
2. Let it be required to extract the cube root of 


1728. Here, taking „ = 11, we ſhall have v ( — ) 


= 1-41421356236 ; which 1s true to 


— _ 


k—r 
= a = 10.05793; and therefore 7 + 
r * 2v + 1 11,99998 ; 
20 ＋ 21 — IX UTE XY—- IX 21 —1 | 
which differs from truth by only part of an 


: 50000 
unit. 
3. Let it be propoſed to extract the cube root of 
00. Here, the required root appearing to be leſs than 
but nearer to 8 than 7, let r be taken = 8, and 


we ſhall have 9 (= ha _ = 


— 128 ; and there- 


fore r + rx wT# 3 
| = he th ths gat nh +: 

072 5 : ; 
=8 — 56389 = 7.937005259936 ; which number is 


= true to the laſt place. ; 

ol 4. Laſtly, let it be propoſed to extract the firſt-ſur- 

| ſolid root of 125000. In which cafe & being = 125000, 

4 n 5, r= 10, and v== 20, the required root will be 

4 found 10.456389. 

b Beſides the different approximations hitherto deliver- 
ed, there are various other ways whereby the roots of 

| equations may be approach'd ; but, of theſe, none 

more general, and eaſy in practice, than the follow- 

Ing. | 


Let 
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Let the given equation — þ + az + bz* + ca þ d 
Sc. = o, whole root z is to be extracted, be multiplied 
by Az (A being, yet, unknown) and let the product 
be added to the fame equation; whence there ariſes 
—fp—fpApe.z + T. + IAT. 2 + 
A ＋4. 21 +, Cc. o: wherein let — PAT 2 


be taken = o, or A = (in order that the ſecond 


term may vaniſh); fo ſhall =p +aa+b6.2* + 
ATC. „ +A +4.23* +, &c. = 0. 

To this laſt equation let the product of the firſt 
by Bz* be, again, added ; whence 
—þp—#B+aA+pb,# + aB TAT. 2 + 
bB + A +4.2* $4 &, = 0: which, by making 

| A+56 
— pB+aASb=0, or B == > (in order, a- 
gain, to deſtroy the ſecond term) will become 
—p+aB+tA+c.v + IB + A + 4. 4 
B + dA + e.25, Sn = 0. 2 

To this equation let the product of the firſt by 
Cz be, now, added; ſo full —p -<pC+aB+tA+a- 
2 +aC+bB+A+S8q.Y, Cc. = 0: which, by 
making — pC + aB + AT S o, or C = 

B + bA — 
* . bee -þ+aC+B+A+I. 

| | 

2 +bC + B+dA+Se. 2%, Cc: And, by con- 
tinuing the* proceſs in this manner, making D = 
<r- 7 dnl likewiſe have 
— þ + aD TCT AAT. 2, Ic. = o, 
where the law of continuation is manifeſt; from 
whence it is apparent, that the coefficient of the loweſt 
power of z, in each of the equations thus derived, is 
equal to the new quantity -allumed in the next following 
equation multiplied by p : thus aA + 6, the coefficient 
in the firſt equation, is B; and, aB + A * 


10 
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the coefficient in the ſecond, is = pC, &c. Cc. There- 
fore our equations, ranged in order, will ſtand thus. 


— þ + pAz + ½˙˙ + + “ +, Cc. o, 

— þ + pBz* + bA+c 2 + A + d. T, Oc. o, 
— þ + pCz*+ bB - A + 4. 24 +, S.. = o, 
—f +pDz#+3C + B+ WAS. 2 +, &c.=0, 
ET IDÞ-TFdBFa „, eo. 


h + 
DTTB AA E aD + bC+B +dA+e 


Ee. 
Let, now, the two firſt of theſe equations be com- 


pared together, whence will be jad pBz + bA + c . z* 


+ A+d.z, Sc. ATE + 2, Sc. and there- 


pA. + bz + cz, &c. 
PB + bA+c.z2+iAbd.2*&c. 
But all the terms in the numerator and denominator, 
after the two leading ones, may be rejected, not only, 
becauſe they are ſmall in con pariſon of thoſe retained, 
but becauſe they are likewi e nearly in the ſame ratio 
with them : for the firſt terra of the numerator is to 
that of the denominator, a: pA (= a) to pB (= aA 


fore (by diviſion) à = 


+5), or as, 1 to A + >} ind the ſecond term of the 
numerator is to the ſecond c the denominator, as 1 to 
A+: where, = ayd + bei ſmall in reſpect 
+= - where, — and i veing very ſmall in reſpe 
of A, it is evident that theſe: ratios muſt be very nearly 


the ſame : and,were _y to be accurately ſo, no error at 


all could ariſe by neglecting; the terms after the two 
leading ones; ſince it is well known, that, if there be 
two ranks of quantities,where of the correſponding terms 
are in a conſtant ratio, the ſum of all the terms 


in the one will be to the fem of all the terms in the 


other in the ſame conſtant | ratio. 


Hence 
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2 a 
Hence we have £ = — — >); which 
is an approximation of the ſecond degree, and agrees 
exactly with that before determined, on p. 163. 
To obtain an approximation of the third degree, 
let the ſecond and third of the preceding equations 
be now compared together; fo ſhall 


pB+ ATC. 2 + ATA. 2 T, Ce. 
2 — — ——— — » 
pC+6B+iA+d.z +B+dA+e. = +, &c. 
which. by rejecting all the terms in the numerator and 
denominator, after the two leading ones, will become 


B k 
Z = G- Which is an approximation of the third de- 
gree ; becauſe, by what has been above obſerved, if, in 
the terms, A + c. x, bB+cA+d-%, &c. neglect- 


A ; 
ed, the ratio ( 50 of the correſponding parts A and 


IB was to be the fame with ( 2 the ratio of pB and 
C (retained), no error at all could ariſe by caſting 
away the ſaid parts. But A by the laſt caſe, was 


found to be an approximation to the value of z, erring 
only in the third degree, or dimenſion of the converg- 


A B 

ing quantity (p) ; therefore ; can differ from & only 
in the third degree. In like manner the ratio of the 
correſponding parts c and cA is defined by * where 


. 8 85 ey 
is, alſo, an approximation to the value of z, erring in 


the ſecond degree, or power: the difference here will 
therefore be in the ſecond degree, with regard to the 
value of cA, but in the third degree anly with regard 
to B, becauſe this quantity is one degree, or dimenſion 
of p lower than the preceding one A; as appears from 
the formation of the quantities A, E, ©, D, Cc. 

By 
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By reaſoning the ſame way, it is plain that — differs 
from YB, likewiſe, in the third degree: therefore, ſince 


the caſting away of bA + c . z, out of the numerator, 


and B + cA +4. z out of the denominator, cauſes an 
error, only, of the third degree, with reſpect to (bB x z) 
the greateſt member ſo rejected, it is evident,. that the 
error with reſpect to the greateſt term retained, is of the 


| B 
fourth degree only; and conſequently that &, the value 


of z laſt given, is an approximation of the third de- 
gree; erring in the fourth term, or dimenſion of the 
converging quantity, | 


A, 


For an approximation of the fourth degree, let the 
third and fourth of the equations above exhibited be, in 
like manner, compared ; whence will be had 

13 bB + A +d.z +, Se. But, by 
2D + bC + B+dA+e.z +, &c. 

| ing as above, it will appear that the error ariſing 

= by rejecting bB + cA +4. z, and bC+ B+ dA+e. 2, 

' wall be, only, of the fifth degree, or in the fifth di- 


C 
menſion of the converging quantity: ſo that z = 5 


1282 


| will be an approximation of the fourth degree. And, in the 
= ſame manner, E will appear to be an approximation of 
4 | the fifth degree, c. Cc. 


£©m Wt — — 2 Aa ood — 


i q An example vill help to explain the uſe of what is 
# above delivered, in which we will ſuppoſe the given 
equation to be — 2 + 12z + 6z* + 2 = 0. 

Here 2, 4 12, b=6, c= 1, d== o, Te: 


, 6+6 
whence A (= ) =6, B (=) = <= . 


— 


5 


— 


2 


aB +bA 2 2: 30 + 6x6+x 
: = — 


= 29, C (= — 0 


— 


il | wo UT eo, 


— 


18. 
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ba. 505 = . __ bx505þ6x39+6 


2 5 2 
= 1635, &c. 
Therefore, * = . 
9 78 
C © 505 
C — 
D © 654 


From the ſame equations, the general values of B 
C, D, &c. may be eaſily found, in known terms, in- 
dependent of each other. 


aB A c a 2ab cc 
12 i EEO 
bB PO a* 2 34*b 


aC 

= + +—, Cc. Therefore 

5 Fd 
„ 
B 2 ＋ R 
| NW 7,7 7. 
Ca ＋ 2 TT 1 
rr 
D ATI 
D_ PN eee 
E ©. 95+ 44*bp + 3ac + 3bb.ap* + be d. 25 ＋ , 


Ec. which are ſo many different approximations to the 
value of 2. 

Thus far regard has been had to equations which 
conſiſt of the ſimple powers of one unknown quantity, 
and are no-ways affected, either by ſurds or fractions. 
If either of theſe kinds of quantities be concern'd in 
an equation, the uſual way is to exterminate them by 
multiplication, or involution (as has been „ in 
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Sect, IX.) But as this method is, in many caſes, very 
laborious, and in others altogether impracticable, eſpe- 
cially, where ſeveral] ſurds are concerned in the ſame 
equation, it may not be amiſs to ſhew how the method 
of converging ſeries's 'may be alſo extended to theſe 
caſes, without any ſuch previous reduction. In order 
to which it will be neceſſary to premiſe, that, if A + B 
repreſents a compound quantity, conſiſting of two terms, 
and the latter ( — be but ſmall in compariſon of the 
former; then will, g 


NIN 
* 1 1 $ 
2. ATH = AT or A TAB 
| © 2A 2A 
ET 8. B T B 
3% = "T— 071 — 7 
ATA* A 3 A 2AxA* | 
«+ a E 8 33 z 
OASB = Apo A +2, ney. 
K 
3*. 1 2 1 1 | and n 
A+BD A” 44A: aA 


All which will appear evident from the general theo- 
rem at p. 41*: from whence theſe particular equations, 
or theorems, may be continued at pleaſure; the values 
here exhibited being nothing more than the two firſt 
terms of the ſeries there given. But now, to apply 
them to the purpoſe abovementioned, let there be given 
Vi+-*+vV2+x* +vV3 + =10, as an exam- 
ple, where, x being about 3, let 3 + e be therefore ſub- 


ſtituted for x, rejecting all the powers of e, — 
r - firſt, 
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firſt, as inconſiderable, and then the given equation 
will ſtand thus, / 10+be + VII Te + V1i2+ 6! 


- = 10: but, by Theorem 2, V 10+ be wil be = v 10 


+ 10.X's be, in this caſe,” A= i0, 


IO 
and B = be, and therefore A* + 2 = V 10 + 
5 in like manner is Y 11 + 6 = / 11 + 
2 Sc. and conſequently V1 2 24 
vir + n ie, which, 


contracted, gives 9.944 + 2.7 18. 10; whence 2.7 18. 
= .056 and e = 0205; conſequently x = 3.0205, 


nearly. Wherefore, to repeat the operation, let 3.0205 


Te be now ſubſtituted for x; then will 5 
10. 12342 + 6.041e + V1. 12342 + 6.041e + 


v 12.12342 + 0.041e = 10; whence, by Theorem 2, 
6.0412 


10. 12342 + — ＋ VII. 12342 + 


29 10.12342 
6.0412 
— 12.12342 == = IO, or 
. Ar > 42 3 


9. 9987814 ＋ 2.7224 = 10: from which e comes out 
= 000447, and therefore x = 3.020947 z which is true 
to the laſt place. | | 


6.041e 


Again, let it be propoſed to find the root of the equa- 


20x xV 5 + x* 


1 = 34. Put 20 
. 25 5 


e==x; then, by proceeding as before, we ſhall have 
400 77 20s 20 + eXv 405 + 40e 


v 516 + 45e 25 
I I 
1 ly = —== — 
(by Theorem 3) Ke Fax nearly WT 


= 4: but 
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— 
1032 X 516 


and (by Theorem 2) 405 + 4 = 


v 405 + TJ which values being ſubſtituted a- 


bove, our equation becomes 
— Eon ms 


I 45e 2046 ,— _20e 
TROY v516 1022xVaie? 25 % 


= 34, that is, 400 + 20 x. 044022 — . 00192 + 
20 + e x .804984 + .0398e = 34; whence, reject- 
ing *, Cc. we have 1.713e = -1915; and conſe- 
quently e = .1118. 

Thirdly, let there be given /1— x + Vi—2x* + 
Mi—3x = 2. Then, if 0.5 + e be ſubſtituted there- 
in for x, it will become /0.5—e + V0.5 — 2e + 
vo0.625 — 2.256 ; or 0.5 —vo0.5xe+v 0.5 

| —— 2, 2 5e 
2 V 0.5 x 22 + v/ .625 _ 2 2 
5 = +204, e= +057, and x = 0. with which 
ba * — the — _— of x will 
come out . 5516. | 


. Laſtly, let there be given 1 N 1+ . 1+ + 
— 6, bY Here, by writing 3 + 2 for x, and proceed- 


ing as above, we ſhall have 2 + 7 + 765 + 


= 2 ; whence 


fol” x 2 —F 28]* X 27e , 
—— + 28]* + 3 bs that is, 6.455 
+ 1.23e = 6.5 ; whence e=.036, and x = 3.036. 

It may be obſerved that this method, as all the powers 
of e above the firſt are rejected, only doubles the num- 
ber of places, at each operation : but, from what is 
therein ſhewn, it is eaſy to ſee how it may be extended, 
ſo as to triple, or even quadruple, that number ; but 
then the trouble, in every operation, would be increaſed 
in proportion, ſo that little, or no advantage could be 
reaped therefrom, Hitherto 
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Hitherto we have treated of equations which include 
one unknown py only. there be two equa- 
tions given, and as many quantities (x and y) to be de- 
termined, one of thoſe quantities muſt firſt be extermi- 
nated, and the two equations reduced to one, according 
to what is ſhewn in Sect. 9. But, if this cannot be 
readily done (which is ſometimes the caſe) and the un- 
known quantities be ſo entangled as to render that 
= impracticable, the following method may be of 

e. 


Let the values of x and y be aſſumed pretty near the 
truth (which, from the nature of the problem, may 
always be done); and let the values ſo aſſumeſ be de- 
2 — , and g, and what they want of truth by , 
and t reſpectively; that is, let f-+5=x, and g+t=y -: 
ſubſtitute theſe values in both equations, rejecting (by 
reaſon of their ſmallneſs) all the -terms wherein more 
than one ſingle dimenſion of the quantities s and ? are 
concerned : let all the terms in the firſt equation, which 
are affected by , be collected, under their proper ſigns, 
and denoted by As; in like manner, let thoſe affected 
by t, be denoted by Bt; and thoſe affected neither by 
s nor t, by Q: moreover, let the terms of the ſecond 
equation, wherein s and t are concerned, be denoted by 
as, and bt, reſpectively; and let the known terms, on 
the right-hand fide of this equation, or thoſe in which 
neither , nor # enters, be repreſented by g. Then the 
equations (be they of what kind they will) will ſtand 
thus, As + Br = Q, and as + bt =g. By multi- 


plying the former of which by 5, and the latter by B, 


and then ſubtracting the one from the otaer, we ſhall 
have bAs — Bas = bQ — Bg; and therefore s = 
— — 
Ab — 4 wah 
Again, by multiplying the former equation by a, a 
the latter by A, &c. we ſhall have aBe — Alf = aQ — 


aQ — Ag Aq—aQ 
Ag, and therefore t = —— = 7B? whence 


» (= g + t) is likewiſe given. | 
N 2 It 


whence x (= f + 5) is given. 
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It is eaſy to ſee that this method is alſo applicable, 
in caſe of three, or four equations, and as many un- 
known quantities; but, as theſe are caſes that ſeldom 
occur in the reſolution of problems; and, when they 
do, are reducible to thoſe already conſidered, it will be 
needleſs to take further notice of them here : I ſhall, 
therefore, content myſelf with giving an example, or 
two, of the uſe of what is above laid down. 


t. Let there be given K + y* = 10000, and x5 — y5 
= 25000 ; to find x andy. Then, by writing f + s 
x, g+t= y, and proceeding according to the afore- 
going directions, we ſhall have f* + 4/*s + g* + 4g%t 
= I0000, and f5 + 5 ffs — gi — 5g% = 25000, or 
41 + 4g* = 10009 — j* — 7, and 5/7 — 52% = 
25000 + gf — f5 : therefore, in this caſe, A = 4f*, 
B = 42%, Q = 10000 — ff — g, 4 2 51, b =— 

„and g = 25000 + gf — f5, But it appears, from 
the firſt of the two given equations, that x muſt be 
ſomething leſs than 10, and, from the ſecond, that y 
muſt be leſs than x : I therefore take f = 9, and g =8; 
and then A becomes = 2916, B = 2048, Q = — 657, 
8 = 1 a — 20480, q = — 1281; > 12 ot 

— B Ag — 

fore s 1 — mw O. 13, and : ( — 
— 0.14; hence x = 8.87, and y = 7.86, nearly. 

Therefore, in order to repeat the operation, ſet F be 
now taken =8.87, and g =. 86; then will A 2791, 
B = 1942, Q = — 6.76, a = 30950, b — 19083, 


| bQ — B 
and q= 94; conſequently x (= * — 50 =.00047, 
and t = A) = — ,00415; whence x = 


8.87047, and y = 7.85585 ; both which values are 
true to the laſt figure. 7, 
Example 2. Let there be given 20x 4+ xy* 5 + ov 
xy . 


= 12, and Va* T* + 3. Here 
* 


1 


the given equations, by writing F + s for x, and g + t 
| 1 | for 


* 


* 


Vo 


Ld 
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for y, will become 207 + 20s + fe* + 22 + 2 

+ vV8f + 8s = 12, and f + g* + 2/5 + 2gt 

p 24212 
LS of. fs — 2gt 


20f + f2* + 20s + et + 2V, by what is an in 


N 

p. 176, will be transformed to 20f + fe P + — 
Y 3X 20f+ -fe* | 
x 20s + 2f2t + 2*s (ſuppoſing all the a that have 
more than one dimenſion of s and t, to be » be rejected, as 


inconſiderable); alſo /f* þ g* + 2f5 + 2gt, is trans- 


formed tov/f* + gf + 1 £RE , and - 
| VFFe Sf=eafngt 
to —— „ =; therefore our 
F. 8 9 x Vf* — : 
equations wil ſtand thus, 


UE 


=2 773; nt 


3 x 20f + fe* Ar. 
r and /f* + g* * + FI # — . 
I 8 fs — gt 


S8+ tre e S = — | 
IT Vf = fF=r n VF=L 
= 13: which equations, if F be aſſumed = 52 and g 
= 4, will be reduced to 5.6462 + .01045 X 365+ 407 40t 
+6. 3245-+.63245 = 12, and 6.4031+ .7815+.625t 
+ 20+.5t+45 x 3333 — 93, and 1482. = 133 
whence 1.0085 + .418t = .0293, and 1.595 — $-255t 
= .0698 : therefore, in this caſe, A = 1.008, B = 


0.418, Q = .0293, a = 1.59, b= — 5-255, and g 


= .o6g8 : conſequently s (== ) = = 0.305, and 


: (= =D = = — ,0040 ; therefore x = 5.0305, 


and y = 3.9960, N 3 SE C- 


yu af 
# 
TA | . 
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| SECTION XIII. 
Of indeterminate, or unlimited Problems. 


A Problem is ſaid to be indeterminate, or unlimited, 
when the equations, expreſſing the conditions 
thereof are fewer in number than the unknown quan- 
_ tities to be determined; ſuch kinds of Problems, ſtrictly 
ſpeaking, being capable of innumerable anfwers : but 
the anſwers in whole numbers, to which the queſtion is 
commonly reſtrained, are, for the general part, limited 
to a determinate number; for the more ready diſcover- 
ing of which, I ſhall premiſe the following 


LEMMA. 


5 +5 | | 
Suppoſing 2 2 be an algebraic fraction, in it's 
loweſt terms, x being indeterminate, and a, 6, and c 
given whole numbers; then, I ſay, that the leaſt inte- 
ger, for the value of x, that will alfo give the value of 


ax + b 


an integer, will be found by the following 


method of calculation. 

Divide the denominator (c) by the coefficient (a) of the 
indeterminate quantity ; alſo divide the diviſor by the re- 
mainder, and the laſt diviſor, again, by the laſt remainder ; 
and ſo on, *till an unit only remains. 

Tite down all the 2 in a line, as they follow ; 
under the firſt of which write an unit, and under the ſecond 
write the firſt ; then multiply theſe two together, and, hav- 
ing added the firſl term of the lower line (or an unit) 
to the product, place the ſum under the third term of the 
upper line: multiply, in like manner, the next two cor- 
reſponding terms of the two lines together, and, having 
added the ſecond term of the lower to the product, put down 
the reſult under the fourth term of the upper one : proceed 
on, in this way, till you have multiplicd by every number 
in the upper lin. es 


Then 
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Then multiply the laſt number thus found by the abſolute 
quantity (b) in the numerator of the given fraction, and 
divide the product by the denominator ; fo Hall the re- 
mainder be the true value of x, required ; provided the num- 
ber of terms in the upper line be even and the fign of b 
negative, or, if that number be odd and the fign of b af 
firmative ; but, if the number of terms be even and the 
ſign of b affirmative, or vice verſa ; then the difference be- 
tween the ſaid remainder and the denominator of the frac- 
tion will be the true anſwer. 

In the general method here laid down à is ſuppoſed 
leſs than c, and that theſe two numbers are prime to each 
other : for, were they 'to admit of a common meaſure, 
whereby & is not diviſible, the thing would be impoſſi- 
ble, that is, no integer could be aſſigned for x, ſo as 

: ar + bþ p 
to give the value of ——— an integer: the reaſon of 
which, as well as of the lemma itſelf, will be explained 
a little farther on : here it will be proper to put 
down an example, or two, to illuſtrate the uſe of 
what has been already delivered, 


Box — 
Examp. 1. Let the quantity given be 228 | 


Then the operation will ſtand as follows. 


87)250(2 2. 1% 14 
"82)87(1 I, 2, 3» 50, 103 
5782016 os 
2502 256) 5150120 
1 30 x. 
Examp. 2. Given = — 
71089017 I, 3, 1 
18072103 I, 1, 4, 5 
1701801 — 
pros 50 x. 
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Examp. 3. Given 222 


450 
377)450(1 I, 5, 6 
73)377(s I, 1, 6, 37 
12)73(6 — 
WY” 1850 
= ot 
450)9250(20 
250 
450 
| | 200 = x. 
987x + 651 
Examp. 4. Given — 
987) 1235 (1 „ „ 1, Þ 
248 )987(3 I, Iz 4, 55 244, 249, 493 
D 6.06 | . 651 
243)248(1 _ 
_ $)243(48 1 
30 2958 
2)3(1 1235)320943(259 
7394 
12193 
1078 
2235 
$37 . 


Theſe four examples comprehend all the different 
caſes that can happen with regard to the reſtrictions 
ſpecified in the latter part of the rule: I ſhall now 
_ the uſe thereof in the reſolution of pro- 

cms. ; 


PROBLEM 1. — 

To yo the leaſt whole number, which, divided by 17, 
Hall leave a remainder of 7 ; but being divided by 26, 
the remainder ſhall be 13. 

Let x be the quotient, by 197, when 7 remains, or, 
which is the ſame, let 17x + 7 expreſs the number 
ſought ; 
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ſought ; then, ſince this number, when 13 is ſubtracted 

from it, is diviſible by * it is manifeſt that | 
2 1 2 

— 2 2 or — — muſt be a whole · number: 

whence, by proceeding according to the lemma, x will 

be found = 8; and conſequently 19x + 7 = 143, the 

number required. See the operation. 


17) 26 (1 4, I, 1 
3 I, 1, 2, 3 
9 17 (1 3 
9 - 
8)9(1 - 
14 8==x. 


PROBLEM II. 


Suppoſing 9x ＋ 13y = 2000, it is required to find all the 
poſſible values of x and y in whole poſitive numbers, | 


By tranſpoſing 13y, and dividing the whole equation 
by q, we have x — Wu 222 — y + == 


which, as x is a whole poſitive number, by the queſtion, 
muſt alſo be a whole poſitive number, and ſo likewiſe 


2— from which the leaſt value of y, in whole num- 


bers, will come out = 5; and conſequently the corre- 
ſponding value of x = 215. From whence the reſt of 
the anſwers, which are 16 in number, will be found, 
by adding 9, continually, to the laſt value of y, and 
ſubtracting 13 from that of x, as in the annexed table, 
which exhibits all the poſſible anſwers in whole num- 
bers, | 
x=215[202|189[176|163|150|137]124 aſs 851 72] 59 — 71 1 7 
y= 5] 14] 23] 32] 42] 50 59 68] 77186195[r04[11311221131114c1149 
In the fame manner, the leaſt value of y, and the 
greateſt of x being found, in any other caſe, the reſt 
of the anſwers will be obtained, by only adding the co- 
efficient of x, in the given equation, to the laſt value of y, 


continually, and ſubtracting the coefficient of 'y from the 
7 corre- 
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correſponding value of x. Hence it follows, that, if 
the greateſt value of x be divided by the coefficient of y, 
the remainder will be the lea value of x, and that the 
2 + '1 will give the number of all the anſwers, 

ut it is to be obſerved, that the equations here ſpoken 
of, are ſuch, wherein the ſaid coefficients are prime to 
each other ; if this ſhould not be the caſe, let the equa- 
tion given be, firſt of all, reduced to one of this form, 


by dividing by the greateſt common meaſure. 


PROBLEM II. 

To find how many different ways it is poſſible to pay 100 l. 
in guineas and piſtols, only; reckoning guineas at 21 ſhillings 
each, and piſtols at 17. 
Let x repreſent the number of guineas, and y that 
of the piſtols; then, the number of ſhillings in the 
guineas being 21x, and in the piſtols, 17y, we ſhall 
therefore have 21x +17y = 2000, and conſequently x = 
_— hd 24 95 + — 3 which being a whole 


number, by the queſtion, it is manifeſt that —— 


muſt alſo be an integer: now the leaſt value of 5, in 
whole numbers, to anſwer this condition, will be found 
= 4, and the expreſſion itſelf = 3; the correſpond- 
ing, or greateſt value of x being = 92; which being 
divided by 17, the coefficient of y (according to the 
preceding note) the quotient comes out 5, and the re- 
mainder 7 : therefore the leaſt value of x is 7, and the 
number of anſwers ( 5 +1) = 6: and theſe are as 
follow, | | | 


1 2 917558 [ 7. 
72 4 25 46 , 88105 


PROBLEM IV. 
To determine whether it be poſſible to pay 100 J. in guineas 
and moidores only; the farmer being reckoned at 21 bil- 
lings each, and the latter at 27. | 


Here, by proceeding as in the laſt queſtion, we have 
| 21x + 
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if 2000 — 
, J 21 + 27y 2000; and conſequently # * ——— 27). 
the 1 | | 
er, s „ : where, the fraction being in 
= it's leaſt terms, and the numbers 6 nd 21, at the ſame 
1 time, admitting of a common meaſure, a ſolution in 


whole numbers (by the note to the preceding lemma) is im- 
m, poſſible. The reaſon of whicy depends on theſe two 
conſiderations ; that, whatſog & number is diviſible by 

2 given number, muſt be divil ble Ao by all the diviſors 


1 of it : and that any quanti*y which exactly meaſures 
= the whole and one part of another, muſt do the like 
8 by the remaining part. I Jus, in the preſent caſe, the 


quantity by — 5, to have the reſult a whole number, 
ought to be diviſible by 2, and therefore diviſible by 3 
likewiſe (which is, here, , common meaſure of @ and 
c): but , the former gt of by — 5, is diviſible by 
3, therefore the latter part - 5 ought alſo to be diviſible 
by 3; which is not the ca , and ſhews the thing pro- 
poſed to be impoſſible. 


PROBLEM V. 

A butcher bought a certain number of ſheep and oxen, 
for which he paid 1001. ; for the ſheep he paid 17 ſhillings 
apiece, and for the oxen, one wwith another, he paid 7 pounds 
apiece ; it is required to find e many he had of each ſort. 
Let x be the number of ſheep, and y that of the 
oxen ; then, the conditions of the — being ex- 
preſſed in algebraic terms, we ſhall have this equation, 
viz. 17x + 140% = 2000; and conſequently x = 
2000 — 140y 4y —II 


T7 = 117 — 7 — T7 ; which being a 
whole number, — mu ſt therefore be a whole num- * 


I 

ber likewiſe : whence, by proceeding as above, we find 

y = 7, and x = 60; and this is the only anſwer the 

queſtion will admit of: for the greateſt value of x, can- 

not in this caſe be divided by e coefficient of y; that 

is, 140 cannot be had in 60; and therefore, according 
| \ | to 


— — 


— 


„ > = £2 * 


I 
+ = . - ” * 
** q —— 2 
% I <p 3 
— or rages — 
+ 4 > Pe — OE — 
8 


= — 2 _ _ 
- 2 — 
— — „ — — . 


A 
— . 
- — 


* 
O_o -- - 


conſequently y = WAY = 14 — 2x — 
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to the preceding note, the queſtion can have 6nly one 
_ anſwer, in whole numbers. 


PROBLEM VI. 
A certain number of men and women being merry-making 
together, the reckoning came to 33 ſhillings, towards the 
difcharging of which, «ch man paid 38. 6d. and each 


* 


woman 1 s. 4 d.: the quien 15, to find how many per- 
fons of both ſexes the comp wy conſiſted of. 

Let x repreſent the number of men, and y that of 
the women; ſo ſhall 42x 4 165 = 396, or 21x ＋ 8) 


8— 
2 198 and conſequently y 2 2 8 — 


* 


= 24 — 2x 


80 4. 
— — r whence, y being u whole number, 2 8 


muſt likewiſe be a whole number; and the value of 


, anſwering this condition, vill be found = 6 ; and 
conſequently that of ( 24 — 12 —3) = 9; which 


two will appear to be the only numbers that can an- 


fwer the conditions of the queſtion ; becauſe 21, the 
coefficient of x, is here greater than ꝙ the greateſt va- 
hue of 5. 

PROBLEM VII. 

One bought 20 loaves for 16 pence, whereof ſame were 
twopenny ones, others penny cnc, and the reſt farthing 
ones : what number had he of each ſort ? 

Put x = the number of the firſt ſort, y = that of the 
ſecond, and z = that of the third; and, then, by the 
conditions of the queſtion, we ſhall have theſe two 
equations, | 

x + y +-2 = 20, and 
8x + 4y +; 2 = 64. 
Whereof the former being ſubtracted from the latter, in 


order to exterminate 2, i get 7x ＋ Y = 44, and 
_— 


| & — 2 


from whence the leaff val ue of x, and the greateſt of 
y, appear to be 5 and 3; and therefore the numbers 
ſought are 5, 3, and 12 reſpectively. 


0 


Dan 
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PROBLEM VIII. 

To find the leaſt integer, palſible, which being divided 
by 28, Hall leave a remainder of 19 3 but, being divided 
by 19, the remainder ſhall be 15; and, being divided by 
15, the remainder Hall be 11. | 

Firſt, to find the leaſt whole number that can an- 
ſwer the two firſt conditions, let the quotient by 28, 
the firſt of the given diviſors, be denoted by x, or, which 
is the ſame, let the ſaid number be expel by 28x + 
19; then this number, when 15 is ſubtracted from it, 


28x + 4 


FA 
19 „ Or its 


being diviſible by 19, it is manifeſt that 


equal x + 2 - 2 muſt be an integer; from whence 
the leaſt value of x will be found = 8; and conſe- 
quently 28x + 19 = 243; which is the leaſt whole 
number that can, poſſibly, ſatisfy the two firſt condi- 
tions. This being found, let the leaſt number that is 
exactly diviſible by both the ſaid diviſors 28 and 19, be 
now aſſumed ; which, becauſe 28 and 19 are prime to 
each other, will be equal to 28 x 19, or 532: then, 
ſince the number required, by the nature of the pro- 
blem, muſt be ſome multiple of 532, increaſed by 243, 
it is plain that the ſaid number may be repreſented by 
5322 + 243; from which, if 11 be ſubtracted, and the 


532x+232 
15 


= 35x + 15 ＋ will be a whole number by 


remainder be divided by 15, the quotient ( 


the queſtion, and conſequently —.— a whole number 


alſo ; from whence the leaſt value of x will be found 
= 14, and conſequently that of 532x + 243 = 
7691 ; which is the number that was to be found. In 
the ſame manner the leaſt number, poſſible, may be 
found, which being ſucceſſively divided by four, or 
more given diviſors, ſhall leave given remainders. 


PROBLEM 


e 


— ———— — . — 7—7«ð2—— I , 
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PROBLEM IX. 
Suppoſing 87x + 256 = 15410 ; to determine the leaft 
value of x, and the greateſt of y, in whole poſitive numbers, 
By tranſpoſition and diviſion we have 


—8 87x — 50 
3.= — — bo — <=: where the frac 


tion being the ſame with that in Examp. 1. to the pre. 
miſed lemma, the required value of x will be given 
from thence = 10 ; from whence that of y will like. 
wiſe be known. But I ſhall, in this place, ſhew the 
manner of deducing theſe values, independent of all 
previous conſiderations, by a method on which the de- 
monſtration of the lemma itſelf depends. 

In order to this, it is evident, as the quantity 87x — þ 
(ſuppoſing þ = 50) is diviſible by 256, that it's double 
174x — 26 muſt be likewiſe diviſible by 256. But 
256x is, plainly, diviſible by 256 ; and, if from this, the 
quantity in the preceding line be ſubtracted, the re- 
mainder, 82x + 25, will be likewiſe diviſible by the 
ſame number; fince, whatſoever number meaſures the 
whole, and one part of another, muſt do the like by the re- 
maining part : for which reaſon, if the quantity laſt 
found be ſubtracted from the firſt, the remainder 5x — 3þ 
will alſo be diviſible by 256: and, if this new remain- 
der multiplied by 16, be ſubtracted from the preceding 
one (in order to farther diminiſh the coefficient of x), 
the difference 2x + 506 muſt be, ſtill, diviſible by the 
fame number. In like manner, the double of the laſt 
line, or remainder, being ſubtracted from the preceding 
one, we have x — 1036, a quantity, ill, diviſible by 

03b 
256: but 235 = 20 + 2. therefore x— 30 muſt 
be diviſible by 256 ; and conſequently x be either equal 
to 30, or to 30 increaſed by ſome multiple of 256; 
but 3o, being the leaſt value, is that required. 

It may not be amiſs to add here another Example, to 
illuſtrate the way of proceeding by this laſt method : 


987x4-651 


1235 
Then, 


wherein let us ſuppoſe the quantity given to be 


A wt — — QoS af = © 2 


mn © A tf q 65 — Mew 
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Then, making 5 = 651, the whole proceſs will 
ſtand as follows. 


From 1235x 

ſub. _987x + 6b 

I. rem. 248x — 6 

I, rem. X 3 744x — 3b 

2. rem. 2243 + 46 

3. rem. gx — 55 

3. rem. x 48 240x — 2406 
4- rem. . +244 
5, rem. 2x — 2496 
6. rem. x + 4936; 


where, x being without a coefficient, let 4936, or it's 
equal 320943 be now divided by 1235, the com- 
mon meaſure to all thoſe quantities, and the remainder 
will be found 1078 ; therefore x + 1078 is likewiſe 
diviſible by 1235; and conſequently the leaft value 
of x (= 1235 — 1078) = 157. The manner of 
working, according to this method, may be a little 
varied; it being to the ſame effect, whether the laſt 
remainder, or a multiple of it, be ſubtracted from 
the preceding one, or the preceding one, from ſome, 
greater multiple of the laſt. Thus, in the example 
before us, the quantity 248x — b, in the third line, 
might have been multiplied by 4, and the preceding 
one ſubtracted from the product; which would have 
ven 5x — 5b (as in the ſixth line) by one ſtep leſs. — 
the manner of proceeding in theſe two examples be 
compared with the proceſs for finding the ſame values, 
according to the lemma, the grounds of this will ap- 
pear obvious. 


PROBLEM X. 
Suppoſing e, f, and g to denote given integers ; to amy” 
K — e x— 


mine the value of x, fuch that the quantities * * 


and 3 may all of them be integers. 
By 
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| By making 3 we have x 285 Te; which 
value being ſubſtituted in our ſecond expreſſion, it 


2 — | 
q becomes — * : =2, which, as well as y, is to be- : 
; 28 — | 
F a whole number: but — 5 . by making b e * 
0 
. | . b ; 
i — will be = y + 70 ; and therefore, 19y and , 
= 18y + 2b being both diviſible by 19, their difference { 
1 y- 26 muſt be alſo diviſible by the ſame number; tl 
1 whence it is evident, that one value of y is 26; and le 
1 that 26 + 192 (ſuppoſing z a whole number) will be a 2 
= general value of y; and conſequently that x (= 28y * 
4 + e) = 532z + 560 + e is a general value of x, an- a 
= ſwering the two firſt conditions. Let this, therefore, tt 
A | be ſubſtitued in the remaining expreſſion N ; which, a 
_ | 5322 + 56b + e—g 
1 by that means, becomes T — 4 
| : 2 8 | : 
1342 == (ſuppoſing g = 116 + e — g = 12e 8 
1 —1if—g). Here 15z and 142 ＋ 28 being both divi- 5 
We fible by 15, their difference z — 28 muſt likewiſe be g 
_ diviſible by the ſame number ; and therefore one value 
1 of z will be 28, and the general value of z = 28 + th 
Wt! | >I5w from whence the general value of x (= 532z + 4 
=__ 56b + e) is given =7980w + 10648 + 56b + e ; which, ) 
=_ | by reſtoring the values of ö, and g, becomes 7980w + 7 
1 128256 — 11760 — 10649. = 
"4 | Now, to have all the terms afirmative, and their 6 
1 coefficients the leaſt poſſible, let iu be taken = — e + 1 
28 2f + g ; whence there reſults 48456 + 4200f + 6916g, HF b 
1 or a new value of x: from which, by expounding e, 5 
ES! V, and g, by their given values, and dividing the whole 37 
= by 7980, the leaſt value of x, which is the remainder of, 
E: | of the diviſion, will be known, pe. 
=_ | 


PROBLEM 


* 


— 
4 


GT Ove 0 TT. #0 


— 
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PROBLEM XI. 


If 5x + 7y + 11z = 224 ; it is required to find all 
the poſſible values of x, y, and % in whole numbers, 


In this, and other queſtions of the ſame kind, where 
you have three, or more indeterminate quantities and 
rac one equation, it will be proper, firſt of all, to 
find the limits of thoſe quantities. Thus, in the pre- 

224 — 7) — 112 
ſcent caſe, becauſe x is = 3 „and becauſe 


the leaſt values of y and z cannot (by the queſtion) be 
leſs than unity, it is plain that x cannot be greater than 
224 — 7 — 11 


, Or 41 : and, in the ſame manner it will 


appear, that y cannet be greater than 29, nor z greater 

than 19; which therefore are the required limits in this 
; 224 — Jy — 112 

caſe, Moreover, ſince x is = 2 208 


5 
I + 2y +z 


= a whole number, it is 


m_ } — 2 — 


5 
manifeſt that 27:22) muſt alſo be a whole num- 


ber : let z + x be therefore conſidered as a known 
quantity, and let the ſame be repreſented by 5, and then 


2 
the Iaſt expreſſion will become 2 


by proceeding as above, we ſhall get y = 2b = 2z 
+ 2 ; whence the correſponding value of x comes out 
= 42 — 5%, | 

Let z be now taken = 1, then will x = 37 andy=45; 
from the former of which values, let the coefficient of 
y be, continually, ſubtracted, and to the latter, let that 
of x be continually added, and we ſhall thence have 
37, 30, 23, 16, 9, and 2, for the ſucceſſive values of 
x; and 4; 9, 14, 19, 24, and 29, for the correſpond- 
ing values of y which are all the poſſible anſwers when 


& 21. 


; from which, 


O Let 
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Let z be, now, taken = 2, then x = 32, and y 6 
let the former of theſe values be increaſed or decreaſed 
by the multiples of 7, and the latter by thoſe of 5, as 

far as poſſible, till F become negative; ſo ſhall we 
have 39, 32, 25, 18, 11, and 4, for the ſucceſſive va- 
lues of x, in this ende, and 1, 6, 11, 16, 21, and 26, 
for the reſpective values of y : which are all the anſwers 
when 2 = 2. 

Again, let z be taken = 3; then, 1. proceeding as 
above, the correſponding values of x, and y will be found 
equal to 34, 27, 20, 13, 6; and 3, 8, 13, 18, 23, re- 
ſpectively. And ſo of the reſt : whence we have the 
following anſwers, being 60 in number, | 


| 


| = | 3 * 
114 1 37 - 30. 23. 16. 9.2. 
21. 6. II. 16. 21. 26. 39. 32. 25.18.11. 4. 
313. 8.13. 18. 23. e e 6. 
4|5-10.15.20.25. 29. 22. 15 I 

(G12. 7.12. 17: 22. 31 24- 17.10. 30 
64. 9.14.19, 20.19.12. 5. 

| 711. 6.11.16. | 28.21.14. 7. 

813. 8.13.18, 28 16. 5 2. 

1915. 10.15. | It. 4. 

102. 7.12 74 13. * 

1114. 9.14 Is. 3 

112 1. 6.11. 17. 10. 3. 

133. 8. 4. 8 

145. 10. 14. 7. 

152. 7. 9. 2. 

164. 4. 

be: I. | 6. | 
3. | I. 


| 
| 
| 
| 
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PROBLEM XI, 

If 119# + 19y + 21z = 400; it is propoſed to find all 
the poſſible values of x, y, and z, in whole poſitive num- 
bers. 

When the coefficients of the indeterminate quanti- 
ties x, y, and z are nearly equal, as in this equation, it 
will be convenient to ſubſtitute for the ſum of thoſe 
quantities. Thus, let x + y + z be put n; then 
by ſubtracting 17 times this laſt equation from the pre- 
ceding one, we ſhall have 2y + 4z = 400 — 17m; and 


3 ſubtracting the given equation from 21 times the 


umed one x + y + 2 Y m, there will remain 
4x + 2y = 21m — 400. Therefore, ſince y and z can 
have no values leſs than unity, it is plain, from the firſt 


of theſe two equations, that 400 — 17m cannot be leſs 


— 6 
than 6, and therefore m not greater than 228 or 


23: alſo, becauſe by the ſecond of the two laſt equa- 
tions, 21m — 400 cannot be leſs than 6, it is obvious 


6 
that m cannot be leſs than 2 * „or 19: therefore 


19 and 23 are the limits of , in this caſe. Theſe be- 
ing determined, let 4x be tranſpoſed in the laſt equation, 
and the whole be divided by 2, and we ſhall have 


5 = IOm — 200 — 2x + 5 : which being a whole 


number, by the queſtion, 5 muſt likewiſe be a whole 


number, and conſequently m an even number; which, 
as the limits of m are 19 and 23, can only be 20, or 22: 
let, therefore, m be firſt taken = 20, then y will become 
= 10 — 2x, and zn —x—y) =10+x; wherein x 
being taken equal to 1, 2, 3, and 4, ſucceſſively, we ſhall 
have y equal to 8, 6, 4, 2; and z equal to 11, 12, 13, 
14, reſpectively, which are four of the anſwers required. 
Again, let m be taken = 22; then will y = 31 — 2x, 
and z =x — 9; wherein let x be interpreted by 10, 
IT, 12, 13, 14, and 15, ſucceſſively, whence y will come 
out 11, 9, 7, 5, 3, and 1; _—_ equal to 1, 2, 3, 45 5, 
2 an 
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and 6, reſpectively. Therefore we have the ten fol- 
lowing anſwers; which are all the queſtion admits 
of. 


# 12 3] 4 10|11|12|13]14| 15 
a= $3 61 4; 2411 901 7] SI 36-43 
s = 11 $212 13|14 £3 24 JL SED 


; PROBLEM XIII. b 

Suppoſing 7x + gy + 233 9999 it 1s required to 
determine the number of all the anſwers, in poſitive in- 
tegers. | 
8 — caſes like this, where the anſwers are very many, 
and the number of them only is required, the follow- 
ng method pay be uſed. _ 

n the general equation ax -+ by + cz = + (where a 
and þ are ſuppoſed prime to each other) let z be aſſumed 
So; and und the greateit value of x, and the leaſt 
of y, in the equation ax + by = 4, thence ariſing ; de- 
noting them by g and J. find, moreover, the leaf poſi- 
tive value of n (in whole numbers) from the equation 
am + bn = c, together with the correſponding value of 
m, whether poſitive or negative; then, ſuppoſing g to 
Tepreſent an integer, the general value of x may 
expreſſed by g — bq — mz, and that of y by | + ag—nz ; 
as will appear, by ſubſtituting in the general expreſſion 
ax + by + cx, which thereby becomes ag — abg — 
amz ＋ bl + abe — bnz + cx = # (as it ought to be); 
becauſe ag + b/ = A, and all the reſt of the terms, 
deftroy one another. And it may be obſerved farther, 
by the bye, and is evident from 3 that any two 
correſponding values of n and u, determined from the 
equation am - by = c, will equally fulfil the conditions 
of the general equation ; but the leaſt are to be uſed, 
as being the moſt commodious.— As to the limits of & 
and g, theſe are eaſily determined; the former from the 
original equation, and the latter from the general va- 
lue of x ; by which it appears that 9 cannot exceed 

£ n = wherein the greateſt, or the leaſt value of z is 


to be uſed, according as the ſecond term, after ſubſtitu- 


1 1 oe OILS 8 
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tion for , is poſitive or negative. But, beſides this, there 

is another limit, or particular value of q to be determined, 

which is of great uſe in finding the number of anſwers. 
It is evident from the given equations, that 


| the vaiues of x will begin to be _—_— when 


. 


2 is ſo increaſed as to exceed and that 


thoſe of y will, in like manner, become negative, when 
1＋ ag 


therefore, as long as 
I + ag 


2 is taken greater than 


e 
continues greater than 


(ſuppoſing the 


value of q to be varied) ſo long will x admit of a 
greater aſſumption for z than y will admit of, without 
producing negative values; and vice verſd. By mak- 
ing, therefore, thoſe two expreſſions equal to each other, 
ng —ml\ ng—ml 
am +nb/ e s 
expreſſing the circumſtance wherein both the values of 
* and y, by inereaſing z, become negative together. 
But this holds, only, when m2 is a poſitive quantity; 
for, in the other — the laſt term (— mz) in the ge- 
neral value of x being poſitive, the particular values do 
not become negative by increaſing, but by diminiſhing 
the value of z; it being evident, that no ſuch can re- 
ſult from any aſſumption for z, but when q is greater 


— 
than 7 


To apply theſe obſervations to the equation, 7x ＋ 
y ＋ 23z = 9999, propoſed, we ſhall, in the firſt 
2—3 


the value of 4 will be given (= 


place, by taking z = 0, have x = 1428 — y — 


whence the leaſt value of y is given = 5; and the 
greateſt of x = 1422. Again, from the equation am + 
bn c, or 7m + gn = 23, we have m = 3 — 1 — 


in which the leaſt, poſitive, value of u is given 


= 1; and the correſponding value of m=2; and ſo 
the general values of x and y do here become 1422— 


O 3 


195 The Rrsoluriox of 
99 — 2z, and 5 + 74 — , reſpectively. From the 


former of which the greater limit of 9 is given = 
I422 —- 2 ng — 
| „ or 1574 ; and from 
leſſer limit, we have 61, for the value of g, when the 
leaſt value of x becomes equal to that of y. Theſe 
limits being aſſigned, let 4 be now interpreted by o, 
I, 2, 3, 4, 5, c. ſucceſſively, up to 61, incluſive: 
whence the number of anſwers, or. variations of y cor- 
reſponding to every interpretation, will be found as in 
the margin, From whence it appears that the arith- 
metical progreſſion 4 + 11 + 18 + 25 + 32, Sc. con- 


tinued to 62 terms, will truly ex- 


„ Expreiling the 


3 preſs the number of all the an- 

2 2 — ſwers when 9 is leſs than 62: 
4 * i » which number is therefore given 
== =4+61x7+4x31=13485. 
- - Ahn 4 | In ha Lat Jl it is iT 
3 Bs 5 dent, that x, as well as 5, will 
S. | be poſitive (as it ought to be); 
too: ” ** | becauſe it has been proved that 


the leaſt value of x, till g be- 
comes ( —— } = 613, will be greater than that 


of y; which is poſitive, ſo far. But now, to find the 
anſwers. when g is upwards of 61, we muſt have re- 
courſe to the general value of x ; which, in theſe caſes, 
by the different interpretations of z, becomes negative 
before that of y. Here, by beginning with the greateſt 
| limit, and writing 157, 156, 

9 | x= | z N. Anſ.] 155» 154» Sc. ſucceſhvely, 
- in the room of g, it will ap- 
e 9 pear, that the number of 
1 n * 9 | anſwers will be truly ex- 
3927 * 13 | prefled by the ſeries 4 + 8 
154 36—22 I 1 17 ＋13＋17 + 22, Sc. con- 
53 22:22 tinued to 157 — 61 terms: 
Se. Sc. Sc. Sc. | vhich terms being united in 
* — pairs (becauſe, in every two 
terms, the ſame fraction in the limit of 2 * the 
ä eries 
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ſeries 12 + 30 + 48 + &c. thence ariſing, will be a 
true arithmetical progreſſion ; whereof the common dif- 
I57 —61 


ference being 18, and the number of terms = 


= 48, the ſum will therefore be given = 20880 : to 
which adding 13485, the number of anſwers when 9 
was leſs than 62, the aggregate 34365 will be the 
whole number of all the anſwers required. 


PROBLEM XIV. | 
To determine how many different ways it is poſſible to pay 
1000 l. without uſing any other coin than crowns, guineas, 


and maidores. 


By the conditions of the problem we have 5x + 21y 
+ 272 = 20000 ; where, taking 2 = o, x is found 


= 4000 — y — 7 and from thence the leaſt value 


of y = © (0 being to be included, here, by the queſtion) : 
whence the greateſt value of x is given = 4000. More- 
over, from the equation 5m ＋ 21 = 27, we have 


2 — 2 
882529 — 
— 3: ſo that the general values of x and y, given in 
the preceding problem, will here become 4000 — 219 
+ 3z, and 59 — 22. Moreover, from the given equa- 
20000 
27 


— 500 
740 ; whence we alſo have = — ——. 


from which x = 2, and m= 


— 
— 


tion, the greateſt limit of z appears to be = 


= 296 = the greateſt limit of 9 and & = = = 
190, expreſſing the leſſer limit of g, when the value of 
x, anſwering to ſome interpretations of z, will become 
negative, while thoſe of y ſtill continue affirmative, 
To find the number of all theſe affirmative values, up 
to the greateſt limit of g, let o, 1, 2, 3, 4, 5, Cc. be 
now wrote in the room of (as in the margin). Whence 
it is evident that the ſaid number is compoſed of the 

O4 ſeries 


200 
ſeries 1＋ 3 +6+8 + 11 + 13, &c. continued to 
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A © (ſetting aſide the firſt) being 

| 222 Deer N. Anl united in pairs, we ſhall 
0 — i x have the arithmetical pro-. 
er z greſſion 9 + 19 + 29, Ce. 

2 [10——2Zz 3 6 where the number of terms 
71 8 | tobe taken being 148, and 
- * 8 5 common difference 10, the 
_— : ' | laſt term will therefore be 

Sc. 2. Sc. | &c. 1479, and the ſum of the 


297 terms; which terms 


whole progreſſion 110112: 


to which adding (1) the term omitted, we have I10113, 
for the number of all the anſwers, including thoſe 
wherein the value of x is negative; which laſt muſt 
therefore be found and deducted. _ 

In order to this we have already found, that theſe ne- 
gative values do not begin to have place till g is greater 


than 190: let, therefore, 191, 192, 193, Sc. be ſub- 


r uu Wwr' 1 _ 46. ee wy A © 933» 4 


ſtituted, ſucceſſively, for q ; 


| . ü from whence it will appear 
y x __j2uot.[N. Ant. that the number of 0 
191033—11 37 4 ſaid negative values is truly 
1923232 105 11 exhibited by the arithmeti- 
1193] 3z—53| 177 | 18 cal progreſſion 4 + 11 + 
1943—74 247 | 25 | 18 + 25, Sc. continued 
= Sc. Oc. Sc. to 296 - 19 terms; where- 
of the ſum is 39379; Which 


ſubtracted from 110113, found above, leaves 707 34, 
for the number of anſwers required, 


After the manner of theſe two examples (which il- 


luſtrate the two different caſes of the general ſolution, 
given in the preceding problem) the number of anſwers 
may be found in other equations, wherein there are 
three "indeterminate quantities. But, in ſumming up 
the numbers ariſing from * interpretations 
of , due regard muſt be had tothe fractions exhibited 
in the third column expreſſing the Iimits of z ; becauſe, 
to have a regular progreſſion, the terms of the ſeries in 
the fourth column, exhibiting the number of anſwers, 
| muſt 
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mult be united by twos, threes, or fours, &c. according 
as one and the ſame fraction occurs, every ſecond, third, 
or fourth, &c. term (the odd terms, when there happen 
any over, being always to be ſet afide, at the begin- 
ning of the ſeries). And it may be obſerved farther, 
that, to determine the ſum of the progreſſion thus ariſ- 
ing, it will be ſufficient to find the firſt term only, by 
an actual addition ; fince, not only the number of terms, 
but the common difference alſo, will be known; being 
always equal to the common difference of the limits 
of z (or of the quotients in the ſaid third column) multi- 
plied by the ſquare of the number of terms united into 
one; whereof the reaſon is evident. But all this relates 
to the caſes wherein the coefficients of the indeterminate 
quantities, in the given equations, are (two of them 
at leaſt) prime to each other : I ſhall add one example 
more, to ſhew the way of proceeding when thoſe co- 
efficients admit of a common meaſure. 
PROBLEM XV. 

Suppoſing 12x + 15y + 20% = 100001 ; it is required 

# find the number of all the anſwers in poſitive integers. 


It is evident, by tranſpoſing 20z and dividing by (3) 

the greateſt common meaſure of x and y, that 4x + 5y, 
2 — 

and conſequently it's equal 33333 — 6z — - 3 - 


muſt be an integer, and therefore 2z — 2 diviſible by 
3: but 32 is itil by 3, and ſo the difference of 
theſe two, which is z + 2, muſt be likewiſe diviſible 
by the ſame number, and conſequently z = 1 + ſome 
multiple of 3. Make, therefore, 1 + 3u = z (u be- 
ing an 2 ; then the given equation, by ſubſtitut- 
ing this value, will become 12x ＋ 15y + 60 + 20 
== 100001 ; which, by diviſion, &c. is reduced to 
4x + 5y + 20% = 33327 : wherein the coefficients of x 
and y are now prime to each other, and we are to find 
the number of all the variations, anſwering to the dif- 
ferent interpretations of 1, from o to the greateſt limit, 
incluſive, | 

| By 


— — — EPS pomary ; 


we have x = 8331 Hye, 
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By proceeding, therefore, as in the aforegoing caſes, 
S ; whence the leaſt va- 


lue of y is given = 3, and the greateſt of x = 8328. 
Moreover, from the equation 4m + 5n = 20, we have 


m = rg inch wn. whence „ = o, and m = 5. 


Therefore the general values of x and y (given in Pro- 
blem 13) do here become 8328 — 59 — 5, and 3 + 44: 
from the former of which the greateſt limit of q is 


8328 
given === = 1665. Now, fince the value of y 


will here continue poſitive, in all ſubſtitutions for g and 

1 (as no negative quantity enters therein); the whole 

number of anſwers will be determined by the values 
of x, alone. 

In order to this, let g be ſucceſſively expounded by 

: 1665, _— 1663, Sc. 

and it will thence appear 

765 = [2 * — that the ſaid — will 

es 354 5 | 1 | be truly defined by 1666 


1664. 5ꝰ Is 2 terms of the arithmetical 
1663|13—54] 24 3 


— 


| Se. | te, | toc. | tg. progrethon 1 + 2 + 3 


| c + 4 + 5, &c. whereof 


Wave +. the ſum is found to be 


1388611. 
When there are four indeterminate quantities in the 
given equation, the number of all the anſwers may be 


determined by the ſame methods: for, any one of thoſe 


quantities may be interpreted by all the integers, ſuc- 
ceſſively, up to it's greateſt limit (which is eaſily de- 
termined) ; and the number of anſwers, correſponding 


to each of theſe interpretations may be found, as above; 


the aggregate of all which will conſequently be the 
whole number of anſwers required : which ſum, or 
aggregate may, in many caſes, be derived by the me- 


thods given in Section 14. for ſumming of ſeries's by 


means of a known relation of their terms. But this 
being a matter of more ſpeculation than real uſe, I 
{hall now proceed on to otaer ſubjects, SEC. 


to nothing, whatſoever be the value of 2; then, I 25 
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SECTION XIV. 


The Inveſtigation of the ſums of powers of Numbers 
in arithmetical progreſſion. 


ESIDES the two ſorts of progreſſions treated of 

in Section 10, there are infinite varieties of other 
kinds; but the moſt uſeful, and the beſt known are 
thoſe conſiſting of the powers of numbers in arithmeti- 
cal progreſſion ; ſuch as 1* ＋ 2* ＋3˙ ＋- . . , 
and 1 + 2 + 3 ＋ , Cc. where n denotes 
the number of terms to which each p on is to be 
continued. In order to inveſtigate the ſum of any ſuch 
progreſſion, which is the deſign of this ſection, it will be 
requiſite, firſt of all, to premiſe the following 


L EMM A. 


If any expreſſion, or ſeries, as 

An+Br* + Ca + Di, &c. 8 1 
— at — n — n — Aue, &c. . involving the pow 
ers of an indeterminate quantity a, be univerſally equal 


the ſum of the coefficients A —a, B—6b, C—c, &c. 
of each rank of homologous terms, or of the ſame 
powers of u, will alſo be equal to nothing. 
For, in the firſt place, let the whole equation 
An + B + Cr, Sc. } __ * 
— 4 — by — Fey &c. c * be divided by u, and 
ABA TC, Sc.) __ 
we ſhall have J.. 55 . , Et. = 0; and 
this being univerſally ſo, be the value of # what 
it will, let, therefore, à be taken = o, and it will 


become g = o; which being rejected, as 
ſuch, out of the laſt equation, we ſhall next have 


+ Bn + C' + D, Oc. __ ividing 
— by — c — 4% By 803 whence, © 
| again 
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again by n, and proceeding in the very ſame manner, 
B— 5 is alſo proved to be = 0; and from thence, 


C-, D—4, Sc. Cc. Q. E. D. 


Now, to apply what is here demonſtrated to the pur- 
poſe above ſpecified, it will be proper to obſerve firſt, 
that, as the value of any progreſſion (1* + 2* + 35 
+ 4*..c..n*) varies according as (=) the number of 
it's terms varies, it muſt (if it can be expreſſed in a ge- 
neral manner) be explicable by » and it's powers with 
determinate coefficients; ſecondly, it is obvious that 
thoſe powers, in the caſes above propoſed, muſt be ra- 


tional, or ſuch whoſe indices are whole poſitive num- 


bers; becauſe the progreſſion, being an aggregate of 
whole numbers, cannot admit of ſurd quantities; laſtly, 
it will appear that the greateſt of the ſaid indices can- 
not exceed the common index of the progreſſion by 
more than unity; for, otherwiſe, when n is taken inde- 
finitely great, the higheſt power of n would be indeh- 
nitely greater than all the reſt of the terms put together. 
Thus, the higheſt power of u, in an expreſſion univer- 
ſally exhibiting the value of 1* + 2* + 33 n*, 
cannot be greater than »*; for 1* + 2* + 3232 1 
is manifeſtly leſs than »* (or n* + n* E + &c. con- 
tinued to n terms); but *, when 7 is indefinitely great, 
is indefinitely greater than »*, or any other inferior 
power of u, and therefore cannot enter into the equation. 
This being premiſed, the method of inveſtigation may 


be as follows, 


Caſe 15. To find the ſum of the progreſſion 1 + 2 + 3 
. | 


Let An' + Bu be aſſumed, according to the forego- 
ing obſervations, as an univerſal expreſſion for the * of 
of 1 +2 +3 +4..... n; where A and B repreſent 
unknown, but determinate quantities. Therefore, ſince 
the equation is ſuppoſed to hold univerſally, whatſoever 
is the number of terms, it is evident, that, if the num- 
ber of terms be increaſed by unity, or, which is the fame 
; thing, 


a 
E 
t 
t 
a 
ſ 
1 
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thing, if n +1 be wrote therein, inſtead of u, the equa- 
lity will ſtill ſubſiſt, and we ſhall have A x n + 1* + 
Bxn+Il=1l+2+3+4.......n+n J. 
From which the firſt equation being ſubtracted, —— 
mains Axn+1}' —Ar* +Bxn+1—Bu=n+r: 
this contracted will be 2An+ A+B==n+1; whence 
we have 2A —=1xn+A+B—1T=0: wherefore, 
by taking 2A —1=0, and A+B—1 =o (accord- 
ing to the lemma) we have A = 2, and B ; and 


conſequently 1 + 2 + 3 T4... . . (= AA + BA) = 


1 1 nXn+1 4 * 
— — ON — * 
. 


Caſe 2. To ford the ſum of the progreſſion 1* + 2* + 
7 n*, or I＋4＋9＋16 . . . 
Let Au. + Bn* + Cn, according to the aforeſaid ob- 


ſervations, be aſſumed = 1* + 2* ＋3 T4. . . *: 
then, by reaſoning as in the preceding caſe, we ſhall have 


Ax ATN TB ITI +Cxa+Si=Hr+2* + 
3 T4 . „ +n +1; that is, by involving a t 


to its ſeveral powers, An; + 3A + 3An + A+ Br? 


＋ 2B +B + CTC ITT F+&#....=n 
+ n + 11 : from which, ſubtracting the former equa- 


* In this inveſtigation it is taken for granted, that the 
ſum of the progreſſion is capable of being exhibited 
by means of the powers of u, with proper coefficients: 
which aſſumption is verified by the proceſs itſelf ; for it 


is evident from thence, that the quantities An* + Bu, 


and 1 + 2 +4...n, under the values of A and 
B there FLA, are always increaſed equally, by 
taking the value of x greater by an unit: if, therefore, 
they are equal to each other, when ». is = © (as they 
actually are) they muſt alſo be equal when n is 1; and 
ſo likewiſe, when 7 is 2, &c. &c. And the ſame, rea- 


ſoning holds in all the following caſes, 


— 
LOS thei een. ed 
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get 3An* + n 
bw; DET * = #* + 22 + 1; and conſequently 


AI „ + 3A +2B—-2xn+A+B+C— 
So: whence (by the lemma) 3A — 1 o, 3A + 
A Rog i GEES Oo 1m 01 therefore 


22 C=1i—A—B=z; 


AS _—_ 
3˙* 3 


15 2 
and conſequently 1 + 4 + 9g + 16.. — 247 


Caſe 3. To determine the ſum of the 1 11 + 25 
+I ＋ 4 . . . , or 1+8 +27 ＋1 64 15. 

B Art Bn* + Caf + Dn = 8 

4+ 64 Fay = 3 a e org . 
T b, + 4 + A . 387 36, 4+ B+ 26. 
TDR) „ATL and 
therefore 4A — 1 „ n* + ba ＋ 353 — 3 ** . 
nnen 
hence Ar. B =) 22 c . 


==> D(=1—A—B—C rig and therefore 
* 


-— 25 3 4b 4* coo 58 27471 — += „ or 


* a 


fas,” that 


"+ 2*+....mf==+ + — 


1* + 2. 3. . . 2 6 T1213 


r e 
Sc. | | Sc. 
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In order to exemplify what has been thus far deliver- 
ed, let it, in the firſt place, be required to find the ſum 
of the ſeries of ſquares 1 + 4 + 9 + 16, &c. continued 
to 10 terms: then, by ſubſtituting 10 for u, in the ge- 


neral expreſſion — 6 — (or 24 + 2), 
found * caſe 25, there will come out 385, for the re- 
quired ſum of the progreſſion : which, the number of 
terms being here ſmall, may be eaſily confirmed, by ac- 
tually adding the 10 terms together. Secondly, let it 
be required to find the number of cannon-ſhot in a 
ſquare pile whoſe fide is 50; then, by writing 50 for # 


in the ſame expreſſion, 9 „ — . — we ſhall have 


6 
O 1 

8 xe) 42925, expreſſing the number of 
ſhot in ſuch a pile. Laſtly, ſuppoſe a pyramid com- 
— of 100 ſtones of a cubical figure; whereof the 
ength of the fide of the higheſt is one inch ; of the 
ſecond two inches; of the third three inches, Cc. 
Here, by writing 100 inſtead of u, in the third 
expreſſion, we have 25502500, for the number of ſolid 
inches in ſuch a pyramid, 


Hitherto regard has been had to ſuch progreſſions as 
have — for their firſt term, and likewiſe for the 
common difference; but the ſame equations, or theo- 
rems, with v little trouble, may be alſo extend- 
ed to thoſe wer th where the the term, and the 
common difference, are any given numbers, provided 
the former of them be any multiple of the latter. Thus, 


ſuppoſe it were required to find the ſum of the progreſſion 


6* + 8* + 10*, Sc. (or 36 + 64 + 100, Ec.) conti- 
nued to eight terms : then, by making (4) the ſquare of 
the common difference a general multiplicator, the given 


expreſſion will be reduced to 4 x 3* + 4* + 5* ....10*: 
but the ſum of the progreſſion 1* + 2* + * + 4*. «+. 10* 
is found, by the ſecond Theorem, to be 385; from 
which, if (5) the ſum of the two firſt terms nr the 

Cries 
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ſeries JP +4 + 5*..... 10* wants) be taken away, 
the ade will * 380; and this, multiplied by 4, 
gives 1520, for the true ſum of the propoſed progreſſion: 
and ſo of others. 

But if the firſt term is not diviſible by the com- 
mon difference, as in the progreſſion 5* + 7* + 9, 
Sc. the ſpeculation is a little more difficult ; neverthe- 
leſs, the ſum of the ſeries, in any ſuch caſe, may be, 
{till, found, from the ſame Theorems. 


Let the ſeries »: +4. + m+20* + mÞ+30*.. 


mM + ne) be =P, where m and e denote any quan- 
tities, whatever, — where repreſents the number of 
terms. Then, by actually raiſing each root to it's 
ſecond power, an 2 placing the terms in In oder, the given 
expreſſion will ſtand thus 
m? + m + om | 
2me + 4me E me. . . 2ume P. Nov it is evident 


Pa » 1 0 0 n*e* 


that the ſum of the firſt „or ſeries, is „* : allo 
the ſum of the ſecond, or 2meX1+2+3+4:- 


appears (by caſe 1) to be 2me I, ; and that of 


the third, or * X 1＋4 TT 9 T1606. . * (by caſe 2) 


S * 277. therefore the ſum of the 


whole =p m+ 0 + m + - 20] + m + 30 | 


ome ne\ i ="n.m + A. n +1.me + 
2 — * | 


6 
In like manner, if the ſeries propoſed be 


Y N f Ta; 


may it be reſolved 


I+I+ L..... I xm 
into I+2+ r is * 
inp e wet un, by 


I+8+27.....0x0 the 
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the aforementioned Theorems, will appear to be 


TDA 


.. And, by following the ſame method, 
4 | 

the ſums of other ſeries's may be.determined, not only 

of powers, but likewiſe of rectangles, and ſolids, &c. 


provided that, their ſides, or factors, are in arithmetical 
progreflion. Thus, for example, let there be propoſed the 


ſeries of rectangles m+e.p+e + m + 2e.p + 28 
m e.p ... . MTT. Then, 
x RE £4 nally ule —— and the 
terms placed in order, the given ſeries will be reſolved 
into the three following ones: 
mp er +_m + mp e 
mb p,t4mbp.2e4mSp. MP. 44... 4A. 
by 5 7 ry. | A ho —_ * 
Whereof the, reſpective, ſums (by caſe 1 and 2) are 
mp X n, Pp. ex 2, and & x IN: 


2 6 
and the aggregate of all theſe, or 


nx mp TV D . e, con- 
Coney the true ſum of the ſeries of rectangles pro- 
poſed. * 


From this laſt expreſſion, the number of can- 
non-ſhot in an oblong pile, whether whole or broken, 
will be known, For, ſuppoſing e = 1, our ſeries of 


rectangles becomes m1 .p +1 + m+2.0+2 + 
m3. P ＋3 .. . . + m+n.p+n; and the ſum 


thereof * . = i= 
2 

the number ſought : where n + 1, and p + 1, repre- 

ſent the length and breadth of the . rank, or 

tire ; n being the number of 8 one above 3 

5 ut 
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But the expreſſion here brought out may be reduced to 


Z x 2m +n + . TTT which 


15 better adapted to practice, and which, expreſled in 
words, gives the following rule. i 
To twice the length, and to twice the breadth of 
the uppermoſt rank, add the number of ranks leſs one, 
and multiply the two ſums together; alſo multiply the 
number of ranks leſs one, by that number more one, 
and add 4 of this product to the former; then + of the 
ſum, multiplied by the number of ranks, will be the 
anſwer. | | | 
As a rule of this ſort is of frequent uſe to perſons 
concerned in artillery, it may not be improper to add 
an example or two, by way of illuſtration. 


1. Suppoſe a complete pile, conſiſting of 15 tires, or 


ranks, and ſuppoſe the number of ſhot in the upper- 
moſt (whick in this caſe is a ſingle row) to be 32. 
Then the firſt product, mentioned in the rule, will be 
64 ＋14 X 241 14 78 * 16 = 1248; and the ſe- 
cond = 14 Xx 16 = 224; + whereot 1s 7445, and this, 
added to 1248, gives 13224; whereof + part is 3303; 
which, multiplied by 15, = 4960, for the whole 
number of ſhot in ſuch a pile. 


2. Let the pile be a broken one, ſuch that the length. 


and breadth of the uppermoſt tire may be 25 and 16, 
and the number of tires 11. | | 

Here, we have 50+10 x 32-10 = 60 x 42 = 2520, 
for the firſt product; and 12 x 10 == 120, for the ſe- 


| 2500 
cond: therefore = 7 12 040 X II == 7040, is the 


true anſwer, 

Having exemplified the uſe of the Theorem, for find- 
ing the ſum of a ſeries of rectangles, I ſhall here ſubjoin 
one inſtance of that preceding it, for determining the 
ſum of a ſeries of cubes; wherein the value of the 


firſt 10 terms of the progreſſion 2 — I + 3+24/2\ 


+4 +3/2} + 5 + V, &c. is required. Here, 


e being 


{ 
| 
| 
þ 
d 
\ 
( 
t 


„ „ 


he 
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e being 1+ 4/2, n will be 1; therefore, by writing 
10, 1, and 1+,/2 for u, m, and e, reſpectively, in the 


general expreſſion, it will become 10 + — 5 . 


+ 10,1-21.1+y/2 4 100.121 .1+y/2 = 
2 


24815 + 17600,4/2, the value ſought. 

If any one is deſirous to ſee this ſpeculation carried 
further, ſo as to extend to ſeries's of powers whoſe in- 
dices are fractions; ſuch as ſquare roots, cube roots, 
Sc. I muſt beg leave to refer to my Eſſays, where it is 
treated in a general manner. Here I muſt defire the 
reader to obſerve, once for all, that the Theorems 
above found will hold equally, in caſe of a deſcending 
ſeries, ſuch as iu — e* + * — 2e|', Sc. or n — 26] 
+ m— 2|', Sc. provided the ſigns of the ſecond, 
fourth, &c. terms be changed ; as is evident from the 
inveſtigation. 

Although the ſubject of this Section has, already, 
been pretty largely inſiſted on, yet it may not be im- 
proper to add a different method, * the ſame 
concluſions will, in many caſes, be more eaſily derived: 


in order to which it is neceſſary to premiſe the ſubſe- 


quent 
LEMMA. 


If a+b+ic+d4+e+ &c. be a ſeries, whereof 
the terms a, 6, c, d, &c. are fo related to each other, 
that the ſum, or value thereof can be univerſally ex- 
pounded by an expreſſion of this form, viz. An + B 


Xnxn—1+ Cxnxn—IxXi—2+Dxnxn—L 


XxX n—2 Xn—9}, &c. n being the number of terms to 
which the ſeries is to be continued, and A, B, C, D, 
Sc. determinate coefficients; then, I ſay, the values of 
thoſe coefficients will be as hereunder ſpecified, viz. 


A = @&, 


— 42 45 
B = 2 TINY 


C= 


212 The InvesTIGATION of | 


— 2b 
CIR”, 2 - <a 


2.3 
e nant ou > 
6 s 
Err 
geen . 
Sc. &c. 3 
For, ſince the equation Ax n + Bxnxn—1+ 
Cxunxn—lxn=—2+Dxnxn—1Ix1n—2X1—3 
Sc. =a+b+c+4d + e, &c. is ſuppoſed to hold 
univerſally, let the number of terms be what it will, 
let » be expounded by 1, 2, 3, 4, &c. ſucceſſively, and 
the general equation will become 
nd © —” OS 
2*.2A + 2B=a+6, 
3% 3A+ 6B4+ 6C=a ++; 
4*4A +12B+24C+ 24D ga TUT? 
5˙. 5A + 20B+ boC +120D +1 on =a+b+c+dþt, 
N. | c. a 


Now, the double of the firſt of theſe equations being 
ſubtracted from the ſecond, it's triple from the third, 
and it's quadruple from the fourth, c. we ſhall have 
22 = — 4, 
6B + 6C=—2a+b+c, 
12B+24C+ 24D=—3a+b+c+4, | 
03 4+ 60C +120D ©5308 =—4a-+b+c+d+e, 
A 0 


Again, if the triple of the firſt of theſe be ſubtracted 


from the ſecond, and it's ſextuple from the third, &c. 


we ſhall, next, have 
*bC=a—2b-bc, 
24C+ 24D=3Ja—5b+ci +24, " 
6oC +120D +120E = ba—9b AT. 
Moreover, by taking the quadruple” of the firſt of 


theſe from the ſecond, Ec. we get 


*:4D=—a+3b—3c+4, and 
20D +120E==-4a+i1b—gc+dþe; 
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from the latter of which ſubtract the quintuple of the 
former, and there will remain | 
 ®120E=a—4b+bc—4d+e. 
Now divide each of the equations mark'd thus, *, by 
the coefficient of it's firſt term, and there will come out 
the "oy values of A, B, C, D, &c. above exhibited, 


Q. E. 
COROLLARY. 
If every term of the propoſed ſeries a, ö, c, d, &c. be 
ſubtracted from the next following, the firſt of the 
remainders, — a + b, - + ©, —c+d, —d4+e, &c. 


divided by 2, gives the value of B, the coefficient of 


the ſecond term of the aſſumed ſeries. And, if each of 
the quantities thus ariſing be ſubtracted from it's ſuc- 
ceeding one, the firſt of the new remainders, a — 2b + e, 
b— 2c + &, „ e, &c. divided by 6, will be 
equal to C, the ient of the third term of the 
ſame ſeries. In like manner, if each of theſe laſt re- 
mainders be, again, ſubtracted from it's ſucceeding one, 
the next remainders will be, — a + 360 — 3c +4, — 5 
+ 3c — 34 + , &c. whereof the firſt, divided by 24, 
ives the coefficient of the fourth term, &c. c. There- 
ore, if the firſt remainder of the firſt order be denoted 
by P, the firſt of the ſecond order by the firſt of the 
third by R, the firſt of the fourth by S, &c. then, 
1 B. 8 


=C, —— =D, — 
2 2, 2.3. 2.3.4.5 
= E, &c. it is manifeſt that the ſum of the ſeries a + b 
T T4 T Ke. will be truly expreſſed by 
Gs p N X An —1 = X t—1 X #—2 
n 1.2 + Qx AER 
R Lr e 
129 1.2.3.4 + 
Sx I n—=2 x 1 —3 x t=—4 . 
1.2.3-4+5 In 
E 1. Let the ſum of the ſeries of ſquares 
144 . Then, tak- 
3 ing 


N 
] 


7 
I 
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ing the differences of the ſeveral orders, according to 
the preceding corollary, we have | 
I, 4, 9, 16, 25, 36, &c. 
3, 5, 7» 9s 11, &c. 
. 
. 
Therefore, à in this caſe being =1, P=3, Q=2, 
and R, 8, Sc. each = o, the ſum of the whole ſeries, 


i+4+9g9+16+25....., is found = n + 
EE DEE EL 4 WL = 


nxn+HIxX2n+1, ; 
6 | L 
Example 2. Let it be required to find the ſum of n 


terms of the following ſeries of cubes, viz. 27 + 64 
+ 125 + 216 + 343 + 512, &c. Proceeding here, 


as in the laſt example, we have 
27, 64, 125, 216, 343, 512, &c. 
37, 61, 91, 127, 169, &c. 


| . 
Therefore, by ſubſtituting 27 for a, 37 for P, 24 for 


C, and 6 for D, we thence get 
| 371nXn—T , 24nXn—1Xu—2 
27 2 — — 

my 2 by 243 OT 
P wich. abbrariatet”. be- 

 . 2..3-4 
n* , 5 

comes = —— — = 25 + 15”, the ſum, or value 
required. | 


Example 3. Let the ſeries propounded be 2 4+ 6 4 12 
+ 20 + 30, Ec. In this AG we have * 
2, ©, 12, 20,. 30, &c. 
45 6, 8, 10, &c. 
„ . 2» 
Hence, 


* 
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' Hence, a being = 2, P=4, Q = 2, and R, 8, 
c. each = o, the ſum of the ſeries will therefore be 


— — — 3 
LES 14 2X0 1Xn 2 __ 2 
2 


© 3 
— nxXn+IX1n+2, 


And in the very ſame manner the ſum of the ſeries 
may be truly found, in all caſes where the differences 
of any order become equal among themſelves : and 
even in other caſes, where the differences do not termi- 
nate, a near approximation may be obtained, by carry- 
ing on the proceſs to a ſufficient length. 


SECTION XV. 


Of Figurate numbers, their ſums, and the ſums of 
their reciprocals, with other matters of the like 
nature. 


8 HAT ſeries which ariſes by adding together a 
rank 
Units (call'd Fig. No. of the iſt ord.) q 8 2 F: 


Figurate numbers of the 2d order? 3d 

f Figurate numbers of the 3d order 

or TFigurate numbers of the 4th orde 

Figurate numbers of the 5th order 

Figurate numbers of the 6th order 
Therefore the figurate numbers 

1{t order „ 


— 


is called a fer 
fig. numb, o 
order, 


2d order a. 3. 3. 4a: 
of the 4 3d order > are 41.3. ©. 10. 15, &c. 
4th order I . 4. 10. 20. 35, &c. 
5th order - 1.5. 16. 35 » 70, &Cc. 


Hence it is manifeſt, that, t nd a general expreſſion 
for a figurate number of any order, is the ſame thing 
as to find the ſum of all the figurate numbers of the 
preceding order, ſo far. Let » be put to denote the 

| | P 4 - diſtance 
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diſtance of any ſuch number from the beginning of its 
reſpective order, or the number of terms in the pre- 

ceding order whereof it is compoſed : then it is evident, 
by in eAion, that the ſum of the firſt order, or the nth 
term of the ſecond, will be truly expreſſed by n, the 
number of terms from the beginning. It is alſo evident, 
from SeR. 14. p. 205, that the ſum * the 3 order, 


ö 141 
1+2+3+4. , will be © + 2 == x T ) 
which, according to the kt « WE: hp is ws 
the value of the 7th term of the third order. Hence, 
if the numbers 1, 2, 3, 4, 5, &c. be — wrote 


Inſtead of u, in the general expreſſion — 24 = we ſhall 


thence have 5; ＋ 2, * +3, 2+ + 45 4, DP +3 
Sc. for the values of the firſt, f. ſecond, third, fourth, 
fifth, Sc. terms of this order, reſpeQively ; ; whence it 
appears, that the ſeries 1 + 3+ 6+ 10+ 15+ 21, Ce. 
may be reſolved into theſe two others, viz. 


142 Tiere, Kc. and 
inn ++ 3 + > &c. 
The former of which being a * of ſquares, it's ſum will 
1 


therefore be = & + = 7 * = (by caſe 2. p. 205) and 
that of the latter feries (by 5 1. p. 205) appears to be 


475 and the aggregate of both, which is 


572 + — * (or 2x = x 22) will be the true 
-value of 4 ropoſed ſeries 1 + 3 + 6 + 10 + 15, 
c. continued to x terms, and therefore equal, like- 
wiſe, to the »th term of the next ſuperior order, 
1+4+10+ 20+ 35, Oc. Let, therefore, 1, 2, 
3, 4, 5, Sc. (as above) be fucceſhvely wrote fo in 


n* 


this general expreſſion, 377 +5 „and it will be- 


come 2 ＋1, 3+$+3> * , AISS 
De. for the values of the firſt, 4 1 thi N 4 
— 
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terms of the fourth order, reſpectively; whence it ap- 


that the ſeries 1 + 4 + 10 + 20 Ge. 
be reſolved into theſe three others, viz. + 353 ay 


1+8+27+64+125+216,...” 
| 8 19. : 
I+4+9+16+25+36....n 


. 2 | 
14+ 2+ 3+ 4+ 5+60-:--.". 
| 3 


| 1 „„ 75 
whereof the ſums are 2 ＋ 13 24 57177 
and ＋ Þ (% r 200 and 205) the aggregate of 


w* of 11n* n, 22 n-1 
which, or += + T + 41 87 * 5 


= — will conſequently be the true value of 
the whole ſeries. After the ſame manner the ſum of the 


fifth order will appear to be E x X E 


x 2.22; Gm whancs the law of n om 


nifeſt. And it may not be amiſs to obſerve here, that, 
though the concluſions thus brought out, are derived by 
means of the ſums of powers, determined in the pre- 
ceding ſection, yet the ſame values may be otherwiſe 
obtained, by a direct inveſtigation, from either of the 

two general methods there laid down. | 
In order now to find the ſum of the reciprocals of any 
ſeries of numbers, ſuppoſe 1 + 6 + bc + bee 
＋ bede + bedef + &c. to be a ſeries whoſe terms con- 
- tinually decreaſe, from the firſt to the laſt, ſo that the 
laſt may vaniſh, or become indefinitely ſmall : then, by 
taking the exceſs of every term above that next follow- 
ing one, we ſhall have 1 — b, b X 1—0c, be X 1-4, 
 bidX1—#, bide x 1— f, &c. The ſum of all which 
10, 


* 
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is, evidently, equal to the exceſs of the firſt term above 
the laſt, or equal to the firſt term, Barely; becauſe the 
laſt is ſuppoſed to vaniſh, or to be indefinitely ſmall in 


reſpect of the firſt. Hence it appears that 1 —b + 
bx tex i=d + dx T—e ball x Tf, 
C. = bo 


— e 
Let ö be now taken , 722 = ID 


2 =- Then, 1 —& being = 


32 — NM 42 — 2 — 1 4 — 1 
5 1— 42 e 
&c. we ſhall, by ſubſtituting theſe ſeveral values in the 

* Bp a—m m a—m Mm 
above equation, have —— + 7 * JF + 7 


mp a—m Em mp me a- 
r THT Thr Tn 


=1 3 and conſequently 1 + z x Et 
m f m+7 a 


7＋ * 77 * 22 &c. = , by dividing 


the whole by 


Hence, if q be taken = 2p, 1 = 35, 5 = 45, &c. 
and 8 be put = a + p, we ſhall have 1 + f + 


mmTp,m.mtTp.m+ XY 2 4 * T. T 2þ.m+ 35 
8-8+p 6. TP. ST B-&+p.8+2p.6+ Pp 


+ Ke. ad inf, = = ; which, when 
m. I. M. I. 142 


m 
p=1, been! +3 arri 


— 7 5 

—_— : this, by taking m = 1 and 
: I 1.2 1.2. 

n, gives I + = t —== + 3 + 


n.an+l n.n+1n+2 


+ &e. 
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1.2.3.4 1—1 WM 
T 1. 1 T1. 1 T4. 173 * i hibleing 


the general value of a ſeries of the reciprocals of fi- 

rate numbers, infinitely continued; whereof the or- 
* is repreſented by n from whence as many parti- 
cular values as you pleaſe may be determined, us, 
by expounding » by 3, 4, 5, &c. ſucceſſively, it ap- 
pears that 


ny 1 1 I 
NN, 


LS 2 
17147772 r : 


2 
1 I I I 4 
THE GA a | 
And fo on, for any higher order ; but the ſums of the 
two firſt, or low os — cannot be determined, theſe 
being infinite, ; 
By interpreting 8 and m by different values, the ſums 
of various other ſeries's may be deduced from the ſame 
general equation. Thus, in the firſt place, let B = 


m ＋ 23 ſo ſhall the faid equation become 1-774 


 m.m+1 m. +I " m.m+1 


m+2.m+3 m+3.m+4 m+4-m+s 
=m+1; which, divided by n. 141, gives 
i = Ed 1 I 


SS t 1. 
mami MTI. ＋2 MZ. u＋3 3 n ＋4 
&c, = = 

Again, by taking 8 = m + 3, and dividing the 
whole equation by m. m 1. m2, we have 


I I I 1 
m. mI. u 2 * ꝶm I. A ＋ 2. * * 
1 1 


= => &c. = jp 
m+2.m+ 3.m+4 " m.m-p1.2 


— - 
EE hd 


— 
- ray A I Ae. 5 ”_- 


825, andp=2; and conſequently = .* 
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| I 

manner ave —= ——— 
* — m. I. 2. 1＋3 
ae Ny „&c. = : — 
m--1.m NT 2. z _—— m.m++1.m 42. 
IG 9 the = for continuing 4 0 thets 
laſt kinds of ſeries's is manifeſt ; by which it appears, 
that, if inſtead of the laſt factor in the denominator 
of the firſt term, the exceſs thereof above the firſt fac- 


* 


tor be ſubſtituted, the fraction thence ariſing will truly 


expreſs the value 'of the whole infinite ſeries. 
A few other particular caſes will farther ſhew the 


uſe of the general equations above r 


Let the fum of the ſeries 1 f + © x 4 


7 
r: &c. ad infini- 
tum, be required, 
Here, by comparing the propoſed ſeries with 1 + 4 
m. mA 


+ 8.8+p * E we have m = 2, 


I 
the true value of the ſeries. 


Let the ſum 8 infinite ſeries of this form, vix. 
I 


r.2.3&c. TR => + 722 + b. be de- 


manded. 


Here (according to the preceding rule) we have 


1 - + . , &c. = — =1; 


+ I I I I 
7.3 zin 7 gg . 7.2 24+ 
12 — APY 1 e. a. 1 

1. 2.3.4 La 3.1.18 1.2.3.3 18 

c. 
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If, inſtead of the whole infinite ſeries, you want the 


ſum of a given number of the leading terms, only ; 
then let the value of the remaining part be 2 


aboue, and ſubtracted from the whole, and you will 
have your deſire. 
Thus, for inſtance, let it be required to find the ſum 


L I I 1 
of the ten firſt terms of the ſeries 1.4 1 737 74 


| _— I 
777 Sc. Then the remaining part, ——_— 
I I I : I 
12.13 * 13-14 * 14.15? Sc, being = f ( the 


rule above) and the whole ſeries = 1, the value here 
ſought will therefore de 1 — — = —. The like of 


others. | 
The ſums of ſeries's ariſing from the multiplication 


of the terms of a rank of figurate numbers into thoſe 
of a decreaſing geometrical progreſſion, are deduced in 
the following manner. 

By the theorem for involving a binomial {given at 
p. 40. and demeniirited hereatter) it is known that 


= (or 1A ) is =1+me+ 2 


I—x 
12.1 Shoe = . E. -. . *, 


&c. In which equation let be expounded by 1, 2, 
3, 4, 5, Cc. ſucceſſively, fo ſhall | 


P. —=1+x+* +++ + &c, 
2 1+ 25 +36 +48" + 53% + 60), f. 
P. = =1+3r+ 65h 10x* Þ15x*þ+ 2145, &c. 


4 — * =1 + 4x +10x*-+ 20 Tee &c. 
5% 
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5*, = =1+5x+15x*+35x*+ , b, &e, 


. | 
69, — =I+b6x+21x*+ 56x*+126x*+252x*%,&c, 
— 
All which ſeries's (whereof the ſums are thus given) 
are ranks of the different orders of figurate numbers, 
multiplied by the terms of the geometrical progreſſion 
. OC 


From theſe equations the ſums of ſeries's compoſed 
of the terms of a rank of powers, drawn into thoſe of 
a geometrical progreſſion, ſuch as 1 + 4x + 9x* 16, 
&c. and 1 + 8x + 27x* + 64x*, &c. may alſo be de- 
rived ; there being, as appears from the former part of 
this ſection, a certain relation between the terms of a 
ſeries of powers and thoſe of figurate numbers ; the lat- 
ter being there determined by means of the former. To 
find here the converſe relation, or to determine the 
former from the latter, it will be expedient to multiply 
the ſeveral equations above brought out, y © certain 
number of terms of an aſſumed ſeries 1 + Bx* 
+ C, &c. in order that the coefficients of the powers 
of x may, by regulating the values A, B, C, D, &c. 
become the fame as in the ſeries given. 


Thus, if the ſeries given be 1 + 4x + 9x* + 16x* + 
25x*, &c.; then, by multiplying our third equation 
Ax — 
by 1 + Ax, we ſhall have J=1+ 3+Axx 
— x • 
＋O＋ 3A xx* + 10 + bA x x* + &c. which ſeries, 
it is evident by inſpection, will be exactly the ſame, 
in every term, with the propoſed one, if the quantity A 
be taken = 1. The ſum of the ſaid ſeries, infinitely 


continued, is -therefore truly repreſented by — 
| 1 — 
I 


I—x 
1 + 4x + 10x* ＋ 20x* + 35, &c. be multiplied by 
| FI 


In like manner, if the fourth wan = 


x*, there will ariſe — 
4+Axx+10+4A+B xx*+ 20+10A +4Bxx), 
&c. where, the ſeveral terms of the ſeries being com- 
pared with thoſe of the ſeries 1 + 8x + 274* + 64, &c. 
we have 4 + A=8, and 10 + 4A +B = 27; 
whence A = 4, and B = I; and conſequently, by ſub- 


ſtituting theſe values, — = 1 + 8& + 27x* 


+ 64x* + 125x*, &c. 
Again, by multiplying the fifth equation, === = 


1—x 

* „&c. Ax Bx* Cai, 
e — 2 
1. becomes —"—T a : =1-+5+Axx+ 


15+ FAB + 35+ I5A+;5B+Cxx,&c. 
And, by comparing the ſeveral terms of the ſeries with 
thoſe of 1 + 16x + 81x* + 256x?, &c. we get 5 + A 
= 16, 15 + 5A +B=8r, and 35 + 15A + 5B+ 
=256: whence Arm II, B(=81—15—55) =11, 
and C (= 256 — 35 — 220) = 1; and conſequently 
III + 11x* + K 
— = 1-+16x+81x* + 256, &c. 
By proceeding the ſame way it will be found, that 
1+ 26x + 66x* + 26K 4 4 | 
* 0 = I + 25x + Z'x* + 


I — x 
4*x* + &c. &c. 
i m +1 
And, univerſally, putting a = my b=m. — 
. E. x. and multiplying the gene- 
ral equation, — =I+ ax +b*+ cx + d, &c. 
— of A 


by 1 + Az + B + Cx + De,, &c. there ariſes 
I + Ax + Bx?, &c. — 
> —_—_T  _—cI+A xz + 


6£=M. 


1— FX 
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b + AB x * + c ATEN“ x *, &c. 
e terms of which ſeries being compared with thoſe 


of the ſeries 1 + 2 + 3'x* + 4 + 5's, &c. 
we have A 2 — à, B 2 3 24 — 5, C24 — 
aB -A- , D=5;— C B — A — 4, &c. ä 


| where the law of continuation is manifeſt ; and where, 
| from the law obſerved in all the preceding caſes, it ap- 
pears, that the value of m muſt exceed the index u, of 
the given ſeries of powers, by an unit; and that 
the ſeries 1 + Ax + Bx* + C, &c. will always con- 0 
ſiſt of x terms; whereof the coefficients of the firſt and 
laſt, the ſecond and laſt but one, Ic. will be reſpectively - 
equal to each other : ſo that, having found from the - 
preceding equations as many of the quantities A, B, C, 
&c. as are expreſſed by zn — 1, the others will be given c 
£ 3 3 q I+ Ar+Bx*+ C, &c. 
from thence, and conſequently, =F* 


the true value of the propoſed ſeries x + 2 x + 32 


+4x*.&, Thus, for example, let 1 2 6; then 
m=7=a b = 28, A= 64 — 7 = 57, B 729 
— 399 — 28 —= 302 and therefore 


e | + we + 


Z 1 
z + 4˙ , &c. and fo of others. 

Theſe equations, or theorems, give the ſum of the 
whole ſeries, —_— continued ; but from thence 
the ſum of any aſſigned number of terms may be deter- 
mined, not only when the coefficients are a ſeries of 
powers, but likewiſe when they are produced by factors 
that are unequal : the method of which I ſhall in. 
ſtance in finding the ſum of # terms of the ſeries 
— —— 7 — — — — r + — 
1 +f—2-8—29-2 +f=P- 
2717.2 + &c. Which ſeries, by actually mul- 

tiplying the factors together, is reſolved into the three 

following ones, 
f8% 


Nm dd << OY Joc HH > wm, % + An 


1 


„ ww w e Fr -—” 1 w =» 


Oc. But the ſum of the t firſt 
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foz K I T +2" +" +2*, Ke. 
-A TY x1+2z ＋ 32 +4", &e. 


r V 2 3 
+ pgz x 1+ 42 + 9z + 162 „ &c. 
The ſum of the 25 of theſe, infinitely continued, 


ſuppoſing x = z „ will be = 2 =; that of the - 


cond = == — —; and that of the third = 


I+x. paz : 

Nr „ by what has been above determined; and 
— x 

conſequently the ſum of all the three equal to 


r 


z fa +80 , 4:1 F+* __ 
= ds 1—a* © | 
nite ſeries /. g—q.2 po 2þ. 8 — 24. rs 

terms only is wanted; 
therefore the ſum of all the remaining terms, after the 


t firſt, muſt be found in like manner, and.be deducted 
from the ſum of the whole, here given. Now, to do 


the whole infi- 


this, we are firſt to get the leading term of the ſaid 


remaining ones; which, according to the law of the ſo- 


nies, will be expreſſed by F =. . 


whence, if we make f—#p=h, g— r, and 
r+tv= 0s, it is evident, that the ſeries to be deducted 
will be J. I. 4-3 2p. lo pc 
which having the very ſame form with that firſt pro- 


poſed, it's ſum will therefore be had by, barely, writing 

h for /½, k for g, and s for r, in the value above deter- 

min | 
* 


: which, thereby, becomes 


2 by + # , . 
n 4 I- 


Tn 
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In the ſame manner, ſuppoſing the ? firſt terms of the 
ſeries a —p.b—p.c—þp.d4—þp.&C. x z + a — 29 


5. . J — 25. &c. „2 „ &c. were to 
be required; by N continual product of all the 
quantities a, 5, c, 4, &c. =P; the ſum of all the 


P P 
products ( 4+ 7 18 Kc.) that ariſe by omitting 


one letter in each, = Q ; the ſum of all thoſe 


P 2 


25 - as &c. ) by omitting two letters, = R, &c. 


we ſhall here have 


Rp*.1+4 x 
r P — — — — —— Na 
dM 2 * 12 N 
* p31. + 4x + x Typ“. III IIK 4+ x7 


1 . : 


&c. for the ſum of the whole infinite ſeries : and, if 


we make 4 = a — tþ. b = b — th, r=r + tv, &c. 
it is evident that the ſum of the remaining terms, after 
the t firſt, will be truly expreſſed by 


- 


* * Q þ Rp*. r+x Sz, 1 + 4x + x* 
e 1 ng — abt 


&c. where & z , and P, Q, R, S, &c. are the 


ſame in relation to a, b, c, d, &c. as P, Q, R, 8, &c. 
in reſpect to a, b, c, d, &c. 

A multitude of other caſes and examples might be 
given, there not being, in the whole ſcope: of the 
mathematical ſciences, a ſubject of greater variety 
and intricacy than this buſineſs of feries's : but to pur- 
ſue it farther here would be inconſiſtent with the gene- 
ral plan of this work. Such, therefore, who are deſi- 
rous of a greater infight into the matter, may, if they 
\ pleaſe, turn to my Miſcellanies, where it is carried to 

A greater length. 


From 


— — n " i — r dh... a a— 


fined by 
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From the ſeries's for figurate numbers, derived in 
the former part of this ſection, the inveſtigation of 
a general theorem for determining how many dif- 
ferent combinations any number of things will admit 
of, when taken two by two, three by three, &c. may 
be very eaſily deduced. Let the number of things in each 
combination be, firſt, ſuppoſed two, only , and let n be, 
univerſally, put to repreſent the whole gumber of things, 
or letters, a, b, c, d, &c. to be combined When the num- 
ber of things is only two, as a agi , it is evident that 
there can be only one combingn (4); but, if n be 
increaſed by 1, or the letter be combined be three, 
as a, ö, c, then it is plain that the number of combina- 
tions will be increaſed by 2, the number of the preced- 
ing letters @ and þ ; fince, with each of thoſe, the new 
letter e may be joined; and therefore the whole 
number of combinations, in this caſe, will be truly ex- 
preſſed by 1 + 2. Again, if » be increaſed by one 
more, or the whole number of letters be four, as a, 6, 
c, d; then it will appear that the number of combina- 
tions muſt be increaſed by 3, ſince 3 is the number of 
the preceding letters, with which the new letter 4 can 
be combined, and therefore will, here, be truly ex- 
pounded by 1 + 2 + 3. And, by reaſoning in the 
ſame manner, it will appear, that the whole number of 
combinations of two, in five things, will be 1 + 2 + 
3+ 43 in fix things, 1 +2 + 3+4 +5; and in 
even, I + 2 + 3+ 4+5+6, Sc. Whence, uni- 


verſally, the number of combinations of » things, taken 
two by two, 1s — I+2 +3 ＋T 44. t—T: 
which being a ſeries of figurate numbers of the ſecond 
order, where the number of terms is » — 1, the ſum 
thereof, by caſe 1. p. 205, will therefore be truly de- 


221 n 21. 
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1 2 


Let now the number of quantities in each combination bt 
ſuppoſed to be three. 


It is plain, that, in three things, a, ö, c, there can 
"FR be 


Ac . .. —— —-— — — 


* 


4-7-4 TAC DIES. l 


„ 


_— 
, 


223 Of ComBinATI1ONS. 


be only one combination; but, if » be increaſed by 1, 
or the number of things be 4, as a, 6, c, d, then will the 


number of combinations be increaſed by (3) the number 
of all the combinations of two, in the preceding letters 


a, b, c; ſince with each two of thoſe the new letter d 
may be combined ; therefore the number of combinati- 
ons, in this caſe, is 1 + 3. Again, if = be ſuppoſed 
to be increaſed by 1 more, or the number of letters to 
become five, as a, b, c, d, e; then the number of 
combinations will be increaſed by fix more (=1 + 2 
＋ 3), that is, by all the combinations of two, in the 
four preceding letters, a, b, c, d; ſince (as before) with 
each two of thoſe, the new letter e may be combined, 
Hence the number of combinations of » things, taken 
three by three, appears to be 1 + 3 + 6 + 10, &c. 
continued to » 2 terms; which being a ſeries of figu- 
rate numbers of the third order, the value thereof, by 
what is before determined (p. 216) will be truly expreſſed by 
n—2 n—1l 1 122 
5 X'—, or, its equ N 

And, univerſally, ſince it appears, that increaſing the 
number of letters by 1, always increaſes the number 


of combinations by all the combinations of the next in- 


ferior order with the preceding letters (for this obvious 
reaſon, that to each of theſe Tat combinations the new 
letter may be joined), it is manifeſt, that the combina- 
tions, of any order, obſerve the ſame law, and are ge- 
nerated in the very ſame manner as figurate numbers; 
and therefore may be exhibited by the ſame general 
expreſſions ; only, as there are 2, 3, 4, 5, &c. things 
neceſlary to form the firſt, or one. ſingle combination, 


according to the different caſes, it is- plain, that the 


number of terms muſt be leſs by 1, 2, 3, &c. reſpec- 
tively, than (n) the number of things; and therefore, 
inſtead of u, in the aforeſaid general expreſſions, we 
muſt ſubſtitute »— 1, z—2, or n— 3, &c. reſpectively, 


to have the true value here. Hence, the number of 


combinations of two things, in x things, will be 


as K of thr . 
— — — — — 5 
1 ; . 1 


OI 
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whence, univerſally, the number of combinations in any 
number, n, of things, taken two by two, three by three, 
* 


Sc. will be expreſſed by Cer molar ada wa. 
Sc. continued to as many factors as there are things 
each combination, | 

From this laſt general expreſſion, ſhewing the com- 
binations which any number of quantities will admit 
of, the known theorem for raiſing a binomial, to an 
given power, is very eaſily, and naturally derived, 


For, it is plain that TE = Nie; 


| +6 be 
which, multiply'd by a + d, gives 4 + c 1145. 4. 
+ 4 cd 


bed =a+bxa+cxa+d; and this, again, multi- 
plied by a + e, gives | 
c 
+53 +1) * 
o . +6 14 a + bede = 
＋ e + ce ＋ cat 
＋ de 
a+bxa+ecxa+dxape. 


Whence it appears, that the coefficient of a, in the 
ſecond term, is always the ſum of all the other quantities 
b, c, d, &c. added together; and that the coefficient of 


the third term is the ſum of all the products of thofe 


quantities, or of all their poſſible combinations, taken 
two by two; fince, from the nature of multiplication, 
they muſt be all concerned alike, in every term : whence 
it is alſo manifeſt, that the coefficient of the fourth term 


muſt be the ſum of all the ſolids of the ſame quantities, 


or of all their poſſible combinations, taken three by 


three, &c, Se | 
Q 3 Hence, 


— 
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Hence, if the number of the quantities 5, c, d, e, &c, 
or the number of the factors, a +b, a+c., a ＋ 4, 
a + e, &c. to be multiplied continually together, be 
denoted by n; it follows, that the number of letters, or 
quantities in the coefficient of the ſecond term of the 
product will likewiſe be denoted by n; that the num- 
der of all their products, or of all the cognbinations of 


two, in the coefficient of the third term, will be n x . — 


( it having been ſhewn above, that the number of com- 


MN] 
binations of n things, taken two by two, is 1 x ) 


and that the number of all the ſolids of thoſe quantities, 
or all the combinations of three, in the coefficient of the 


fourth term, will be A x nn . Sc. Therefore, 
if all the quantities 5, c, d, e, &c. be now taken equal 
to each other, it is evident, that a +bxa+cxa+4d 
X a+ e, &c. will become a+bxa+bxa+bxa+6, 


&c. or a + b| ; and that the coefficient of the power 


of a, in the ſecond term of the product, will be »b ; in the 


third n x — . (ſince all the rectangles, as well as 
all the ſolids, c. do here become equal); and in the 


1 n-——2 f 
x © 4, &c. But it is evident, from 
the nature of multiplication, that the powers of a, in 


0 WS 
fourth » X 


the ſecond, third, fourth, &c. terms of a + 6 raiſed to 


| mT —2 #u—3 
the power n, are a „ „ „ Sc. Therefore 


4 + A, or a + b raiſed to the power n, is truly ex- 
preſſed by a + nba” ob n X — Wa 4 1*̃ — - 


— 2 
2 = dy —1 
N Ke” bag 8 Ee. Or 4 + na 13 + 1 2 * 5¹ 


1 —1 1 —2 


"7X 2 X 3 2 9, Sc, as was to be ſhewn. 
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SECTION XVL 
Of Intereſt and Annuities, 


7 ral! may be either ſimple or compound: 
ſimple intereſt is that which is paid for the loan of 
any principal, or ſum of money, lent out for ſome li- 
mited time, at a certain rate per cent. agreed upon be- 


tween the borrower and the lender, and is always pro- 


portional to the time. Thus, if the rate agreed upon, be 
4 per cent per annum, or, which is the ſame, if the in- 
tereſt of 100 J. for one year be 4 /. then the ſimple in- 
tereſt of the ſame ſum, for two years, will be 8 J. for 
three years 12 J. and for 4 years 164. and fo on for any 


- other time, in proportion. 


Compound intereſt is that which ariſes by leaving the 
ſimple intereft of any ſum of money, after it becomes 
due, together with the principal, in the hands of the 
borrower, and thereby converting the whole into a new 
principal. Thus, he who lets out 100 J. for one year, 
at the rate of 4 per cent. has a right to receive 104 J. at 
the year's end ; which ſum he may leave in the bor- 
rower's hands, a ſecond year, as a new principal, in 
order to receive intereſt for the whole ; and this inte- 
reſt (which will be found 47. 3 s. 24 d.) together with 
41. the intereſt of the firſt 3 for the firſt year, 
will be the compound intereſt of 100 J. for two years: 
and fo on, for any greater number of years. But I 
ſhall firſt give the inveſtigation of the theorems for 
ſimple intereſt, 

t the rate per cent. or the intereſt of 100 J. for one 
year = 7; the months, weeks, or days in one year 
= tft; the months, weeks, or days which any ſum, a, 
is lent out for n; and the amount of that ſum in 
the ſaid time, viz. principal and intereſt, = 6. 

Then it will be as 100 is-to 7 (the intereſt of 1007.) ſo is 


the propoſed ſum (a) to —-, the intereſt of that ſum, 


for the ſame time, Again, as t, the time in which 
; Q 4 the 


1 — 
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he ſaid intereſt is produced, is to n (the time propoſed) ſo is 


ar anr 
— intereſt i er of theſe times, to 
— the intereſt in the former & — 


that in the latter; which added to, a, the principal, gives 


a + 1007 S (the whole amount): from whence, we 


alſo have a = Toobt r= roof x ba and n = 
J 


100. . the uſe of which equations, or theorems, 
ar 


will appear by the following examples. 
Examp. 1. What is the amount of 550 l. at 4 per 


cent. in ſeven months ? 
In this caſe we have a= 550, r=4, t=12, 2227; 


: | anr OX7X 4 
— 


or 562 J. 16 5. 8 d. the true value ſought. 


Examp. 2. What is the intereſt of 1 J. for one day, at 
the rate of 5 per cent. ? 

Here r being = 5, t= 365, a=1, and n=1, we 
. 86 
1oOx 365 © 100 X 73 nn 
Sc. = the decimal parts of a pound required, 


Examp. 3. What ſum, in ready-money, is equivalent 


to 600 J. due nine months hence, allowing 5 per cent. 


diſcount ? | 
Here r being = 5, t= 12, n=, and b = 600, we 


IOO X 600 X 12 
have @ (by Theorem 2) = rooxIz boxes = 578,313 0. 


or 578 J. 65. 3:4. which is the value required. 


Examp. 4. At what rate of intereſt will 300 J. in fifteen 
months, amount to, or raiſe a ſtock of 330 1. ? 

In this caſe we have given f == 12, # = I5, 4 = Zoo, 
and þ = 330; whence (by Theorem 3) r will come out 


roo X 12X 30 - 
300 x15 © 8; therefore B per cent. is the rate 


required, | Examp, 
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Examp. 5. In how many days will 365 J. at the rate 
of 4 per cent. amount to, or raiſe a ſtock of 400 J.? 
IOO Xx 365 X 35 


305 X 4 


Here (by Theorem 4) we have n = 
= 875 = the number of days required. 


Of Annuities or Penſions in arrear, computed at 
N ſimple Intereſt. 


Annuities or penſions in arrear are ſuch, which, be- 
ing payable, or becoming due, yearly, remain unpaid 
any number of years: and we are to compute what all 
thoſe payments will amount to, allowing ſimple intereſt 
for their forbearance, from the time each particular 
payment becomes due; in order to which, 

A = the annuity, penſion, or yearly rent. 


be n = the time, or number of years, it is forborn. 


r = the intereſt of 1 J. for one year. 
m — the amount of the annuity and it's intereſt. 
Then, as 1:r7::A:rA, the intereſt of the propoſed 
ſum or penſion A, for one year ; which, as the laſt year's 


rent but one, is forborn only one year, will expreſs the 


whole intereſt of that rent, or payment : moreover, fince 
the laſt year's rent but two is forborn two years, it's in- 
tereſt will be 21A: and, in the ſame manner, that of 
the laſt year's rent but three, will appear to be 3rA, &c. 
Ec. whence it is manifeſt that the ſum total of all theſe, 
or the whole intereſt, to be received at the expiration of 
n years, for the forbearance of the propoſed annuity or 
penſion, will be truly defined by the arithmetical pro- 
greſſion rA + 2rA + rA + 4rA+ 5rA, &c. continued 
to n — I terms, that is, to as many terms as there are 


years, excepting the laſt. But the ſum of this pro- 
= xrA (byTheor. 4. Sc. io). 
Therefore, if to this, the aggregate of all the rents, or nA, 


be added, we ſhall have nA + — — 


greſſion is equal to A x 


xrA = m: 
whence 
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whence we, alſo, have A = — — 


n+ * —— xr 


2m — 21A 


r= — 3 


n Xn IX A 
1 


poling þ = = — 


Examp. 1. If 6001. yearly rent, or penſion, be for- 
born five years, what will it amount to, allowing 4 of 
cent, intereſt for each payment, from the time it be- 
comes due ? | 

Here we have given A = 600, = = 5, and r = .04 
(for as 100 :4:: I : .04) which values ſubſtituted in 


Theorem 1. give m = (nA + nx A- = 3000 + 


240) = 3240 /. for the value that was to be found. 


Examp. 2. What annuity, or yearly penſion, being 
forborn five years, will, in that time, amount to, or 
raiſe a ſtock of 3240 J. at 4 per cent. intereſt ? 

In this caſe we have given n = 5, r = ,04, and m = 

m 


— 


2 d theref Theorem 2. A (= —— 
3240, and therefore, by Theorem ( ö 


3240 
4 | 
Examp. 3. At what rate of intereſt will an annuity of 
560 J. in ſeven years, raiſe a ſtock of 4508 J.? 
In this caſe we have given A = 560, n = 7, and m = 
2m — 2nA 


) = 600 Which is the annuity required. 


08; whence (by Theor. h = - 
45 nce (by Theor, 3) we er 1 


9016 — 7840 
= 2 * 3 ) = .05 = the intereſt of 1 J. for one 
year; therefore it will be as 1:,05:: 100: 5 (per 
cent.) the rate required. | 

Examp. 4. How long muſt an annuity of 560 /. be 
forborn, to raiſe a ſtock of 4508 /. ſuppoſing intereſt 
to be 5 per cent. ? 0 


I Here, 


7 
* 
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Here, we have given A = 560, r=.05, m=4508z 


whence, by Theorem 4. we alſo have þ (== — 2 


2m 
219.53 and conſequently a (= ANT == 
which is the number of years required. 

Note. If the rent, or penſion, is payable half- yearly, 
or quarterly, the method of proceeding will be fill the 
ſame, provided x be 3 taken to expreſs the num- 
ber of payments, and r the intereſt of 1 /. for the time 
in which the firſt payment becomes due. Thus, if it 
were required to find what 300 J. half-yearly penſion 
would amount to in five years at 4 per cent. intereſt : 
then, the ſimple intereſt of 1 J. for half a year being 
= „Oz, and the number of payments = 10, we, in 
this caſe, have A = 300, r = ,02, and n= 10; and 


conſequently m (by Theorem 1) = rA + nx RN 


= 32701. which is the value ſought. And the like is 
to be obſerved in what follows hereafter. 


WIRE! 


Of the preſent values of Annuities, or Penſions, 
computed at fimple intereſt. 
A = the annuity, penſion, or yearly rent. 
1 the intereſt of 1 J. for one year. 
| 7 the number of years. 
v = the preſent value of the annuity. 

Then, becauſe the amount of the annuity, in x years, 
is found above to be nA + 3n.n—1.rA, and fince 
x J. preſent- money, is equivalent to 1 + nr to be re- 
ceived at the end of the time , we therefore have 
1+ xr :1::nA+4n.n—1.rA (the ſaid amount) 

"A+ 3n:1—1:7A its required value, in preſent 

I +a. 
money. But it may be obſerved, that this method, given 
by authors for determining the values of annuities, ac- 
cording to ſiniple intereſt, is, in reality, a particular ſorts 
| | | | | or 


— — >, 


1 
4 
17% 
10 
1 
[ 
| 
| 
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or ſpecies of compound intere/t : ſince the allowing of in- 
tereſt upon the annuity, as it becomes due, is nothing 
leſs than allowing intereſt upon intereſt ; the annuity it- 
ſelf being, properly, the ſimple intereſt, and the capital, 
from whence it ariſes, the principal. It is true, the ſum 
T + xr, expreſſing the amount of 1 J. is given, — 4 

1 


ſpeaking, according to /imple intere/? : but the conclu 


on (as a late author “ very juſtly obſerves) would 
be more congruous, and anſwer better, were the ſame 
allowances to be made therein, as are made in finding the 
amount of the annuity ; that is, were intereſt upon in- 
tereſt to be taken once and no more. Agreeable to this 
aſſumption v, the intereſt of 1 J. being conſidered as an 
annuity, it's amount in z years (by writing r for A, in 
the general formula above) will be given = nr + 
$n,n—1.7*; to which the principal 1 J. being add- 


ed, the aggregate 1+ nm + 4n.n—1.7r* will there- 


fore be the whole amount of 1 J. in the time ; and fo 
we ſhall have 1 + ar + in.n—1.,*:1::nA+ 
In.n—l.rA: —— — = v, the true 
2 + 2nr TA. I. * | 
value of the annuity, according to the ſaid hypotheſis. 
From which equation others may be derived, by means 
whereof the different values of A, u, ander may be, 
ſucceſſively, determined. But, as this method of al- 
lowing intereſt upon intereſt, once and no more, is 
arbitrary, and the valuation of annuities, according to 


ſimple intereſt, a matter of more ſpeculation than 


real uſe, it being, not only cuſtomary, but alſo moſt 
equitable to allow compound intereſt in theſe caſes, I 
ſhall not ſtay to exemplify it, but proceed to 


The Reſolution of the varions caſes of compound in- 


tereſt, and of Annuities, as depending thereon, 


cipal and intereſt, 
P = any ſum put out at intereſt, 


Mr. Hardy in his Aunuitiet. 


ed: . | 
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# the number of years it is lent for, 

a =it's amount in that time, 

any annuity forborn ; years. 

m = it's amount. | 
8 ur preſent value of the annuity for the 


> 
I 


Let 


ſame time. 5 
Therefore, ſince one pound, put out at intereſt, in the 
firſt year is increaſed to R, it will be as 1 to R, fois R, 
the — the ſecond year, to R*, the amount of 
one pound in two years; and therefore as 1 to R, ſo is 


R*, the ſum forborn the third year, to R*, the amount 


in three years : whence it appears that R', or R raiſed 
to the power whoſe exponent is the number of years, 
will be the amount of one pound in thoſe years. But 
as 1 J. is to it's amount R. ſo is P to (a) it's amount, in 
the ſame time; whence we have Px R = 4. More- 
over, becauſe the amount of one pound, in x years, is 


R', it's increaſe in that time will be R*— 1; but it's 
intereſt for one ſingle year, or the annuity anſwering ta 


that increaſe, is R— 1; therefore as R 1 to R 7, 


AxXR'—1 
R — 1 
thermore, ſince it appears that one pound, ready-money, 


= mn, Fur- 


ſois A to m, Hence we get 


is equivalent to R, to be received at the expiration of 
2 —=(theſum 


in arrear) to v, it's worth in ready-money ; and there- 


. * 5 
n years, we have, as R to 1, ſo is 


nel) | 


— me 


R —1 
From which three original equations, others may be 
derived, by help whereof the various queſtions relating 
to compound intereſt, annuities in arrear, and the pre- 
ſent values of annuities, may be reſolyed, 


Thus, 
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Thus, becauſe PR is = a, there will come out P = 
| I | 
7 andR = an &c. or, by exhibiting the ſame equa- 
tions in logarithms (which is the moſt eaſy for practice) 
we ſhall have 

1®, Log. a = log. P + x log. R. 

2%. Log. P = log. a — n x log. R. 

log. a — log. P 
3*. Log. R = - . 
LODGES. .. I Drond... 2.0 

. 

Which four theorems, or equations, ſerve for the four 
caſes in compound intereſt. 


Again, ſince m is = Ax — L, we ſhall have 


1*. Log. m = log, A + log. R — 1 — log. R—1. 
2. Log. A = log. m — log. R” —1 + log. RI. 
* log. R — m + A — log. A 


3* 
log. R 
* mR m 
4*. R F 


To which the various queſtions relating to annuities 
in arrear are referred. 
yy 
12 — 


Moreover, ſeeing Ax Kris =v, wethencehave, 


1*. Log. v = log, A + log. 1 — 2 log. R—1 - 


2. Log. A = log. v + log. K- 1— log. 1 — 


| KR. 
„. og. A — log. A+v—mR 
— log. R , 
I ep n 3 
4. R ain ＋ 5. The 


our 


ties 
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The uſe of which theorems, reſpecting the preſent 


values of annuities, as well as of the preceding ones, 
for compound intereſt and annuities in arrear, wi 
fully appear from the following examples. 


Examp. 1. To find the amount of 5751. in ſeven years 
at 4 per cent. per annum, compound intereſt. 
In this caſe we have given P 575, R = 1,04; and 


n); therefore, by Theorem 1, log. a = log. 575 + 


log. 1,04 = 2, 8789011; and conſequently @ = 
756,66, or 750/. 13s. 24 d., the value required. 


Examp. 2. What principal, put to intereſt, will raiſe 
a ſtock of 1000 J. in fifteen years, at 5 per cent.? 

Here, we have given R— 1,05, n=15, and ag looo; 
therefore, by Theorem 2, log. P = log. — — I5 log. 
1,05 = 2,6821605 ; and conſequently P = 481,02, or 
481 J. 0s, 43 d., the value ſought. 


Examp. 3. In how long time will 575 J. raiſe a ſtock 


of 7.56 J. 13s. 24 d., at 4 per cent.? 

this caſe we have R = 1,04, P = 575, and a = 
log. 756.66 — log. 575 

756.66; whence, by Theor. 4, n= 2 — 


= 7, the number of years required. 


Examp. 4. To find at what rate of intereſt 481 J. in 
fifteen years, will raiſe a ſtock of 1000 /. 
Here we have given P= 481, a = 1000, and n —=15; 
log. — log. 48 
therefore, by Theorem 3, log. R = —— — 


15 


cent. is the rate required. 


S 0211903, whence R = 1,05 ; conſequently 5 per 


— 


The four laſt examples relate to the caſes in com- 
pound intereſt; the four next are upon the forbearance 
of annuities. 


Examp. 1. If 500. py rent, or annuity, be forborn 
ſeven years, what will it amount to, at 4 per cent. per 

annum, compound intereſt ? | 
Here, we have R = 1,04, A = 50, and a /; and 
therefore, 
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therefore, by Theor. 1, log. m (Slog. A+ log. R*— x 


— log. R—1) = log. 50 + log. 1,04)” — I, —log.,04 
= 2,596597 ; and conſequently m = 395 J. the value 
that was to be found. | 


Examp. 2. What annuity, forborn ſeven years, will 
amount to, or raiſe a ſtock of 395 J. at 4 per cent. com- 
pound intereſt ? | 

In this caſe we have given R = 1,04, n = 7, and 
m = 395; whence, by Theorem 2, log. A (= log. m 


log. R”—1 + log. R—1) = log. 395 — log. 


1,04)' — I + log. ,04 = 1,6989700; and conſequently 
A = 501. which is the annuity required. 


Examp. 3. In how long time will 50 J. annuity raiſe a a 
ſtock of 395 J. at 4 per cent. per annum, compound in- 
tereſt ? | 

Here, we have R = 1,04, A=50, m= 395; ang 


—_ 


MY EY NTT log. Ru . A — — 
| log. R 
1192559 


0170333 = 75 the number of years required. 

Examp. 4. If 1201. annuity, forborn eight years, a- 
mounts to, or raiſes a ſtock of 1200 /. what is the rate 
of intereſt ? _ 

In this caſe we have given z = 8, A = 120, and m 
= 1200, to find R; therefore, by Theorem 4, we have 
R* — R + 9 = 0; from which, by any of the me- 
thods in Sect. 13, the required value of R will be found 

= 1,06287 ; therefore the rate is 6,287, or 6/. 55. 9d. 
per cent. per annum. 
The ſolution of the laſt caſe, where the rate is re- 
quired, being a little troubleſome, I ſhall here put down 
an approximation (derived from the third general 
Formula, at p. 165) which will be found to anſwer very 
near the truth, provided the number of years is not very | 
great, 


Let 
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Le Q = n will 
2.m — nA | 
—___.<—_— om 
62. 5Q.+ * — 4+ 3.2 —2.112— 13 


per cent. requir 
Thus, for example, let n = 8, A = 120, and m = 


1200; then will Q = _.-—-ſ 14, and the rate it- 


2.240 
ſelf = 9 55 777 6.287, as above. 

The preceding examples explain the different caſes 
of annuities in arrear; in the following ones the rules 
for the valuation of annuities are illuſtrated, 


Examp. 1. To find the preſent value of 100 J. annuity, 


to continue ſeven years, allowing 4 per cent. per annum, 


compound intereſt. 
Here, we have given R = 1,04, A = 100, and n=7; 
and therefore, by Theorem 1, log. v (= log. A + 


log, 1 — = leg K — 7) = log. 100 ＋ log. 


—_ | 
] * — log. ,04 = 2, 78296; and conſequent- 
5 0 
ly v = 600,2 = 6001. 45. which is the value that was 
to be found. F. e 
Examp. 2. What annuity, or yearly income, to con- 
— years, may * for 1000 J. at 34 per 
cent. | : 5 
In this caſe, R = 1,035, n = 20, v = 10003 
whence, by Theorem 2, we have log. A (= log. v 
3 
+ log. R—1 — log. 1 -=) = 1,847336; and 
conſequently A = 70,36, or 70 J. 71. 2 d. 
Examp. 3. For how long time may one, with 600 /, 
purchaſe an annuity of 100 & at 4 per cent. 
In this example we 5 = 1,04, A = 100, and 
UV = 
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v = 600; and therefore, by Theorem 3, n (= 
log. A—log. A+v — 


= 7, the number of 


4% Wh 
years Wm | 
Examp. 4. To determine at what rate of intereſt, an 
annuity of 50 J. to continue 10 years, may be pur- 
chaſed, for 400 J. | | 
Here A = 50, n = 19, and v = 400 ; whence, by 


A A 

I — 

Theorem 4, * 2 ＋ IX R + © being o, we 
have R. — 1,125R"* + ,r25—=0; which equation 
reſolved, gives the required value of R = 1,042775 ; 
and conſequently the rate of intereſt, 4,2775 l. per an- 
num. 


The ſolution of this laſt caſe being ſomewhat tedi- 
ous, the following approximation (which will be found 
to anſwer very near the truth when the number of years 
is not very large) may be of uſe, | 

n.n+1.A 
Aſſume Q. = = 3 fo ſhall 


3000Q — 2n + 1 x 400 
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ate ger cent. very nearly. | 

Y hus, for example, let A (as above) be = 50, 

th 2 ; IOXIIX50 t 

| | n= 10, and v = 400 ; then, Q being = 1006885 . 

Wl |; fs + | 82500 — 8400 | | 

my N wy have 78g * 103,5 + 246, 2775 

1 for the rate, per cent. the ſame as 
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SECTION XVII. 
Of Plane Trigonometry. 


DEFINITIONS 


Plaue Trigonometry is the art whereby, having 
given any three parts of a plane triangle (except 
the three angles) the reſt are determined. In order to 
which, it is not only requiſite that the peripheries of 
circles, but alſo that certain right lines, in and about 
the circle, be ſuppoſed divided into ſome aſſigned num- 
ber of equal parts. | 

2. The periphery of every circle is ſuppoſed to be 
divided into 360 equal parts, called degrees ; and each 
degree into 60 equal parts, called minutes; and each 
minute into 60 equal parts, called ſeconds, or ſecond 
minutes, Sc. Any part of the periphery is called an 
arch, and is meaſured by the number of degrees and 


minutes, &c. it contains. 


3. The difference of any arch from go degrees, or 


2 quadrant, is called it's complement, and it's diffe- 
rence from 180 degrees, or a ſemicircle, it's ſupplement. 
4. A chord, or ſub- 4G 
tenſe, is a right line H K 
drawn from one ex- 
tremity of an arch to 
the other ; thus BE 
is the chord or ſub- 
tenſe of the arch 
BAE, or BDE. 1 

5. The ſine (or 
right ſine of an arch) 
is a right line drawn 
_ one extremity 
of the arch perpen- | 4 
dicular to a n 
ter paſſing through the other extremity: thus BF is the 
line of the arch AB, or BD. 
6 R 2 6. The 
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6. The verſed ſine of an arch is the part of the dia- 
meter intercepted between the arch and it's fine : ſo AF 
is the verſed fine of AB, and DF of DB, 

7. The co-ſine of an arch is the part of the dia- 

meter intercepted between the center and the fine ; and 
is equal to the fine of the complement of that arch. 
Thus CE is the coſine of the arch AB, and is equal to 
BI, the fine of it's complement HB. 
8. The tangent of an arch, is a right line touching 
the circle in one extremity of that arch, continued from 
thence to meet a line drawn from the center through the 
other extremity ; which line is called the ſecant of the 
ſame arch : thus AG is the tangent, and CG the ſecant 
of the arch AB. 


9. The co-tangent and co-ſecant of an arch, are 
the t and ſecant of the complement of that arch : 
thus and CK are the co-tangent and co-ſecant of 


the arch AB. | 

10. A trigonometrical canon, is a table exhibiting 
the length of the fine, tangent, Cc. to every degree 
and minute of the quadrant, with reſpect to the radius, 
which is ſuppoſed unity, and conceived to be divided 
into 10000000 or more decimal . Upon this table 
the _— _— of the ſeveral caſes — trigono- 
metry depend; it will therefore be r to begin with 
it's conſtruction. FIT af 


PROPOSITION LI. 

The number of degrees and minutes, &c. in an arch be- 
ing given; to find bath it's fine and co-fine. | 

This problem is reſolved, by having the ratio of the 
circumference to the diameter, and by means of the 
known ſeries's for the fine and co-fine (hereafter de- 
— For, the ſemi-circumference of the circle, 
whoſe radius is unity, being 3, 141 59265358 » &c. 
it will therefore be, - the CNN _ = mi- 
nutes in the whole ſemi-circle is to the degrees or mi- 
nutea in the arch propoſed, ſo is 3,14159265358, &c. 
to the length of the ſaid arch; which let - denoted 
41 then, by the ſeries's above quoted, it's ſine will be 7 
. pr 
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- - £7 a? 47 
n 7 73.77 
25 588 


7. 14. 5. 3 5 6.7.8 Ec. 

us, for example, let it be required to find the fine 
of one minute; then, as roBoo (the minutes in 180 
degrees) I :: 3,14159265358, &c. : .ooo2go888208665 
= the length of an arch of one minute: or ns in 


this caſe, @ = ,000290888208665, and Tg 5) 


= +000000000004102, &c. And confcquently 
.000290888204563 = the required fine of one minute. 

Again, let it be required to find the fine and co-ſine 
of five degrees, each true to ſeven places of decimals, 
Here ,0002908882 the length of an arch of 1 minute 
(found __ being multiplied by 300, the number of 
minutes in , the — .08726646 will be 
8 arch of 5 degrees: therefore, in this 
caſe, we have 

a = 408726646, 


+ — + ,00000004, 

&c. and conſequently ,08715574 = the fine of 5 de- 
grees. Alſo 
4* 
— = ,00380771, 
a* 
2 = 200000241 3 
1 59961947 = the co- ſine of 

After the ſame manner, the fine and co-ſine 
other arch may be derived ; but the greater the — * 1 
the ſlower the ſeries will converge, and therefore a 
greater number of terms muſt be taken to bring out 
— , = 

; 3 ut 
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But there is another method of conſtructing the 
trigonometrical canon; which, though leſs direct, ig 
more geometrical ; and that is, by determining the 
ſines and tangents of different arches, one from an- 
other, as in the enſuing propoſitions. 


PROPOSITION I. 


The fine of an arch being given; to find it's co-ſine, 
taugent, co-tangent, ſecant, and co-ſecant, 


Let AE be the propoſed arch, EF it's fine, CF it's 
co- ſine, AT it's tangent, DH it's co-tangent, CT it's 
ſecant, and CH it's co-ſecant : then, by Euc. 47. I. we 
ſhall have CF = V CE* — EF*; from whence the 
D Hr co-fine will be known; and 
{Wh | then, by reaſon of the ſimilat 
_ | triangles - CFE, CAT, and 

I CDH, it will be, 

LAF FE: CA AL 
| whence the tangent is known. 
— ES WEE MY o 


whence the ſecant is known. 
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1 —— 23 £F : CF :: CD : Das 
C C A whence the co-tangent is known, 

4. EF: CE: : CD: CH; whence the co-ſecant is 
alſo known. | 


Hence it appears, 

1; That the tangent is a fourth proportional to the 
co-ſine, the ſine, and the radius. 

2. That the ſecant is a third proportional to the co- 
ſine, and the radius. | | 

3- That the co-tangent is a fourth proportional to 
the ſine, the co-ſine, and the radius. 

4. That the co-ſecant is a third proportional to the 
ſine, and the radius. | 


5. And that the rectangle of the tangent and co- 
tangent is equal to the, ſquare of the radius. 


PROPOSI- 
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4 PROPOSITION III. 
The co-ſine CF of an arc Fr , 
fine and co. ſine of half that n Sven; find he 


From the two extremities of the diameter AB draw 
the ſubtenſes AE and BE; and let CQ biſect the arch 
AE in Q, and it's chord (perpendicularly) in D; then, 
ſince the angle BEA is a right one (by Euc. 31. 3.) the 
triangles ABE and : E 
ADC are fimilar ; 
and therefore, AC 
being = ZAB, AD 
muſt be = AE, and 
CD = BE: but AE 
is =VABxAF, and 1; C 
BE = VABxBF ; therefore | 
AD=iv AbxAF=v{ACxAF=theſine ef E AE 
CD=4{v/ ABxBF = ACXBF the co- ſine F —— 

Hence it is evident, that the fine of the half of any 
arch, is a mean-proportional between half the radius, 
and the verſed- ſine of the whole arch; and it's co-fine, a 
mean-proportional between half the radius and the 
verſed- ſine of the ſupplement of the ſame arch. 


PROPOSITION IV. 

The fine AD, and cogſine CD, of an arch AQ being 
given; ta find EF the ſine of the double of that arch (ſee 
ihe preceding figure). . | 

Since AE = 2AD and BE = 2CD, and the triangles 
ABE and AEF are alike (by Exc. 8. 6.) we have, as 
AB (2AC) : AE (2AD) : : BE (2CD) : EF; whence 
it appears, that the ſine of double any arch is a fourth 
proportional to the radius, the fine, and the double 
co- ſine of the ſame arch. | 


PROPOSITION V. 
The fine CD and tangent BE, of a very ſmall arch 
are, nearly, in the ratio of equality. 
For, the triangles ADC and ABE being ſimilar, 
| R 4 | thence 
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thence will AD: AB:: DC: BE: but as the point C 


approaches to B the difference of AB and AD, will 
become indefinitely ſmall iy reſpect of AB, and there- 
fore the difference of 
BE and DC will like- 
wiſe become indefinite] 
E ſmall with reſpect to BE 
or DC. 
Corollary. Becauſe any 
arch BC is greater than 
D B it's fine and leſs than it's 
tangent ; and ſince the 
ſine and tangent of a very ſmall arch are proved to be 
nearly equal, it is manifeſt that a very ſmall arch and 
it's fine are alſo, nearly, in the ratio of equality. 


PROPOSITION VI. 
To find the fine of an arch of one minute. 

The fine of 30 degrees is known, being half the 
chord of 60 degrees, or the radius ; therefore, by Prop. 2 
and 3, the fine of 15 degrees will be known : and, the 
fine of 15 degrees being known, the fine of 7 30“ will 
be found (by the ſame Propoſitions), and from thence the 
fine of 3* 45” ; and fo likewiſe the ſine of half this ; and 
ſo on, till 12 biſections being made, we come, at laſt, 
to the ſine of an arch of 52”, 44”, 03”, 45 ; which 
ſine (by Corel. to the preceding Prop.) will (as the co- ſine 
is nearly equal to the radius) be nearly equal to the arch 
itſelf. Therefore we have, as 52”, 44”, 03”, 45, 
is to 17, ſo is the length of the former of theſe arches 
(found as my to the length of an arch of one minute, 
or that of it's ſine, very nearly. | 

If it be taken for granted, that 3,1415926535, Cc. 
is the length of half the periphery of the circle whoſe 
radius is unity, we ſhall hn: as 10800, the number 
of minutes in 180®, or the whole ſemi-circle, is to one 


minute, ſo is 3,1415926535, Cc. the whole ſemi-circle, 


to ps pe yy the length of an arch of one mi- 
nute, or that of it's ſine, very nearly. 


PROPOQ- 


tremes : and as 
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PROPOSITION VII. 

If there be three equidifferent arches AB, AC, and AD, 
it will be, as the radius is to the co- ſine of their common 
difference BC or CD, fo is the fine, CF, of the mean, 
to half the ſum 122 BE + DG, of the two ex- 

the radius, 1s to the fine of the common a 
ference, ſo is the ca-ſine FO of the mean, to half the dif- 
forence of the fines of the two extremes. 

For, let BD be drawn, cutting the radius OC in 
m, alſo draw mn parallel to CF, meeting AO in n, and 
BH and mv parallel to AO, meeting DG in H and v : 
then, becauſe the arches BC and CD are equal to each 


AE PG 0 
ether, OC is not only perpendicular to BD, but alſo 
biſects it (Cuc. 3. 3.) whence it is evident that Bm, or 
Dm, will be the ſine of BC, or CD, and Om it's co- 
fine ; and that mm, being an arithmetical mean between 
the fines, BE and DG, of the two extremes, is equal 
to half their ſum, and Dv equal to half their difference. 
Moreover, by reaſon of the ſimilarity of the triangles 
2 7 — _ ___ - will 

as, OC: Om :: CF : mn 
and as, OC: Dm :: FO: Doi Q E. P. 


CO ROL. 1. 
Since, from the foregoing rtions, n is = 
Omx CF Burr 
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that DG (= mn + Dv) will be = 8 — 


and BE (= mn — vH) = — RR 2 : from 
whence it appears, that the fine (DG) of the ſum (AD) 
of any two arches (AC and CD) is equal to the ſum 
of the rectangles of the fine of the one into the co- ſine 
of the other, alternately, divided by the radius; and 
that the ſine (BE) of their difference (AB) is equal to 
the difference of the ſame rectangles, divided alſo by the 


radius, 
| COROL. 2. * 
| CF 
Moreover, ſeeing DG + BE (2mm) is =, and 
Dm x FO 1 
DG - BE (DH = 2D Y) = - 685 , from the for- 
| 20m x CF 
mer of theſe, we have DG = „ Dn BE, and, 
2Dm x FO 


from the latter, DG = 560 +BE; which, ex- 


preſſed in words, give the two following Theorems. 


Theor. 1. F the fine of the mean of three equidifferent 
arches ( ſuppoſing the radius unity) be multiply'd by troice the 
co-fine of the common difference, and the 2 of either ex- 
treme be ſubtracted from the product, the remainder will 
be the fine of the other extreme. 

Theor. 2. Or, if the co-ſine of the mean be multiply'd by 
twice the ſine of the common difference, and the product be 
added to, or ſubtracted from the fine of one + hows extremes, 
the ſum or remainder will be the pn of the ather extreme. 


Theſe two theorems are of excellent uſe in the con- 
ſtruction of the trigonometrical-canon : for, ſuppoſing 
the fine and co-fine of an arch of 1 minute to be found, 
by Prop. 6 and 1, and to be denoted by p and g, reſpec- 
tively ; then, the ſine of 2 minutes being given from 
Prop. 4, the fine of 3 minutes will from hence be known, 
being = 29 x ſine 2* — ſine 1' (by Theor, 1) or = 2þ 
x co- ſine of 2. + fine of 1' (by Theor. 2.) After the ſame 

manner 


*F — uns TY car wag — 
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manner the ſine of 4 will be found, being == 2q x fine 
of 3' — ſine of 25, or = 2þ x co- ſine of 3. ＋ fine of 27, 
And thus the fines of 5, 6, 7, &c. minutes may be ſuc- 
ceſſively derived, by either of the theorems ; but the 
former is the moſt commodious. 

If the mean arch be 45; then, it's co-fine being = 
V, it follows (from Theorem 2.) that the ſine of the 
exceſs of any arch above 459, multiply'd by 2v/ 1 or 
v 2, gives the exceſs of the fine of that arch above 
that of another arch as much below 45% ; thus V 2 % 
ſine of 10® = fine of 559 — ſine of 35®; and / 2 x (fine 
of 1 5* = fine of 60 — line of 30®; and ſo of others: which 
is uſeful in finding the fines of arches greater than 459. 

But, if the mean arch be 60 degrees, then it's co-ſine 
being 4, it is evident, from the ſame Theorem, that the 


| fine of the exceſs of any arch above 60®, added to the 


ſine of another arch as much below 60®, will give the 
ſine of the firſt arch, or greater extreme: thus, the fine 
of 10® + ſine 50*= fine 70, and fine 15 + fine 459 = 
ſine 75 from whence the fines of all arches above 60 
degrees, thoſe of the inferior arches being known, are 
had by addition, only. 


PROPOSITION VII. 

In any right-angled plane triangle ABC, it will be, as the 

baſe AB ts to the perpendicular BC, ſo is the radius (of the 
tables) to the tangent of the angle at the baſe. 


Let DA be the radius to which the table of fines 
and tangents is a- | | C 
dapted, and DE the 
tangent of the an- 
le A; then, by rea- 
on of the ſimilari 
of the triangles AB 
and ADE, it will be, 
as AB : BC :: AD 
; DE, Q. E. D. 


E 


PR OP O- 
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n IX. fa 

In every triangle, it will be, as any one ſide is to 
the fine 4 — 3 ſo is any other ſide to the 
fine of it's oppoſite angle. ; 

For, let ABC be the propoſed triangle ; take CF = 
AB, and upon AC, let fall the perpendiculars BD and 
FE; which will be the fines of the angles A and C, 

; to the equal ra- 

dii AB and CF, 
But the trian- 
les CBD and 
FE are ſimi- 

lar, and there- 

c fore CB: BD:: 

CF (AB) : FE; 
at is, - "x of A, ſo is AB to the fine 


5 PROPOSITION X, 4 | 
n lain triangle, it will be, as the ſumo | 
two . * their difference, ſo is the tangent 77 55 
complement of half the angle included by thoſe ſides, to the 
tangent of the difference of either of the other two angles 
and the 2 complement. 

For let ABC be the triangle, and AB and AC the 
two propoſed fides; and upon A, as a center, with the 
radius AB, let a ſemicircle be deſcribed, cutting CA, 
produced, in D and F; ſo that CF may expreſs the ſum, 

and CD the 

difference of 
the ſides AC 
and AB; join 

F, B — B, 
2 C D, and draw 
f DE parallel 
to FB, meeting BC in E; then, the _ FBD being 
a right-one (by Euc. 31. 3.) ADB will be the comple- 
ment of the angle F, which is equal to half the pro- 
poſed angle A, by Euc. 20. 3. Moreover, ſeeing the 


angles 


— 
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angles FBD and EDB are both right-ones (for EDB 
is = FBD (= right angle) — DE is parallel to 
F BY it is —— that, if 
will be the tangent of BDF, and DE the tangent of 
DBE: but, becauſe of the fumilar triangles CFB and 
CDE, CF: CD:: BF: DE; that is, as the ſum of 
the ſides AC and AB, is to their difference; ſo is the 
tangent of BDF, to the tangent of DBC; which an- 
gle is, manifeſtly, the exceſs of ABC, above BDF, or 
ABD; and alſo the exceſs of ADB above ACB. 2. E. B. 


PROPOSITION XI. 
As the baſe of any plane triangle is to the ſum 9 
_m_ s, fo is the difference of the ſides to the differ Fon 
* ſegments of the baſe, made by a perpendicular Fall- 
ing from the vertical angle. 

For, let ABC be the propoſed triangle, and BD the per- 
pendicular; from B as a center, with the interval BC, let 
the circumference of a circle be deſcribed, cutting the baſe 
AC in G and the 
fide AB, produc'd, 
in Fand E: then 


willAE be the ſum B 


of the ſides, AF 

their difference, 

and AG the dif- 

ference of the E 
_ — 3 
aſe A an 

De: but (by Euc. A r 
36. 3) A 1 AG; and therefore AC: 
AE: Q. E. D. 


be made the radius, BF 
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The Solutions of the caſes of right-angled plane triangles, 
C 
A o 
5 Given. Sought. | Proportion. | 
| {ihe ny | As the radius (Or the fine of B) is 
pothenuſe The leg | the hyp. AC; fo is the fine of 
TIAC and] BC, A, to it's oppoſite fide BC (by 
the angles Z 1 o ( 
An As, AC : rad. :: AB: fine of C; 
|. poth. Ac] The whoſe — lement * the 
and one | angles. | P 8 
jeg AB. angle A. | 
[Ie e Let the angles be fou 
gles nd, by caſe 23 
3 PE 25 _ then, as rad. AC :: fine of | 
| leg AB. | © + A Sr ( by n a... 
l he an- FX 
gles and |, Pe DY- As, ine ol C: AB :: rad. (fine | 
4 _ leg * of B): AC ( Prop. g.) | 
Wi The an 99 As, une ot CAB : a Tine "of 
gles and [The other] A: BC (by Prop. 9.) 
S| one leg | leg BC. | Or, rad. : tang. of A:: AB: Bc 
AB. (by Prop. 8.) 
1 the two The As, AB: BC: _ * — 
6| legs AB by Prop. 8) ; whole comple- 
— BC angles. 9. gives the angle C. ; 
| The two] The hy- Find the angles, by cate 6, and 
7 | legs AB | pothenuſe] from thence the byp. AC, by 
and BC. [AC. _ caſe 4. . e 


* The 


S% > © 
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The Solutions of the caſes of oblique plane triangles, 
B 
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he's: * : — Y = 


5 
= 
b 
I»; 
[ 
1 


3 
& 
_ 
25 
k\ 


1 E 
3 Given. | Sought. | Proportion. | 
Tuc an- [Either of * 25 
A 2 — As, fine of C: AB :: fe of A: 
ſide AR, | ſuppoſe BC. (by rop. 9.) | | 
[Two fides As, AB : une ot. C:: BC: fine of 
\ (AB, BC and) angle, & A; which added to C. and the 
| | oppobte to ang ABC. ſum ſubtracted from 180), gives 
| fone of them. the ie angle ABC. 2 
[Two fides 
B, BC and Find the angle ABC, by caſe 23 
3 = angle C * N then, as ſine of A: BC : ws | 
oppoſite to | lde AC.] of ABC : AC. 
Jene of them 
Iwo udes As, AB4AC : AB—AC: : tang. of 
AB, AC The other the comp. of A: tang. of an ang. 
4] and the | angles C which added to the ſaid com. gives. 
included [and ABC | the greater ang. C; and ſubtract- 

1 [argle A eld. leaves the leſſer ABC Prop. 10.) 
Two fides .. * 0 
AB, AC and|T he other Find the angles, by caſe 4; and 

5 [the included] fide BC. ] then BC, by caſe 1. 
angle A. 
Let fall a perpendicular BD, oppoſite the 
| — angle, and 1 585 DG = AD; 
t A BA : 
6 as the | An angle, pv : 700. 1 from 
| hides. ſſuppoſe A. AC. and the remainder divided by 2, 
gives AD; whence A will be found, 
— dy caſe 2, SF right angles. 
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\ 


SECTION XVII. 


The Application of Algebra to the Solution 0 
2 Geometrical Problems. 4 


JIE a geometrical problem is propoſed, to be 
reſolved by algebra, you are, in the firſt place, 
to deſcribe a figure that ſhall repreſent, or exhibit the 
feveral parts or conditions thereof, and look upon that 
figure as the true one; then, having conſidered atten. 
tively the nature of the problem, you are next to pre- 
pare the figure for a ſolution (if need be) by producing, 
and drawing ſuch lines therein, as appear moſt con- 
ducive to that end. This done, let the unknown line, 


or lines which you think will be the eaſieſt found (whe- 


ther required or not) together with the known ones (or 
as many of them as are requiſite) be denoted 1 
ſymbols; then proceed to the operation, by obſerving 
te relation that the ſeveral parts of the figure have to 
each other; in order to which, a competent knowledge 
in the elements of geometry is abſolutely neceſſary. 

As no general rule can be given for the drawing of 
lines, and electing the moſt proper quantities to ſubſti- 
tute for, ſo as to, always, bring out the moſt ſimple 
concluſtons (becauſe different problems require different 
methods of ſolution) ; the beſt way, therefore, to gain ex- 
perience in this matter, is to attempt the ſolution of 
the ſame problem ſeveral ways, and then apply that 
which ſucceeds beſt, to other caſes of the ſame kind, 
when they afterwards occur. I ſhall, however, ſubjoin 
a few general directions, which will be found of uſe. 

19. In preparing the figure, by drawing lines, let 
them be either paralle] or perpendicular to other lines 
in the figure, or ſo as to form ſimilar triangles ; and, it 
an angle be given, let the perpendicular be oppoſite to 
that angle, and alſo fall from the end of a given line, it 
poſſible. | 

25. In eleRing proper quantities to ſubſtitute for, let 


| thoſe be choſen (whether required or not) which lie 


neareſt 
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neareſt the known, or given parts of the figure, and 
by help whereof the next adjacent parts may be ex- 
preſſed, without the intervention of ſurds, by addition 
and ſubtraction only. Thus, if the problem were to 
find the perpendicular of a plane triangle, from the three 
ſides given, it will be much better to ſubſtitute for 
one of the ſegments of the baſe, than for the perpen- 
dicular, though the quantity required; becauſe the whole 
baſe being given, the other ſegment will be given, or 
expreſſed, by ſubtraction only, and ſo the final equa- 
tion come out a ſimple one; from whence the ſegments 
being known, the perpendicular is eaſily found by com- 
mon arithmetick : whereas, if the perpendicular were 
to be firſt ſought, both the ſegments would be ſurd quan- 
tities, and the final equation an ugly quadratic one. 

39. When, in any problem, there are two lines or 
quantities alike related to other parts of the figure, or 
problem, the beſt way is to make uſe of neither of 
them, but to ſubſtitute for their ſum, their rectangle, 
or the ſum of their alternate quotients, or for ſome 
line or lines, in the figure, to which they have both 
the ſame relation. This rule is exemplified in Prob. 
22, 23 24, and 27. | 

49. If the area, or the perimeter of a figure be given, 
or ſuch parts thereof as have but a remote relation to 
the parts required, it will, ſometimes, be of uſe to aſ- 
ſume another figure ſimilar to the propoſed ane, whereof 
one fide is unity, or ſome other known quantity; from 
whence the other parts of this figure, by the known 
proportions of the homologous ſides, or parts, may be 
found, and an equation obtained, as is exemplified in 
Prob. 25 and 32. 

Theſe are the moſt general obſervations I have been 
able to colle& ; which I ſhall now proceed to illuſtrate 
by proper examples. | 


r ; 

The baſe (b), and the ſum of the menuſe and per- 
Nh. a) of a right angled triangle "bc 
given; to find the „ 5 5 


„ being 


— - - — 


— 
— 


* 
ens 5 — 2 
— CCSSRSz 


88 


n 
3 . — 


2 
I 
1 
1 
1 
5 


r 


— 2 23 


a 
a 
_ = 


2 — = \ = 


— — 4 
—— — 5 
— — - . 


258 The AprTIcATION of ALGEBRA 


Let the perpendicular BC be denoted x ; then 

C the hypothenuſe AC will be, 

expreſſed by a—x but (by 

Euc. 47. I.) AB* + BC* = 

AC“; that is, * + £ = 

a* — 2ax + xx; whence x * 
a* — b* 


2a 


= the perpen- 


A R dicular required. 


PROBLEM II. 

The diagonal, and. the perimeter of a rectangle, ABCD, 
being given ; to find the ſides. 

Put the diagonal BD = a, half the perimeter (DA 
D + AB) = 6, and AB = 
C x; then will AD = b — 

x ; and therefore, AB! + 
AD* being = BD, we 
| have x* + þ* — 2bsx ＋ 
= a; which, ſolved, gives 


 Vaae—P+5b 


A Sg OM 2 


PROBLEM IIL 
The area 0 Fen „ triangle ABC, and the * 


of a rectang HF inſcribed therein, being given ; 
. the 2 of the triangle. 


Put DF = a, DE = 6b, BC = x, and the meaſure 


C of the given area ABC 
Sd: then, by ſimilar tri- 
angles, we tall -x pho x 
| | ax 
0 f 1 
ar x 
- . Therefore —_— 
A E B d, and conſequently ax" 
2dx 2bd 


2 1 or * — 2 — which, ſolved, 
ah gives 


0 


>. > is, * 


x 


2 
E 


A 


** 
* 


ay 
' 


to GEOMETRICAL PROBLEMS, 259 


— © dd 2 
n from whence AB and 


a 


AC will likewiſe be known. 


PROBLEM.TY, 

Having the lengths of the three perpendiculars PF, PG, 
PH, drawn from a certain point P within an equilateral 
triangle ABC, to the three ſides thereof ; from thence to 
determine the ſides. | 


Let lines be drawn from P to the three angles of the 
triangle ; and let CD be perpendicular to AB : call 
PF, a; PG, b; PH, c; and 
AD = x: then will AC OC 
(= AB) = 2x, and CD (= 
VAC? — AD*) = vV 3zx= 
xV 3 ; and conſequently the 
area of the whole triangle 
ABC (= CD x AD) = 
xxV 3. But this triangle is 
compoſed of the three tri- —— — — 
angles APB, BPC, and APC; A D F B 
whereof the reſpective areas are ax, bx, and cx. 


Therefore we have xxV 3 = ax + bx + cx; and from 
_ 2494 
thence divifion, 22 ññXͤ⸗l 
7 by 7 v3 
x PROUBLEAM * 


Having the area of a rectangle DEFG, inſcribed in a 
given triangle ABC; to determine the ſides of the reftangle. 


Let CI be perpendi- | . 
cular to AB, cutting DG 
in H; and let CI = a, 3 
AB =I, DG = x, and 


the given area = cc: 
then it will be, as 5: 


0 7 = CH; 
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ax 


leaves a — 3 = IH; and this, multiplied by x, gives 


2 


ax 
a == the area of the reCtangle ; whence we 


bee b 


have abx — ax* = bcc, = 2 77 


b* bee b 1 bee 
3 ner 


PROBLEM VL 


Through a given point P, within a given circle, 1 ts 
draw a right-line, that the two parts thereef, PR, : 


intercepted by that point and the circumference of the circle, 


may have a given difference. 


Let the diameter APB be drawn; and let AP and 
| BP, the two parts thereof 
(which are ſuppoſed given) 
be denoted by @ and ; mak- 
ing PR = x, and PQ = x 
+ 4 (d being the given dif- 
ference). Then, by the na- 
ture of the circle, PQ x PR 
being = PA x PB, we have 


x+d x x = ab, or xx + 
dx = ab; whence x is 


found = Va + 4dd — d. 


PROBLEM VIL 


From a given point P, without a given circle, ſo to 
draw-a right line PQ, that the part thereof 97 in- 
tercepted by the circle, ſhall be te the external part PR, in 


given ratio, 


Through 


b 
2 


* 
in 


PB B, PR x, and let 


xXx + „ ab; there- 
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Through the center O, draw PAB; put PA = a, 


the given ratio of PR to 

RQ be that of n ton; 

then it will be, as : :: 
nx 


x ; = = RQ; therefore 


m 
== =: but PR x P 
PQ = PA x PB, or 


nx 


fore mx* + nx* = mab, A 


in «=o Ft; o/ 


PROBLEM VIL 
The ſum of the two fides of an iſoſceles triangle ABC 
being equal 10 the ſum of the baſe — perpendicular, and 
the area of the triangle being given; to determine the ſides. 


Put the ſemi-baſe AD , the perpendicular CD 
= y, and the given area 
ABC = a“: ſq ſhall xy = C 
*, and 2V/xx + yy = 2x 
+ y (by EL. 47. 1. and the 
conditions of the problem). 
Now, ſquaring both fides 
of the laſt equation, we 
have 4xx + 4zy = 4xx + 
4xy + yy; whence 3) = A D B 


4xy, and conſequently y = 1 which value, ſubſtituted 


in the former equation, gives OY = a“; from whence 


„ 


— 
— — 
bb — gy - . 
Tow 


nu ute fy ads ih, — — 


2 
w : OVEN 
1 
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e = S429 _ [2500 

with = SETS = SB) 

449 4 = 300 3. | 
PR 0 SLE N * 


The ſegments of the baſe AD and BD, and the ratio of 


the ſides "AC and BC of any plane triangle ABC, being 


| given; to find the ſides. 


C | Put AD = a, BD = 
AC x; and let the 4 
ratio of AC to BC, be as m 


nx 


to n, ſo ſhall BC az — 


But AC* — AD! (= DC") 
= BC* — BD?, that is, in 


33. Hence we have m*x* 


ETD B — * = 1 X aa — , 


4 — 
and x = m mom — m 


P R 0 B L EM X. 
The - baſe AB (a), the perpendicular CD = b, and the 


_—_— (4) of the fides AC — BC, of any plane tri- 
nole ABC, 5.4 given; to determine the triangle (lee 


the preceding figure). 

Let the ſum of the ſides AC + BC be denoted by  : 
then (by Prop. 1 1. Sec. 18) we ſhallhavea: x::04: _ = 
the difference of the ſegments of the baſe ; therefore 


the greater ſegment AD will be = = + - = 


aa + ds 


But AD! + DC* = AC; that is, 

„ + 20*dx + d's*2 „ x* + 2de + dd 
— Jos Ho 2 7 : whence 
oth x 
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4 + 2a*dx + dx + 44a*6* — 0*x* + 2a*dx + ; 


b — dd 
which, ſolved, gives x = 7 — £42 8 


PROBLEM XI. 

The baſe AB, the ſum of the fides AC + BC, and 
the length 4 the line CD drawn from the vertex to the 
middle of the baſe, being given; to determine the triangle. 

Make AD (= BD) a, DC =, AC TBC c, 
and AC x; fo ſhall | . 
BC = c — . But C 
AC* + BC is = 
2AD* + 2DC* (y 
El. 12. 2.); that is, 
„ e- = 24* 
+ 24* ; which, by 
reduction, becomes x* <- 
— = 0 + þ* — A EE B 


2c* 3 whence x is found = ic + aa oþ bb = cc. 


N PROBLEM XII. 
The two ſides AC, BC, and the line CD biſefting the 
vertical angle A a plane triangle ABC, being given; to 


find the baſe 
Call AC, a; BC, 3; CD, c; and AB, x: then 
e+b:x:: „: AD " 
ax 
4 and 42 ＋ * 
bx 
3: DB = J* But (by 


El. 20. 3.) AC x CB — 
AD x DB = CD, that is, 


abx* 


_—_— from A B 
whence x will be found = a +6. — 
84 PR O- 


| 


22 — — — — — my — — — 
äÄaü—— — ——ñ— — — —— ye 
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PROBLEM XIII. 
The perimeter AB + BC + CA, and the perpendicular 
BD, falling from the right angle B, to the hypothenuſe 
AC, being given; to determine the triangle. 


Let BD = a, AB = x, BC=y, AC = x, and AB 
+ BC + CA S then, by reaſon of the ſimilar tri- 
angles ACB and ABD, it will beas=:y::x:a; and 
C therefore xy = a. more- 
over x* þ * = * (by Euc. 
47. 1.) and x + y + 2 
=b (bythe queſtion), Tranſ- 
poſe z in the laſt equation, 
and ſquare both fides, and 
you will have x* + 2xy + 
* — 8 * b* — 2bz + z*; from 

; which take 2 + * = 27, 
and there will remain 2xy = 6* — 262; but, by the 
firſt equation, 2.xy is = 2axz ; therefore 2az = b* — 2bz, 


and z =—— ; whence z is known. But to find 
2a + 2b | 


x and y from hence, put e, and let this value 


2b 
of ⁊ be ſubſtituted in the two *foregoing equations, 
x +y=b— 2, and xy = az, and they will become 
& % =- e, and xy = ac: from the ſquare of the 
former of which ſubtract the quadruple of the latter, 


ſo ſhall & — 2xy + y* c — 4ac; and conſe- 


quently x — y = 9.2 — I equation be- 
ing added to, and ſubtracted from x + y = -, 


gives 2x = b — c + hw re 4ac, and 2y = b — 
—k» — 4c. 


PROBLEM XIV. 
Having the perimeter of a right-angled triangle ABC, 
and the radius DF, of it's inſcribed circle; to determine 


all the ſides of the triangle. 


From 
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From the centre D, to the angular points A, B, C, 
and the points of contact E, F, G, let lines DA, 
DB, DC, DE, DF, DG be drawn ; 3 making DE, 


2 


| 
DF, or DG = a, AB = x, BC = y, AC = x, and 
Es tomb It is evident that = + 2 ＋ 25 or 


it's equal — © (enprefilng the ſum of the areas ADB, 


BDC, roo a = the area of the 


whole triangle ABC ; and conſequently 2xy = 2ab: 
moreover (by Euc. 47. 1.) * % = z*; to which - 
22 = 2ab be added, we ſhall have x* + 2xy -*, 

TY = 2* + 245; but, by the firſt ſtep, x + y is 
=b—z| = — 2bz + z2*; therefore, by making 
theſe two values of A equal to each other, we 

get z2* ＋ 2ab = b* — 2bz + z*; whence 24 = b — 2, 
and z = 4b — a. But, to find x and y, from hence, 
we have now given x (=- ) = 4b + a, and 
xy = ab: the 22 of theſe equations, multiplied by 


bx 
*, gives x* + xy = 2 ＋ r from which the latter 
xy = ab being ſubtracted, we have x* = ibx ＋ ax — ab, 


b 
= X x = — ah: whence, by completing 
the 


or K* — 
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the ſquare, &c. x = 2 S + v4? — 1208 44 ſo 
+ 
that the three ſides of the triangle are, 4b — a, 
2a4+b+V 40*—124ab+6* WP 2a+b-=v/ 40* —12ab + b* 
— ꝗ— —. 
4 + 


The right-angled triangles ADE, ADG, having the 
fides DE, DG equal, and AD common, have alſo 
AE equal to AG : and, for the like reaſon, is CE = 
CF ; and conſequently AC (AE + CE) = AG + CF. 
Whence it appears that the hypothenuſe is leſs than the 
ſum of the two legs, AB + BC, by the diameter of 
the inſcribed circle, and therefore leſs than half the pe- 
rimeter by the ſemi-diameter of the ſame circle. Hence 
we have AC = 2 — 4, and AB + BC = 5b + a, Put, 
therefore, 1b — a=, ib +a=d, and half the dif- 
ference of AB and BC = x; then will AB = 4 -þ x, and 
BC=d—x; and conſequently 24* + 2x* (AB. ＋ BC“) 
= (AC*), whence x is found = V —4* ; therefore 
ABis = 1d + Vi- d,, and BC d Vi-. 


3 ee XV. 

three ſides of a triangle ABC being given; to 
find the perpendicular, the ſegments of the baſe, the area, 
and the angles. 

Put AC = a, AB = b, BC c, and the ſegment 
ADñꝗ x; then BD being =b — x, we have * — 
- (= CD*) = @* -- x*, that is, * — b* + 2bx 
| AC 


. 


1 1 . 
= x* = a* : whence 2bx = aa + bb = cc, and 


XN = 


3 


rr 
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aa + bb — cc 


* 2 _ Now CD = AC — AD* = 


. 2, 240% + aa + bb — ce 
20 e 

2ab — aa — bh ＋ 4 a+d' — 6 2 Gif 
. 26 a 

ö — _ 


I pros 3 
hence CD = 7; * Fra M- x -A; 
CD =) 5 


and the are a ( _w_ 


DEM —o x 0 


But, becauſe the difference of the ſquares of any two 


lines, or numbers, is equal to a rectangle under their 


ſum and difference, the factor a + b\" — & will be = 
a+b+cxa+Sb=—=c; and the remaining factor 


* - - =c+$a—bxc—a+6b: and fo 
the area will be likewiſe truly expreſſed by 


% TU TeX TI TAX =I 
wy* = EIS 42+ — „A I 
141. 


= Sq mating e 


In order to determine the angles, which yet re- 
main to be conſidered, we may proceed according to 
Prop. 11 in Trigonometry, by firſt finding the ſegments of 
the baſe : but there is another proportion frequently uſed 
inpractice; which is thus derived: let BA be 3 — 
to F, ſo that AF may be = AC; and then, FC being 
Joined, it is plain that the 1 F ul de the bar 
the angle A; e wil * 
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(from above) = r „ 
| 25 1 2 
R = but DF — is to DC 


W 


(. SoC. Hades * — a), ſo is the radius to the tan- 


gent of F; and conſequently s x - c: 5 — b x — 4 
: ſq. rad. : fq. tang. of F; that is, in words, as the 
rectangle under halt the ſum of the three ſides and the 
exceſs of that half ſum above the fide oppoſite the re- 
quired angle, is to the rectangle under the differences 
between the other two ſides and the ſaid half ſum, ſo is 
the ſquare of the radius, to the ſquare of the tangent of 
half the angle ſought, | 


PROBLEM XVI, 


* Having given the baſe AB, the vertical angle ACB, 
and the right line CD, which biſefts the vertical angle, 
and is terminated by the baſe ; to find the ſides and angles of 
the triangle, 


Conceive a circle to be deſcribed about the triangle, 
G and let EG be a diameter 

| of that circle, cutting the 

baſe AB perpendicularly - 


| in F; alſo from the cen- 

ter O, ſuppoſe OA and 

0 + OB to be drawn, and let 

CD be produced to E 

(for it will meet the pe- 

/R 4 riphery in that point, be. 
2 


A F cauſe the angles ACD 
| and BCD, being equal, 

4 muſt ſtand upon equal 
= -- arches EA and EB), 

Now, becauſe the angle AOB at the center, ſtanding 
upon the arch AEB, is double to the angle ACB at 


the periphery, ſtanding upon the ſame arch (Euc. 20. 8. 
t 
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that angle, as well as ACB, is given; and, therefore, 
in the iſoceles triangle AOB, there are given all the 
angles and the baſe AB; whence AO and FO will be 
both given, by plane trigonometry, and conſequently 
EF (AO — FO) and EG (= 2A 5 Call, therefore, 
EF = a, EG =I, CD S c, and DE = x; and ſup- 
poſe CG to be drawn ; then, the angle ECG being a 
right one (Euc. 31. 3.) the triangles EDF and EGC 
will be fimilar; whencex:@a::6: x+c; therefore, 
by multiplying extreams and means, we have x* ＋ cx 


= ab, and conſequently x = ab + cc — ic; from 
which DF (vV ED* — EF*), half the difference of the 
ſegments of the baſe, will be found, and from thence all 
the reſt, by plane trigonometry. 


Before I proceed further in the ſolution of problems, 
it may not be improper, in order to render ſuch ſolutions 
more general, to ſay ſomething here, with regard to the 
geometrical conſtruction of the three forms of adfected 
quadratic-equations, = 


x + ar = bs 
vix. 1 — ax = be, 
ax — * = bc, 


Conſtruction of the firſt and ſecond forms. 


With a radius equal to 2a, let a circle OAF be de- 
ſcribed ; in which, from any point A in the periphery, 
apply AB equal to þ — c A : 
(being ſuppoſed greater 
than c) and produce the 
ſame *till BC becomes 
Se; and from C, thro' pt__ 
the center O, draw CDE 
cutting the periphery in 
DandE; then will the 
value of x be expounded 
by CD, in the firſt caſe, and .by CE, in the * 

| or, 
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For, fince (by conſtruction) DE is Sa, it is plain, if CD 
be called x, that CE will be x+ 4 but if CE be called 
x, then CD will be x — a: but, by Eucl. 37. 3. CE x CD 
= AC x BC, that is «Xx (* +ax) is = bc, in 
the firſt caſe; and x x x—@ (x*— ax) = be, in the ſe- 
cond : which two, are the very equations above exhibited, 

When 5 and ec are equal, the conſtruction will be 
rather more ſimple; for, AB vaniſhing, AC will then 
coincide with the tangent CF : therefore, if a right- 
angled triangle OFC be conſtituted, whoſe two legs 
OF and FC are equal reſpectively to the given quanti- 
ties 3a and h, then will CD (= CD — OF) be the true 
value of x in the former caſe, and CE (= CD + OF) 


it's true value in the latter, 


Conſtruſtion of the third form. 


With a radius equal to 4, let a circle be de- 
ſcribed (as in the two preceding forms) in which apply 
| AB, equal to the ſum of the 

| two given quantities 6 + c, 

5 | and take therein AC equal 
co either of them; through 

D C draw the diameter DCE ; 

O / then either DC, or EC, will 


2 


be the root of the equation. 
P, For, the whole diameter 

ED being = a, it is evident 
B that, if either part thereof 
(DC, or EC) be denoted by x, the remaining part will 
be a—x: but DC x EC AC x CB (Euc. 35. 3.) 
that is, ax — a* = be, as was to be ſbeton. 

The method of conſtruction, when b and c are equal, 
is no-ways different; except, that it will be unneceflary 
to deſcribe the whole circle; for, AC being, here, per- 
pendicular to the diameter ED, if a right-angled triangle 
OCA be formed, whoſe hypothenuſe is z, and one of 
it's legs (AC) = b, it is evident, that the ſum (EC) 
and the difference (DC) of the h uſe and the 
other leg, will be the two values of x required. 


N. ole. 


1 1» WW bo. uw, 


A 


. 


— 0 
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Note. If b and c be given ſo unequal, that 5 — c, in 
the two firſt forms, or þ + c, in the laſt, exceeds (a) 
the whole diameter; then, inſtead of thoſe quantities, 
you may make uſe of any others, as 4% and 2c, or 4b and 
3c, Whoſe rectangle, or product is the ſame; or = 
may find a mean proportional between them, and then 
proceed according to the latter method. 


PROBLEM XVII. 
The baſe AB, the vertical angle ACB, and the right line 
CD, drawn from the vertical angle, to biſeft the baſe, 


being given ; to find the fides and perpendicular. 


Suppoſe a circle to be deſcribed about the triangle; 
and let CQ be perpendicular to AB, and ED equal, and 
arallel to CQ; moreover, from the centre F, let FA, 
B, and FC be drawn; alſo let CE be drawn (parallel 
to AB). Put the | 
ſine of the given C 
angle ACB. to the E 
radius 1, = m, it's | | 
co- ſine = n, the | 
ſemi-baſe BD = a, 
the biſecting line F 
CD b, and the 


DE) = x: then B 
— (by Euc. 20. A D 9 
3.) the angle BFD 
is equal to ACB, ic 


will (by plane tri- 
gonometry) be, as n (fine of BFD): a (DB) : : = (fine. 


of DBF) : = = DF; and, as m (fine of BFD): a 


(DB) :: 1 (fine of BDF + - = the radius BF, or 


na mx 


FC; whence EF (ED — DF) = x— >, or 


But (by Euc. 12. 2.) DF* + FC* + 2DF x FE _ 
at 


272 The Apptication of Ar EBRA 


FO 3 4* zu x- 
that is, in ſpecies, 5 3 y 


2 , 


2 22 * 2 | 
or — = + — = : but, ſince the ſum of the 


ſquares of the ſine and co-fine, of any angle whatever, 
4s equal to the ſquare of the radius, or, in the preſerit 


caſe, * + n* = 1, therefore is 1 — n* , and conſe- 
a* DD 2 * 


quently 3 (or * I-) =—xm=a; 


, 2nax 
whence our equation becomes a* 4- — = 6; which, 


: m X b* — 4 m DC* — DB? 
ordered, gives x = — — = —X If 
1 DC + DB x DC — DB 
eg” AB 
the tangent of the angle ACB : therefore, in any plane 
triangle, it will be, as the baſe is to the ſum of the 
ſemi-baſe and the line biſecting the baſe, ſo is their dif- 
ference to a fourth proportional ; and, as the radius is 
to the tangent of the vertical angle, ſo is that fourth pro- 

portional to the perpendicular height of the triangle: 
whence the ſides are eaſily found. 


| The ſame otherwiſe. | 
Let the tangent of the angle ACB, or BFD, be re- 
preſented by p, and the reſt as above; then it will be 


(by trigonometry) as p: 1 (the radius) :: a (BD): 5 


2 
; Where — expreſſes 
1 


=DF; therefore FE (DE — DF) == x — 7 and FC* 


(=FB* = DB* + DF*) = @a* + 5 and conſequently 


SAZ. — <(DF*4.FC*4-2DFxFE 
S LRF — S(DF+FC+2DFAFE)= 
Po gs? 


bb (=DC*) that is, 4 * b*; whencex =p X — 


the ſame as before, | | 
PROBLEM 
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PROBLEM XVII. 
The area, the perimeter, and one of the angles of any 
plane triangle ABC, being given ; to determine the triangle. 


Suppoſe a urs to be inſcribed in the triangle, touch- 
ing the ſides thereof in the points D, E, and F; alſo 
from the centre O, ſuppoſe * OD, OC, OF, OB, 


and upon BC let fall the C 

perpendicular AG ; put- 
ting AB + BC + AC = 
b, the given area = 4“, 


the fine of the angle ACB 


and OE to be 'drawn 1 


(the radius being 1) = m, F 
the co-tangent of half that — 
angle (or the tangent ay 25 . 


D C) = n, and AC = 
Therefore, ſince the area 2 
of the triangle is equal to - ; 
AB x OE + {BC x OF = E B 
+ AC x OD, that is, equal to a rectangle under 
half the perimeter and the radius of the inſcribed circle, 


b 
we have = OE = aa ; and therefore OE But 


AD being = AE, and BF = BE; it is manifeſt that the 
ſum of the des, CA + CB, exceeds the baſe AB, by 
the ſum of the two equal ſegments. CD'and CF and 

is greater than half the perimeter by one of thoſe equal 
ſegments CD ; that is, CA + G2 15 + % D: but 
(by trigonometry) as 1 (radius) : n (the tangent of 
DOC) : : 2 —- (OD) : DC = =, whence CA + 


CB (= 24 + CD) = 14 which, taken from (i) 


2na* 


the whole perimeter, leaves 4b — 7 the baſe AB. 


Make now LY +— c; then will BC =c—x: alſo 
{by trigenometry) it will be, 1. I (radius): m (the * 
| 0 
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of ACG) :: x (AC) : mx= AG; half whereof, mul- 


WICK — mx 


tiplied by c — x (BC), gives —— = a, the area 


of the triangle: from whence x comes out = 40 + 


ce 24a 
— — — * 
4 m 


PROBLEM XIX. 

The hypothenuſe, AC, of a right-angled triangle ABC, 
and the ſide of the inſcribed ſquare BEDF, being given; 
to determine the other two fides of the triangle. 

Let DE, or DF a, AC =, AB , and BC y; 


then it will be, as x: :: x 


Cm (AF) : a (FD); whence 
we have ax = yx — ya, and 
D conſequently xy = ax + ay. 


E Moreover, xx + yy = bb: 


| | to which equation let the 
double of the former be add- 
| ed, and there ariſes x* + 2xy 


F 20 + * = b* + 2ax + 2ay; 


1 F. 5 that is, x + y)* = b* 24 


x x+ >, or K T - 2a x TY =; where, by 
conſidering x + y as one quantity, and completing the 
ſquare, we have & + , — 2aXx+y+4a* =b*+a*; 
whence x +y—a =v#f +&, and x = V + b* 
+84; which put g then, by ſubſtituting c — x in- 
ſtead of it's equal () in the equation xy = ax + ay, 
there will ariſe cx — * = ac; whence x will be found 
= 4c +4 tec ac, and y = 3c — Vcc — cc. 

It appears from hence that c, or it's equal aa + bb 
＋ a, cannot be leſs than 42, and therefore &“ not leſs 
than 84*; becauſe the quantity cc — ac, under the 
radical ſign, would be negative, and it's ſquare root im- 
poſſible ; it being known that all ſquares, whether from 
poſitive or negative roots, are poſitive : ſo that there 
cannot ariſe any ſuch things as negative ſquares, 

| | unleſs 


wu ed a «a X75 


3 


—_— 0 ns TW 


Hi wo 
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unleſs the conditions of the problem under conſideration 
are inconſiſtent and impoſſible. And this may be demon- 
ſtrated, from geometrical principles, by means of the 
following 


LE MMA. 
The ſum of the ſquares of any two quantities is greater 
than a double reftangle under thoſe quantities, by the ſquare 
of the difference of the ſame quantities. | 


For let the greater of the two quantities be repreſented 

by AB, and the leſſer by BC (both taken in the ſame 

right line). Upon AB and BC let the ſquares AK and 

CE be conſtitut- 

ed; take AP = H x - 

BC and complete 

the rectangles PH | 

and CF. Tbere- E 
| 
| 
| 


fore, becauſe AB 
= AH, and AP 
= BC, it is plain 
that PH and PD 
— mtr” — 
rectangles un ow 
the propoſed quan- A | P B C 
tities AB and BC; but theſe two rectangles are leſs 
than the two ſquares AK and CE, which make up the 
whole figure, by the ſquare FK, that is, by the ſquare 
of PB the difference of the two quantities given ; as 
was to be proved. h 

Now, to apply this to the matter propoſed, let there 
be given the q Ic equation «K b* = ax, or x = & 
＋Vaa - bb: then, I fay, this equation (and conſe- 
quently any problem wherein it ariſes) will be impoſſi- 
ble, when aa — bb is negative, or 6 greater than @a. 
For, fince 6 is ſuppoſed greater than a, zb will like- 
wiſe be greater than 2ax ; but 2ax is given = xx + bb, 
therefore 26x will be greater than xx + bb, that is, the 
double rectangle of two quantities will be greater than 
the ſum of their ſquares, which is proved to bs im- 


les 
Pj T 2 | PROs 
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PROBLEM XX. 


* The baſe AB (a) and the perpendicular BC (b) of a 


right-angled triangle ABC, being given; it is propoſed to 
find a point D in the perpendicular, 1 that, if two right- 
lines be drawn from thence, one to the angular point A, and 
the other (DE =» N thereto, the triangles DEC, 
ABD, cut «ff by thoſe lines, ſhall be to one another in a 
given ratio. 
Let AB be produced to F fo that the angle BFD may 
be equal to the angle BCA; putting AC c, CD = x, 


— 


1 1 "A 
and the given ratio of the triangle DEC to ABD, as m tor. 
Then, by reaſon of the ſimilar triangles ABC, DBF, 
it will be, a (AB) : 6 (BC) :: b— x (BD): BF = 
b OI: . AF = 44 b =E 2 a 


c* — bs 


= (becauſe a* þ 5 =). Alſo, as ADE is a 


a 
right-angle, the angles FAD, EDC will be equal; there- 
fore, the angles C and F being equal (by con.) the tri- 
angles AFD, DCE muſt be ſimilar; and conſequently 
AF {ma ) CD- ( „ AE * = b — 

1 2 2a 


the area of the triangle AFD : — the area 
s 2X c -& 
of the triangle DEC: wherefore, the area of the tri- 

angle 
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BDR AB or $—xX@ 
2 


angle ABD being „we ſhall have, 


6156 SEE. — . (by the queſtion) ; and 
2 * *— bx 2 


— mbx me? 
conſequently, ax mx & — bx, or of + — = —; 


n 
m*b* mb 


4 21 


The geometrical conſtruction of this problem, from 


h z 
the equation x* + = = — may be as follows. In 


which, reduced, gives x = © — 7 


CB let there be taken, CH : CB :: : , and let HK 
| mb 
be drawn parallel to BA ; then CH being = A and CK 


= _ „our equation will be changed to * ＋ x x CH 


= ACxCK, or to CD x CD + CH = AC x CE. 
Upon CH as a diameter let the circle CTHQ be deſcrib- 
ed, in which inſcribe CG=AK; and in CG produced, 
take CS = CA; and from S, through the centre O, 
draw the right-line STOQ, cutting the circumference 
in T and Q, and make CD =ST ; then will D be the 
point required. For, CG being = AK, and CS= CA; 
therefore will AC x CK — CS x GS = ST x SQ (Euc 
37. 3.) = ST x ST + TQ = CD x CD + CH, the 


very ſame as above, 


PROBLEM XXI. 


Having the. perimeter of a right-angled triangle ABC, 
and three perpendiculars DE, DF, and DG, falling from 
a point within the triangle, upon the three ſides thereof; 
to determine the ſides. 


Suppoſe DA, DB and DC to be drawn ; and let DE 
=08,-DF =b, DG =, AB ==, BC=y, AC=2z, 
2 and 
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and the perimeter, AB + BC + AC, =p: then, the 
5 ö 7 area of ADB being ex- 


| pounded by =; that 
| of BDC, by 2, that 


of ADC, by Z ; and 
8 that of the whole 


7 


E B ABC, by 2 ; we there- 


ax er ay 
fore have — +2+==2, or ax + by + cz = xy: 
moreover, we have x* + y* = , and x + yz =p, 
by the conditions of the problem. Let z be tranſpoſed 
in the laſt equation and both ſides ſquared, ſo ſhall 
* + 2 + 2 = pf — 2pz + 2*; from which, if x* 


+ y* = z* be ſubtracted, there will remain 2xy = þ? 
— 2p% = 2ax + 2by + 2c: (by the firſt equation) : 
whence ax + by + c +p xz = jpp: from this laſt 
equation ſubtract a times x + y + z = þ, and there 
will remain by — ay. þ p + c—@axz=3p* —ap; 
alſo, if from the ſame equation, „ times x + y + z 
= þ be ſubtracted, there will remain ax — bx + 
4 + c—bxXz=H — bp; which two laſt equations, 
g=fp +c—b, and h — 2 — bp, will ſtand thus, 
dy + ez = V, and — dr + gz = h; whence y = 
— e — h 
A and x = 7— Let theſe values of x and x 


be ſubſtituted in x* 4+ = and we ſhall have 


— 2efz + ez? 2 — 2ghz ＋ h* — 
— 7 + £ - + z' ore“ g- d 


* * — 2ef ＋ 2g * 2 - -: put 4-4. 
=4, ef +gb=1, and f* + n; fo ſhall kz* — 
| m [ 


2 
2 ; whence 2. — T==Þ and z == 
| + 
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SEES I+vF—tn : 
- i or 7——: from which x (= 


E=2) md; (=< ==) will alſo be known. 


If a, 5 and c are all equal to each other, the point 
D will be the centre, and each of the given perpendi- 
culars a radius of the inſcribed circle ; and the. value of 
2, in this caſe, will be barely equal to ip — a ; for the 


equation, by — ay Þ+ pee X your 25 — ap, above 
found, here becomes pz = 22 
But, if only a and / (or DE an D — DF) be equal, then 


the equation will become C = Xx z = 3p*—ap; and 


urefere = == bm =D; in with 
0 r 20, 


z will be = — where à is the ſide of the in- 
ſeribed ſquare. 


PROBLEM XXII. 


The perpendicular CD, the difference of the ſides, AD == 
BD, and the vertical angle D, of any plane triangle ABD, 
being given ; to determine the ſides. 


From B, upon AD (produced if need be) let fall the 
perpendicular BE : let the fine of the angle BDE = 5s, 
it's co- ſine = c (the radius being unity); alſo let the per- 
pendicular CD = þ, the 
leſſer fide BD = x, and the 
greater DA A then 
(by Prop. . in trigenometry ) 
a$1:5:: x : x= BE; 
and, AST :c:: x * 
ED. Now AB“, "bil 
AD*+ DB*—AD X 2 E 
(Euc. 13. 2.), will be ex- 
pounded by TTA + | — 
- x-+d X 2cx, or 2x* þ A 
2dx ＋ d* == 2cx* = 24x ; whence, by reaſon of the 

T 4 ſimilar 


D 


—_— 
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ſimilar triangles ABE and ADC, it will be, as-2x* + 
zdr + d* — 20% — 2x (AB!) : * (BE') :: * 
+ 2x4 + dd (AD?®) : p (DC:), and conſequently, 
by multiplying extremes and means, d + 25dx* + 
PA x = 2þ*x* + 2þ*dx ＋ p*d* — 257 — 2p*cdx; from 
whence, by tranſpoſition and diviſion, we have & + 


r 
8 OY . * 


* — 2 + = o. Which equation anſwering the condi- 


tions of the ſecond caſe of biquadratics, explained at 


p. 154, we ſhall therefore have «“ + dx + Ae of 2 


8 


if 6 — . and conſequently x = — 4d 
" 


—— 


4 + 2. e 2 + 7 5 


4 * 


__ Otherwiſe. 

Suppoſing 5, c, and p to be the ſame as before, put 
half the given difference of the ſides = a, and half their 
ſum = x; then the greater ſide AD will be = x + a, 
and the leſſer BD = x — a; wherefore (by trigonometry) 
I: S:: ͤ„ -: XxX - == BE; and, 1c x— 8 
:cxx—a=DE: but AB* is = AD* + DB* — 2DE 
XAD=#* +a +x—a* —2cxzx—axxÞ+ a= 
2x* + 24” — 2x* + 2:a* ; whence, by reaſon of the 
ſimilar triangles ABE, ADC, it will be 2x* 4 24* — 
2cx* + 2a* (AB:) : £X x —a\* (BE*) :: TTA“ 
(AD*) : * (DC-); and conſequently * x x — a}* x 
x +a) = 2 + 225 — 2x* + 2ca x þ*, or 4! — 
25 e + 234 = 20*x* wm 2<þ*x* ＋ 25545 + ach; 
whence, by tranſpoſition and diviſion, ** — 24*x* — 


2þ*x* 2cf*x® 2þ*a* ac | a 
— = + —- — . Subſtitute 


„ 25 2,464.8 A 
78 


3 1 
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2 2 2 2 

= ＋ — 5 and g x = 5 X —a; 
then the equation will ben dhe, x* — 2f*=g: 
whence x is found = Vf + /f* + g. 

If, inſtead of the difference, the ſum of the ſides had 
been given, in order to find the difference, the method 
of operation would have been the very ſame, only, in- 
ſtead of finding the value of x in terms of a, by means 
of the equation 5*x* — 2π⁹ᷓmn H = 2p3x* — 2p3x* 
+ 2þ*a* + 20%, that of a muſt have been found in 
terms of x, from the ſame equation. | 


PROBLEM XXIII. 

Having one leg AB of a right-angled triangle ABC; 
to find the other leg BC, /o that the rectangle under their dif- 
ference (BC — AB) and the hypothenuſe AC, may be equal 
ta the area of the triangle. 


Put AB a, and BC==x; ſo ſhall AC= Vaa+xax; 
and = = * 4. Vaa Tax, by the conditions of the 
problem. By ſquaring both ſides G 


of this equation we have a = 
* — 2ax + 4 x aa + xx: in 
which the quantities x and @ being 
concerned exactly alike, the ſolu- 
tion will therefore be brought out 
from the general method for ex- 
tracting the roots of theſe kinds of | 
equations (delivered at p. 156) : 
according to which, having di- 


X 

vided the whole by a, we get . = — 
4 a 
x 


reduced down to 1 =z—2 xz, or 2* — 22 = +: 


whence zis given S1. But, ſince — +7 =% 


— 


— - =_ 
* — - >. - 
— — — — — —— a 5 — = = 3 
CEE ——_ === ==x= - — — = = - 2 — 5 , _ — - 
a . — — — — — — — — — — — — — ws = = '- 
—_— — 8 — 2 
= 
% a 
ö T 5 by: | = Mm ä = 8 - 
— — —— — — WO de 1 — — — — — — 
* * 


, 
* S ET = — — 
- — —— 
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we have x* - azx = — ; and therefore x = = 


a*Z 
Eo "== x 2 þ+ V=; which, by ſub- 
6 of z, becomes «x == X 


1+V;3 +v v5 —+ 


PROBLEM XXIV. 
To draw a right-line DF from one angle D of a given 
rhombus ABCD, ſ that the part thereof FG intercepted 


| by one of the ſides including the oppoſite angle and the 


ether fide produced, may be of a given length. 

Let DE be perpendicular to AB; andlet AB (= AD 
ee 6 - 4, AE = b, F 
= , and AF = —_ 
then DF- (= F 
+ AD*- 2AE x AF) 
= xx + 4 — 2bx; 
and, by ſimilar tri- 
* — — angles, xx ＋ aa — 
A „ OD F 20 (DF-); xx(AF?) 
:: ce (FG®) : x —a\* (BF*); and conſequently 
xx + an — 2bx X xx — 2ax + aa = ccxx, Make ma = 
b, and na = c; ſo ſhall our equation become 


xx ＋ ag — 2max X xx —2ax + aa = : which, di- 


vided by a*x*, gives — + — — 2m X =+=S—2= 


n* : this, by making z==+=> becomes Z—2m X 


2 —2 2 ; therefore 2 —2m+2X%Z=n — 4m, 


and z = 1 + m + Ni” + Im = 
WEL T- „ by reſtoring the values of 


m and n. From whence the value of x will be alſo 


known; 
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known; for = + © being = % we have, by reduce 


a 
tion, x* — an = = 4a; and therefore x = , X 


„ + Viz—4 
PROBLEM XXV. | 
The diagonals AC, BD, and all the angles, DAB, ABC, 


BCD, and CDA, Kd a trapezium ABCD, being given ; 
to determine the 


Let PQRS be * 1 trapezium ſimilar to ABCD, 
whoſe ſide PQ is unity; and let QP and RS be produced 
= they meet in T: alſo let PR and Qs be drawn, 

5 Let the 


_ ſine of the given angle STP, to the radius 1, 
— = m; that of TSP, or PSR, =; that of 
TRQ = 5; the co-fine of SPQ = r; that of R=; 
AC Sa; BD=6b; and PT =x. Then n 


——_—- n x: PS ==; and 1: — (PS) 
8 . whence, by Eu. 13.2, G 
+ PS* — 2PQ x Pw) = 1+ .. 
Again (by trigonemetry) p: : 1+#x(TQ); 
* == 12 :: N : Qv=z 
ms + msx 


. And therefore PR. (= PQ? + QR*— 


} 
! 
4 
] 


| 
I 


— —ů— — 


=> — - 
— 2 


— 
— —— — — 
— 


— 2 


— — 


|< 8 - 


— — 
© 
_— 


I —— —— — — 


— 
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m 7 * 2ms ＋-2mπ＋me 
2PQ x QD) = 1 + — — 5 But, 
becauſe of the ſimilar figures ABCD, PRS, it will 
: . hit i, &* 2: $7: 

m + mx\* 2ms + 2Msx + mx azrmæ 


„„ r 
aa B 

and conſequently a + π — — = + 7 

2ÞP x bin 2b 2b mix f 

+ 75 ＋ꝙ— — : whence, writ- 

, am ben bbms bbm* aarm 

W 

b*m* 2bbms 
b=Þ— & + "a Tp we have fx* þ 2gx =h: 


which, ſolved, gives x = # 3 +4... : from 
e 


whence SQ will alſo be known : and then, again, b 
reaſon of the ſimilar figures, it will be as QS : QB 
— :: BD : AB; which therefore is known, 
ikewiſe ; from whence the reſt of the ſides BC, CD, 
and DA will all be found by plane trigonometry. 

The laſt problem is indeterminate in that particu- 
lar caſe, where the trapezium may be inſcribed in a 
circle, or where the ſum of the two oppoſite angles is 
equal to two right ones: for, then, there can but 
one diagonal be given, in the queſtion, becauſe the va- 
lue of the other depends intirely upon that. 


PROBLEM XXVI. 1 
Suppeſing BOD to be a quadrant of a given circle; to 


find the ſemi-diameter CE, or CL, of the circle CEGL 


inſcribed therein; and likewiſe the ſemi-diameter of the 

little circle nFmP, touching both the other circles DLB, 

LmE, and alſo the right-line OB. 

Let BQ, Pn, and CE, be perpendicular to BO; join 

C, = and O, ; and draw OC meeting B in Ip 

and ur parallel to BO, meeting CE in r : put O 
(= 


«a e ge 


0 
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= BQ) =1, OQ (= v2, by Euc. 47. 1.) b, and 
„ ( um) . Ihen, by reaſon of the ſimilar tri- 
angles OBQ, OEC, it will be, OQ : BQ :: OC: 


1 5 5 1D 
« 1. N 
E G * 
| 
e | | 
H NT Ar 
B P E O 


CE ; whence tion, O BQ: . OL 
ind X06 ;: 1 CE= 


—1 ; which let be denoted 2 a, then we ſhall have 


Cn + Cr — 24, and Cn — Cr = 2x; and therefore ar 


(= v/Cn + Cr x Cn — Cr) = 27x. Moreover On 
+ Pn being =1, and On — Pn = 1 — 2x, thence will 


OP =vi—2x; which alſo being = I + OE 


(ar + a) we therefore have Vi — 2 = 2Vax 
+82; whereof both ſides being ſquared, — ariſes 1 — 


2x = 4ax ＋ 4aVax ＋ a*, or I — 4 — 2x — 4ax = 


| 4aVax; which, becauſe 1 — aa is 2a, will be @ — 42 — 


I + 2a X x = 2a ax: this, ſquared, gives 2. — 1+ 24 


X 2ax + ax + IT 200“ X * = 44*x; whenge 1 + 2a] X * 


— I + 24 * 24x — 44's =— 4a; Which, ks 


r ˙ ˙ a ao ., Ä ͥͤr-n . ¾ ³Tr Ä — — 
1 , . f 


— 


— — 
_ * 
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32 inſtead of it's equal a, becomes 26 — 1)* x x* 


2X = = 3 from whence x is found = 


2b — * 
— 41 ＋ A oh 
26 —1) © 2b — 1  b—1\* 


12— 94 v — x 2 — i + 7719 = 
26 —1\* 


7 —9g9+v TEE + 207 —112 + 78 : which, by writ- 
2b — 1} 


ing x 2 for b, becomes 


HIS 272 — 1 
* , that is, equal to 13/2 , 
272 — 1) 


ers —1 ; which laſt is the root required, the 


2 2 —i 


other being manifeſtly too large : but this value will be 


SV 2 — 1. 

—— 72 
— 102 — 7. 

a AE 79 = = Pn; and 

conſequently BH = BQ; from 3 we have the 


reduced to Therefore OP (= * 1— 2x) 


following conſtruction. 


In the tangent BQ, take BH = BO; draw HO, 
cutting the circumference BDL in F, and make the 
angle OFP = OHB, and draw Pn parallel to BQ, 
meeting OH in , the center of the leſler circle required. 


SCHOLIUM. 


In the preceding ſolution it was required, not only to 


extract the ſquare root of the radical quantities 136 — 


C 


7/2 —9+v136—964/2 FIR 


29 


2 2 w 11 


MA $5 we A wm, #4 — 11 K 20 2 = A —» 2 


toy 
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y/2 and 51 — 10%, but likewiſe to take away the 
2 quantity from the denominator of the fraction 
. and confine it, wholly, to the numera- 
202 — 1 


tor : all which being ſomewhat difficult (and, for that 

reaſon, omitted in the introduction, as too diſcouraging 

to a young Beginner) I ſhall therefore take the opportu- 

nity to explain here the manner of proceeding in ſuch like 
es, when they happen to occur, 

Firſt, then, with regard to the extraction of roots out of 
radical quantities, let there be propoſed AVB, A be- 
ing the rational, and V the irrational part thereof; 
and let the root required be repreſented by Vr + v/ 7 - 
the ſquare of which will be x + y + 2V/ay, or x + 
+v 4xy ; therefore we have x+y+/ 4x23 =A+v/B. 
Let the irrational, as well as the rational parts of theſe 
two equal quantities be now compared together; ſo 
ſhall x + y = A, and Y = vB: from the ſquare 
of the former of which equations ſubtra& that of the 
latter, whence will be had xx — 2xy + yy = A* B; 
and, by taking the ſquare root, x —y = V A*—B; 
which added to, and ſubtracted from x A y A, &c. 


gives x = 


2 
In the firſt of the two caſes above ſpecified, the quan- 


tity whoſe ſquare root is to be extracted being 136 — 


96 / 2, we have A = 136, and B= 18432 (= c6* 
x 2) ; whence we have x (= EE IS 2 => Td 
A — / A*— 2) 

- = 64; 


and y (= and conſequently 


ſquare root of 136 — 96v/ 2. After the very ſame man- 


ner, the ſquare root of the other radical quantity $I — 
toy/ 2, or 51 — 200 will be found to be 5V/2 — I + 


for 


—— ——— — : —-— — — 
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for, A being here = 51, and B = 200, we have x == 50, 
and / ; and conſequently / x — v/ y = 5V 2—1. 

What has been ſaid, thus far, relates to the extracti- 
on of the ſquare root only ; but the ſame method is ea- 
fily extended to the cube, biquadratic, or any other root. 
Let us take an inſtance thereof in the cube root ; where 
we will ſuppoſe the given quantity, out of which the 


root is to be extracted, to be 3 by AVB, 
as before. Then, if the rational part of the root be de- 


noted by x and the irrational part by x ”, the root itſelf 
will be expreſſed by x + V and it's cube by x* + 

V y + 30 + 1 y : from whence, by proceeding as 
in the extraction of the ſquare root, we have x* + 3xy 


—A, and 3x%/ y + ww 7 SVB. Let the ſum and the 
difference of theſe two equations be taken, and there 


will come out ** + 3 y+ 3zy + wv y =4A + * B, 
and * — 3. y + 99 — 5 A-; where- 
of the cube root being extracted on both ſides, we thence 


: L 
have x+ /y = A +4/BY, and x —/y = A=y/A": 
let the two laſt equations be added together, and 5 ſum 


I 1 
be divided by 2 ; ſo ſhall x = A+ BU $A v/BY, 
2 


and, by multiplying the ſame equations together, we 
get " peo | = A2 —BI?, and conſequently J = am 


A> — B\? ; whence y is likewiſe known. 
Univerſally, let the index of the root to be extracted 
be denoted by u, and let the root itſelf be repreſented 


by x+w/ y (as above). Then this expreſſion, raiſed to 
the nth power, will ber Kur V + nx == x? 


1 


| — 1— 2 g — ; |; 
+ nx — * „ ½, &c. from whence, 


ſtill following the ſame method, we ſhall here get 
* n „ &c. = A, and 


„„ e 


B = 25920, and n = 4, we have x (= 


+ === - = 
” 2 x 321,99, Se.]! 2 
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* + n x © * x yy, &, =yB: 


A therefore, the 55 of the ſum, and alſo of the dif- 
ference of theſe two laſt equations be taken, and yow 


will have, F 4./j=KIIHNT, and ant y = 


I | 
A—y}/B]"; which two equations being added to- 


I I 
NI = R. 
** x will be found = = vB 7 VB" 


2 . A — Fl: and, if the ſame 
3 28 | 


equations be un together, you will * 


* y = A* — M”; ; whence y = ax* + 7 A-. 
The uſe of which concluſions will appeor by the follow- 
ing examples. 


Frſt, let it be propoſed to extract the cube root of 


the radical quantity 26 + 15% 3, or 26 + v/675- 
Here, A being = 26, B = 675, and n = 3, we have 


7 26 + You, I . ae) 
2x26+v/ 6751 2 
=2; and y (= 4 = 676 — 6751?) 2 Z; and conſe- 
quently x + v y + v y=2+ 73 2+v 3 = the value required: for 
2+/3X2+4/3x2+4/3 = 26 + V675. 
Again, let it be required to extract the biquadratic 
root of 161 + 4 25920. In this caſe, A being = 161, 


321.996896\ 


I _ 4-236 + .236 


3 
1 
= 
: 
| 
0 


— 
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y (= 4 + 25921 — 2592017) 25; therefore the root 
ſought is, here, =2 + y/ 5. 


Laſtly, if it were required to find the firſt ſurſolid 
root of 76 + v/ 5808 ; then, by proceeding in the ſame 


manner, x will be found (= 2 — 7 = 1, and 


= I— 5776 — 58086 = 3: and fo of others, 
Ab it is — be N ana that Ss ſecond part of the 
value of x, to which both the ſigns + and — are * 
fixed, is to be taken affirmative or negative, according 
as that or this ſhall be found requiſite to make the value 
of x come out a whole, or rational, number; and that, 
if neither of the ſigns give ſuch a value of x, then this 
method is of no uſe, and we may ſafely conclude that 
the quantity propoſed does not admit of ſuch a root as 
we would find. It may alſo be proper to remark here, 
that, if the upper ſign in the value of x be taken, the 
upper ſign in that of y muſt be taken accordingly ; and 
that the application of logarithms will be of uſe to fa- 


T 
cilitate the extraction of the root A VB „ as be- 
ing ſufficiently exact to determine whether x be a whole 
number, and, if fo, what it is. 


Thus much in relation to the extraction of the roots 
of radical quantities; it remains now to explain the 
manner of taking away radical quantities out of the 
denominator of a fraction, and tranſplanting them into 
the numerator, | 

In order to which, ſuppoſing 1 to denote a whole 
ber, it is evident, in the firſt place, that 


—— 


1 —_y = X — y * a FE x + „ „*. 1 +y 3 
ſince, by an actual multiplication, the product appears 
r 1—1 3 : 
to be * . z+s fF+x * ec. „e: where 


—1 7—2 1— 


all the terms, except the firſt and laſt, deſtroy one 
another. Hence, by equal diviſion, we have 


-%ET 


facility: for, ſuppoſing — 
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_ 1—2 nw — 1 
1 * * x » a 
bY. - A JE, r 


r 


N 
in the very ſame manner, it will appear that 

x NY hg 8 4+ x ffs If Rb: + 
A » +1. 
where the ſign + or —, in the denominator, takes 
place, according as the number r is even or odd. 


Let now x = A”, and 72 B'; then our equations 
will become . 
1 1 A+ 


whe 27 fo oo 


— 
Ws 3 


rm=m mz m- Jan 1 + — 


Fs” A TB 
From which theorems, or general formulæ, the mat- 


ter propoſed to be done, may be effected with great 
x . 


„ tene: 
A—B A +B 
fraction having radical quantities A”, B in the deno- 
minator, it is plain, that it's equal value, given by 
the ſaid equations, will have it's denominator intirely 
free from radical quantities, if r be fo aſſumed that 
both rm and rn may be integers. 
; I 
To exemplify which, let the fraction r 


* be propounded g then, A being =2#, Mn 
212 — 1 


m and n = 1, we ſhall, by taking r = 2, have (from 
I a 
Neorem 1) LTL 


2; — 7 3 — I 


LI 
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Again, let the given fraction be — — 40 
Ver + So = 


In which caſe, A being = cx, 


21 
of === 
a + JT 

B *, m=2, and n = 4, we ſhall, by taking 
7 = 4, have = —.— - 
' cal = * + a*]+ | 

1 1 x 7 
Mx + FAT 

c 


21 — (* — * 


If the numerator is not an unit, you may proceed 
in the ſame manner, and multiply afterwards by the 
numerator given. Thus, in the caſe mentioned at the 


v 2. — 
beginning of this ſcholium, we had given =—= * 73 
N 29 2 > 
I 


which may be reduced to // 2 — 1 x 


I 


2V 2 —1 


— " I I 


24/ 2—1 81— 1 8 7 


8 — i found (by Theorem 1) to be = 
'Z 


but 


: whence our expreſſion becomes Y 21 


V2 2 | 
X SC * DS ; which, by multiplicati- 


on, &c. is reduced, at length, to 


5V2—1 
0p: 


PROBLEM XXVI. 


Having one leg AC, of a right-angled triangle ABC, 
to find the other leg BC, jo that the hypothenuſe AB fhall 
be a mean proportional between the perpendicular CD 
Falling thereon, and the perimeter of the triangle. 5 

ut 


11 — 
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Put AC = a, and BC = x; then will AB = 
v xx and CD = ACx — — 
( we” ) v xx + aa 
therefore, by the gque/tt- 
on, x + a + V xx+aa 
xx Ta :: VAI + aa 


: —====; and conſe- 
v xx + aa Sx 5 a 
ax ＋ a*x . | 4 
pms A D B 
= xx + aa: whence ad + 29% + πτπꝰ = 
xx + aa — ax) Xxx +aa. Divide by a (according 


to the rule at page 156) fo ſhall — + 2 + - — 


2 + 7 —1 * — + =: which, by making z = 
x a 


ol a is reduced to 2 + 22 2 1 X K, or 8 


a 


— 22* = 2. This, ſolved (by the rule for cubics) 


ras=—=+=—kac+v ern — 
: 1 
35+v 11617 


— 


— 


= 2, 359304: whence x (= = * % +4zz =s +) will 
likewiſe be known, 


PROBLEM XXVIII. 

The baſe AB, and the perpendicular BE, of a right- 
angled triangle ABE being given; it is propoſed to find a 
point (C) in the perpendicular, frem whence two right-lines 
CA and CD being drawn, at right-angles to each other, 
the two triangles ACD and ABC, formed from thence, 
Hall be equal. | | 

Suppoſe DF parallel to AC, and let AF be drawn : 
putting AB a, BEA“, BC x, and AC Vat ++) 
=y. Then, ſince FD is parallel AC, the triangle, 

2 1 
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ACF will be equal to ACD, or ABC; and therefore 
CF = BC = x; whence we have EF (= EB — BF 
EY and EC (= E 

Th _ = b — x more- 

Vo over, by reaſon of the ſi- 

milar triangles ABC and 

CDF, we have, y (AC) : 
x (BC) :: x (CF): FD 

xx - | 


Py . 


1 becauſe of the 
parallel lines AC and FD, 


bo 1 it will be, > (FD) : 6-23 


B 
(EF) :: y (AC): b— x (CE); and conſequently 


** — & 


= 2x x, or bx -* — 2K „ *; 
which equation, by writing * + *, inſtead of it's 
equal, y*, becomes bx* — x* = ba* + bx*— 24*x — 2 
whence we have x* ＋ 24*%x = ba, and therefore 


, 
ll 


Xx => — * — — — 
T : _ 27 
3a - 
* 20 9 
baa bb 8aa 
Js + . 7 + 27 


PROBLEM XXIX. 
| Three lines AO, BO, CO, drawn from the angular 
points of a triangle to the center of the inſcribed circle, 
being given ; to find the radius of the circle and the fides 
of the triangle, | 
If, upon CQ produced, the ndicular BQ be let 
fall, and radii OE, OF be A- the 4 con- 
tact, the triangles * and AOF will appear to be 
equiangular ; becauſe all the angles of the triangle 
ABC being equal to two right ones, 9 
ves, 


then, becauſe of 
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halves, OCB ++ OBC + OAF, will be equal to one 
Tight-angle ; but the two former of theſe, OCB + 
OBC, is equal to the external angle QOB ; therefore 
QOB + OAF = a right-angle = QUB + OBQ, 
and conſequently 
OAF = OBQ., 
Put nowAO =a, 
BO —=0, CO — 5 
and OF = x -: 


the ſimilar trian- 
gles, we have a: 
4 :: J: OQ = 
5 

2 3 whence BQ. 


bs 5 5 


and BC* (= CO* + BO* ++ 2CO x O / =#* + © 
2bcx 
+ Ys But BC* : BQ* :: OC* : OE*; that is, 
ab* + ac* + 2c œ 4 — br 
4 a RK © 2 
whence we get this equation, viz. ax* x ab*-+ ac*þ 2bcx 
= bier x a* — x* 3 which, by reduction, will become 
ab as... "of abc 


3 —_— 2 * 292 
e 4 : whence x may be 


found, and from thence the ſides of the triangle. 
If two of the given lines, as OC and OB, be ſup- 
poſed equal, the reſult wiil be more ſimple: for, by 


writing 6 for c in the equation a x ab ＋ ac* + 2bex 
= bo Xx -, &c, we ſhall have ab*x* x 24 + 2x 
= ͤů — x*; which, divided by &“ x a+x, gives 
2ax* =b*X a—x; whence * + 1 = 2 ˙, and | 
r 
r 
| © WERE: From 


: © : *. From 


— - 
- 


1'% 
[7 
1 
3 
f 
0 
\ 
* 
"lu 
1 
* 
7 
+ 
41 
1 
11 
n 
i! 
4 
l 
' N 


- - . — 5 = = 
= _ * . 4 _ „ * - — — 2 = = — - 
— — . — F = = => —— n - : ro 
— . l - h_ N w—_— = SD A = —= 
= —— —— 2 . _ — 5 — 8 — — — 5 - _ 
= — * C _ wy — 2 1 * 7 — 4 7 k _ * . 2 3. -» l — — - 
I NF pol” 2.4 f ad r * KS + 44 == - * # p 7” WE — — — — — ca rh 
8 4 & ” * 2 ——_— * A 4 42 0 * E * * 1 * F S 2 12 ? c 7 — — : . - 2 — 2 — 
—— TS" _ 2 ww. — — ES 1 . 8 — £ " —— | 24 0 — - — 3 — 
- f a - b DP _ — 7 - = 
hy — —᷑ñ q - . . _— —— — — N 8 — „ . 6 RS e e = 


— — 
= — 


— —— 
2 
. + 2 
—— — — = 
4 * * — M is 
6 8 * w. by CA * = 


- FP A 
PC, or , gives 
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From the ſame equations the problem _ be re- 
ſolved, when the diſtances from the three angular points 
to the circumference of the inſcribed circle are given : 
for, denoting the ſaid diſtances by , g, and , you will 
have AO = ＋ , BO = XT, andCO=x+5; 


which values being wrote in the room of a, b, and c, 


there will ariſe an equation of fix dimenſions :- by means 


whereof x may be found. 


PROBLEM XXX. 

To draw a line NM to touch a circle D, given in mag- 
nitude and poſition, 5 that the part thereof AC, intercepted 
by two other lines BK, BL, given in poſition, ſhall be of 
a given length. | 

Suppoſe CP and DE to be perpendicular to AB, and 


DF and DG to AC and PC, reſpectively ; and let DA, 


DC, and DP be drawn: putting DE = a, DF = 8, 
AC c, BE = d, PC = x, PA = y, and the tan- 


RA 

N 1 
* of the given angle BCP, to the radius 1, t. 
hen, by trigonometry, 1: t :: x : tx = BP; there- 
fore DG (= PE) = d— e; which, multiplied by 
8 — ee 


angle CDP: in like manner the area of the triangle 


PDA will be found = 2; and that of ADC = =; 


which three, added together, are equal to the whole area 


ACP; | that is, dx — tx ay be 


— 


xy 
> 2 2 25 and con- 


ſequently 


"> 
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ſequently bc + dx — tx* = xy — ay. Let both ſides 
of this equation be ſquared, and you will have 
be + ds — tx*\* = x—a\ „ 7 = x — a] x 
© — x* ; that is, b*® ＋ 2bcdx — 2btx* + de 2dtx* 
+ fx* = - ＋ 2 — &* + ff — 24 TC; 
whence I+?* x x* — 24 + atx + af = + d* = 2bct 
X x* + 2ac* + 2bd Xx x -A + ego; from which 
the value of x may be found; and then, the value of 
(SV) being known, the poſition of the points 
A and C, through which the line muft paſs, will alſo 
become known. 

If the given angle B be a right one, the point B will 
coincide with P; and therefore t in this caſe being 
o, the equation will become x* — 2ax* ＋ a*=* + &* 
XxX. + 2ac* + 2bd Xx x — , + . = ©. 

When the circle touches the right-line AB, @ will 
then be equal to b: and, in that caſe, the equation 
will be 1+?* x x* — 24 + 24t X e 
x x + 2c + 2a = o, becauſe the two laſt terms 
- + b** deſtroying each other, the whole may, 
here, be divided by x. 

Laſtly, if 5 be = o, or the line AC, inſtead of 
touching a circle, be required to paſs through a given 
point, the equation will then become 1 -+ tf x 4 — 


2a + dt x A + ef — * d X »* + 240 x—4&*E = ©. 


"ER FR OD Os - 4 
ofing A endicular to AF, and the given right- 
line Ab (50) Tue into five equal parts, in the 
points B, & D, and E; to find a point P in the perpendi- 
cular AQ, from which, if five right-lines be drawn to the 
oints B, C, D, E and F, the ſum of the outermoſt PF + 
E Shall be equal to the ſum of the three innermoſt PD + 
PC -+ PB. | 


Put AP x; then (by Euc. 47. I.) BB=4 100 + , 


CPS 4 yoo + , Cc. and, conſequently, 100 Lr, 


+ 400 + x* + 4900+ — Viboo + x* — 


—— . —ę—y— 


2 j—— —mGä ͤ A RX oe — — — —— w—_— 
- — * e 


— 


A 
f 
* 
| 
96 
[1 
| 
U 
[i 
1 


— 54 ARG og eg; ee — 


— —— act 
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V 2500 + A o. Now, by reflecting a little on 
the nature of the problem, it 1s eaſy to er that 
Q PF + PE muſt be 

ater than go, ſee. 

Ping AF ＋ AE is = 

SJ 90; whence it ap- 

| _ that PD + 
C + PB muſt alſo 
exceed go, and that 
PC (conſidered as 2 
| mean between PD 
A and PB) muſt be 
= 7 C 5B greater than 30 
hence I conclude, that the value of AP, as it is ſome- 
thing leſs than PC, will be, ſome-where, about 30; 
and therefore I write 30 + : for x ; and then, rejecting 
all the powers of - above the firſt, as inconſiderable, 


our equation ſtands thus, * 1000+ boe - + v1 300 ＋ bo⸗ 
y 1800 4 bore — v/ 2500+ bore — 340 +boe = ©3 
which, by the method explained in page 176, will be 


transformed to / 1000 + _ X + 1300 + 
—EREE + v/ tB00 + 1800 X3' — 50 — .be 


180 


— 3400 — 18 X = 0; this, contracted, 
2 1.8 + 1.37e = 0; whence e = — 1.3, and con- 
equently x = 28.7, nearly. Let, now, 28.7 be put 
= =x; and then, by proceeding as above, we ſhall 
have .oo8g ＋ 1.434 o; hence 4 = — .oog8, and 
* = 28.6942; which is true to the laſt figure. 


PROBLEM XXXII. 

The perimeter, AB + BC + AC, and the perpendicu- 
lar CP of a triangle ABC whoſe fides are in harmonic 
Proportion (AB : BC :: AB - AC: AC - BC) being 
tiven; to determine the triangles | 


Let 
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Let abe be another triangle, ſimilar to the propoſed 
one; and let ab=1, bc= x, ac=y, CP a, and 
AB+BC-+AC= 5: then, half the ſum of the three 


fides of the triangle abc being l if from the 
ſame, each particular ſide be ſubtracted, and all the re- 


C 
A F bp fra 


mainders be multiplied continually together, and that 
product, again, by the ſaid half ſum, we ſhall have 
1+ x—y 145— —1 1 

i, ito AH -, H, equal to 


the ſecond power of the area abc (by prob. 15): which, 
as the baſe is unity, alſo expreſſes I of the ſquare 
of the perpendicular. But the ſquares of the ſides, 
as well as the ſides of ſimilar triangles, are propor- 


tional, &c. and therefore 1 + x + y|* : :: 
I+*—=, x I—#+) x y+*—1 x 1+x+y, >. 
4 

whence we have4a* x 1+ x+y = 1+x+y x I—x+y 
X y--x—1 x bb; but the ſides AB, AC, and BC, be- 
ing given in harmonic proportion, therefore 1, y, and x, 
muſt likewiſe be in the ſame proportion; that is, 1: x 
1: I-: y—x; whence y — x = x— xy, and there- 


2 ; which, ſubſtituted above, gives 


48 x1+4x+x* __ 1+.» 1 I+2x2 „ 24A. ——1 
1T ITS 1＋ * 14 * 
x b*, or4d” XI+ 4x +x* x I + = IX x I+2x-x 


X 244 - X 6*; from which x will be found, 2 
| = 


fore y = 


300 The ApIcATTION of ALOoEBRA 


alſo ( 77 ; and from thence the required ſides 


of the ſimilar figure ABC, will proportion, be 
likewiſe known. ; * ö 


PROBLEM XXXII. 

Let there be three equi . arches AB, AC = AD; 
and, ing the fine and co-ſine of the mean AC, of the 
1 — AB, and of the common difference B (or 

D) to be given, it is propoſed to find the ſine and co-ſine 
of the greater extreme AD. | 


Upon the radius AO let fall the perpendiculars Bb, 
Cc, and Dd; join B, D, and from the center O, let 
the radius OC be drawn, cutting BD in n; alſo draw 

D aR parallel to Cc, 

meeting AO in R: 
then, becauſe of the 
ſimilar triangles OCc 
and OzxR, it will be, 
OC: On:: Cc: AR; 
and, OC: Om :: Oc: 
OR : whence we have 


As R 0 


AR = . and OR = 1 but, ſince BC is 


equal to CD (and therefore Bu equal to Dn), AR will, 
it is plain, be an arithmetical mean between Bb and Da, 


=, and, for 


and ſo is equal to half their ſum, or 


the very fame reaſon, OR will be equal to 

Bb + Dd _ CcxOn , Ob + Od _ 
EI Ts. and —_— = 
e whence Dd = = — Bz, and Od = 
Oc y2On- | | 
—— O&4; which, if the radius OC be ſuppoſed 
unity, will become Dd = Ce x 20n — Bb; and Od = 
Oc x 20n — Ob: from. whence we have the two fol- 


lowing theorems, | Theor. 


a ts tio. 


24 ; | 4 
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Theor. 1. If the fine of the mean, of any three equi- 
different * — LD wed} — ) be EA 
plied by tance the coſine of the common difference, and from 
the product, the fine of either extreme be ſubtracted, the re- 
mainder will be the ſine of the other extreme. 


Theor. 2. And if the co-Jine of the mean of three equi- 
different arches be multiplied by twice the co-ſine of the com- 
mon difference, and the co-fine of either extreme be ſub- 
tracted from the product the remainder will be the ca-ſme 
of the other extreme. — Eon 


PROBLEM XXXIV.. .-. 
The ſine and co-fine of an arch being given, to find the 
fine and co-fine of any multiple of that arch. 


Let the given arch be repreſented by A, it's fine by 
*, and co-ſine by 1), the radius being unity. Then, 
ſince the arch A may be conſidered as an arithmetical- 
mean between o and 2A, we ſhall, by the firſt of the 
two preceding theorems, have, | 


ſine of 2A (= ſine of A x y — ſine of 012493 
ſine of 3A (= line of 2A x y — fine of A) =xy*—x; 
fine of 4A (= line of 3A x y— fine of 2A =xy*—ay 
— xy) = H — 2; 
fine of 5A (= fine of 4A x y— fine of 3A = xyt—2x5* 
— xy +x = — xy L x; 
ſine of 6A (= line of 5A xy — fine of 4A = xy*— 3x67 
— xy o+ 29) = - + 393 
ande A 7 ſine of GA 2 fine of 5A = xy*—4ayt 
+ 9 =—f+ 30f— x) =o —gf oy —e: 
whence, univerſally, the fine of the multiple-arch nA, 
where n denotes any whole poſitive number, whatever, 
will be truly expreſſed by x Xx | 
„ 1 i=2 „ -F 4 — -4 5 NaO- a7 
33 '+ * — 1 TIRES 
&c. Moreover, from the ſecond theorem, we have, 


Co- ſine of 2A (= co-fine of A x y — co-line of o = 
2 abit. # 


= —1) = 


2. 


* 


— p I 


2 


Co- ſine 


302 The ApPLicaTION of ALcerra 


Co-ſine of 3A (= co-ſine of 2A x y — co-ſine of A = 
1 
5 
Co- ſine of 4A (= co- ſine of 3A x y— co fine of 2A = 
eee M — re ä 


— — — — 3 


2 2 2 
whence, univerſally, the co- ſine of the multiple- arch 
11 2— 2 


nA will be truly repreſented by 7 — — ＋ — 


N * F 3; X y * - 
- x = { * „c. which ſeries, as well as 


that for the ſine, is to be continued till the indices of y 
become nothing, or negative. i 

But, if you would have the ſine expreſſed in terme 
of x only, then, becauſe the ſquare of. the fine + the 
ſquare of the co-line is always equal to the ſquare of the 
radius, and therefore, in this caſe, * + 4y* = 1, it is 
manifeft that the fines of all the odd multiples of the 
given arch A, wherein only the even powers of y enter, 
may be exhibited in terms of x only, without ſurd 
quantities: ſo that 4 4 being ſubſtituted for it's 
equal y*, in the fines of the aforementioned arches, we 
- ſhall have 


1ſt, Sine of 3A = 3x — 4x9; 
2d. Sine of 5A = 5x - 20x* ＋ 1645; 
3d. Sine of 7A = 7x— 56x* +112x* — 64x? ; 
4th. Sine of gA = gx -120x* ＋. 43241 -576x7 + 2564"; 
C. LO 
And, ray if the multiple-arch be denoted by 
nA, then the fine thereof will be truly repreſented by 


= 2 —1 „ „11 n—0 7 

5: n 1. 

ere — ** — 
A... ON 5 1 — 1 9 

1 8.4 5.6 

*— 25 n*—40 


2.3 4+5 
6.7 * 8.9 . | From 


n 
wanne, * 


la vt 
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From this ſeries the fine of the ſub-multiple of any 
arch, where the number of parts is odd, may alſo be 
found, ſuppoling (5s) the fine of the whole arch to be 
given: for let x be the required fine of the ſub- multiple, 
and n the number of equal parts into which the whole 
arch is divided ; then, by what has been already ſhewn, 


=] —1 
X 


n n 
we hall have 3 * x 


2 Ll 3 2 . 3 
x x3, Cc. == 5: from the ſolution of which equa» 


tion the value of x will be known. Hence alſo, we 
have an equation for finding the fide of a regular po- 
lygon inſcribed in a circle : for, ſeeing the fine of any 


arch is equal to half the chord of double that arch, let 


20 and jw be wrote above for x and g reſpectively, and 
Ss wut 


nv 
then our equation will become PIR 23 * 7 


n n*— n*—9 v5 * i n 


n—  n n—1 n—g vi 
_ Xx — uy - * * 75 &c. =w; ex- 


preſſing the relation of chords, whoſe correſponding 
arches are in the ratio of 1 to x. But, when the greater 
of the two arches becomes equal to the whole peri- 
phery, it's chord (79) will be nothing, and then the equa- 
tion, by dividing the whole by v, will be reduced to 
N=] n'— '—0 uf —1 » 


3 . 


* 

2 *— I 4+5 "I. 2.3 
nal 2 0 o; wh is the num 
n c. =O; Where n | 


ber of ſides, and v the fide of the polygon. 


From the foregoing ſeries, that given by Sir 1/qac 
Newton, in Phil. Tranſ, mentioned in p. 244 of this I rea- 
tiſe, may alſo be eaſily derived. For, if the arch A and 
it's fine x be taken indefinitely ſmall, they will be to 
one another in the ratio of equality, ——— near, by 

e 


what has been proved at p. 248; in which caſe, the ge- 
| | neral 


4, be ſubſtituted, we ſhall then have z — 
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neral expreſſion, by writing A inſtead of x, will be- 


1 1 1 8 11 n*—0 
— 3 — 
iu, . 


* 8 
4.5 68.7 
Therefore, if » be now ſuppoſed indefinitely great, fo 
that the multiple-arch A may be equal to any given 
urch z, the ſquares of the odd numbers, 1, 3, 5, c. in 
the factors, n*— 1, n*— 9, n*—25, &c, may be rejected 
as nothing, or inconſiderable, in reſpect of x* ; and then 
the foregoing ſeries will become nA — , + 
oregoing ſeries W me nA — —-- 
e toreg . es WI ome # 2:3 + 2.3•4.5 
F | 


. 3. — . 5 . 6 . 7 * nn 1 for nA, "0 equal 
2 


2.3 * 
25 27 


— — ——, Oc. which is the ſihe 
2.3.4.5 2.3.4. 56.7 ; 
of the arch z, and the ſame with that before given. 


Moreover the aforegoing general expreſſions may be 
applied, with advantage, in the ſolution of cubic, and 
certain other higher equations, included in this form, 
ver ee 
"abs dr” * In X . 

tn 1 — — — 1—8 
a x2 + * - X — x 0% + He. ==þ 


For, if z be put = Wy 15 the equation will be trans- 


. * 1—2 


formed to 2% x 


, ,, 


Sc. , and conſequently 5 —=Xy + = * 
* 
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— "x I : 
xy fu mx tx 2 xy „Ee. 3 from 


2 3 7 
n 


whenee, as it is proved above, that the former part of the 

uation (and therefore it's equal) repreſents the co- ſine 
of n times the arch whoſe co-ſine is 1y, we have the 
following rule. 


Find, from the tables, the arch whoſe natural c-ſine ts 

L 245 . 

af. (or it's bg. co-ſine log. if — — bog. =) the radius be- 

4 

n 

ing unity) 3 take the nth part of that arch, and find it's 

a 4 | 

co-ſine, which multiply by wah —» and the product will be 

the true value of x, in the propoſed equation Z - 

+ ZI xs t— —# x —2 x n „ Oe. 
Thus, let it be required to find the value of x, in the 

cubic equation z* — 4322 := 1728; then, we ſhall 

have n = 3, 4 = 432, and f— 1728; conſequently 


86 
* (= + = +5, and the arch correſponding 
„2 Ma 

2 


thereto 600; whence the co-fine of (208) 4 thereof 


will be found .9396926 ; and this, multiplied by 24 


(=2 5 gives 22,55262 for one value of z. But, 


beſides this, the equation has two other roots, both 
of which may be found after the very ſame manner: 
for, ſince 0,5 is not only the co-ſine of 60, but alſo of 
60® 360, and 60® + 2 x 3609, let the co- ſine of (140®) 
* of the former of theſe arches be now taken; which 
1s — „7660444, and muſt be expreſſed with a negative 
ſign, becauſe the arch correſponding is greater than one 
right-angle, and leſs 9 three. Then, the — 

* | | * 
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mus found being, in like manner, multiplied by 24 


(= Wo Y. we ſhall thence get — 18, 38 506 for an- 


other of the roots: whence the third, or remaining 
root will alſo be known; for, ſeeing the equation wants 
the ſecond term, the poſitive and negative roots do here 
'* mutually deſtroy each other; and therefore the remain- 
ing root muſt be — 4,16756, the difference of the 
two former, with a negative ſign. 


PROBLEM XXXV. 
TFrom a given circle ABCH it is propoſed to cut off a 
ſegment ABC, ſuch, that a right-line DE drawn from the 
middle of the chord AC, to make a given angle therewith, 
ſhall divide the arch BC of the femi-ſegment into two equal 
parts BE and EC. ö 


Let the chord BC be drawn, and upon the diameter 
Hg let fall the perpendicular EF: put the radius OB 
1 of the circle = 7, and the 
— tangent of the given angle 
E Ch 0 th 


pion Fl (anſwering to that 
radius) t, and let OF 

A | U =—=2; then will EF = 
| A Vrr — zz, and BC (= 
O 2EF) = 2Vrr—zz, and 


conſequently BD (= 
may) = E E 4 
8 


27 — 
1 r 
F r | | 
which taking BF = r —z, we have Dr. 


| r 
But, by trigonometry, EF : DF : : rad. : tang. DEF, 


that is, Vrr—zz LT .. — :: . Whence 


r : 
we have r + 22} X T- = xr =; we | 
2 
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whole being divided by „ — 2, there reſults r + 2a] 
* —z = ©® x r + z: which, ordered, gives 


rr — tt r 
„ rr — tt. 


r 


22 and x -= 27; then it 
will bez? — az . Therefore find, from the tables, 
(the radius being 


the arch whoſe co-fine is 2 

4 
unity); take 4 thereof, wh find it's co- ſine; which, 
multiplied by 2 T4 345 gives the true value of z (ſee the 
laſt problem j. 

Thus, for example, let the radius OB (r) = 1, 
and the given angle CDE = 252, whoſe 12 (t) is 
therefore = 4663; whence 34 . 23188, and Lf = 


0 
Now by * it will be log. 7 — log 44 — 


L log. Ja = — 1.9425328 = log. _ = log. co- 
14 44 


ſine of 28 50“; whereof the third part is 9* 364, whoſe 
log. co- ſine (to the radius 1) is — 1.9938609 ; which 
added to the + log, of 44 (= — 1.6826316) gives 
— 1.6764925 = log. of o. "A 8, whole double. 94956, 
is the true value of z, or FO: whence the corre- 
ſponding arch BE = 18* 16%, and conſequently BC 
(= 2B) = 30% 33 .— By means of this problem that 
portion of a ſpherical ſurface repreſenting the apparent 
figure of the ſky is determined. 


PROBLEM XXXVL 
The baſe AB, and the difference of the angles at the 
baſe being given, while the angles theneluves vary; 10 
find the locus of the vertex E of the triangle. 


Let the baſe AB be biſected in O, and the angle BOD 
ſo conſtituted as to exceed it $ ſupp lement AC Ad. 
given difference of EAB and EBA; and let ED, 

F be perpendicular, and EPF parallel, to 6852 


then, ſince the angle BCE (BOD) as much _ 
a 3 
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ACE, as CAE exceeds CBE, it is evident that the ſum 
of the two angles BCE, CBE, of the triangle BCE, 


N 
D E. 
| 
| 
| 
3 
| 
Q nn 
N A 
ol —JC0 - 
| | 
B24 
. 


is equal to the ſum 
of the two angles 
ACE, CAE of the 
triangle ACE; and, 
conſequently, that 
the remaining an- 


gles AEC and BEC, 


are equal the one to 
the other: there- 
fore, by reaſon of 
the zimilar triangles 
EFB, EAP, we 
have EF : EP:: 
BF : AP, that is, 
3 OQ : OD 
— PK © 
DE "Va E 
whence, by com- 
ſition and divi- 
— 20D : 20 
2: 208: 2DE 3 


wherefore OD x DE is = OQ x QA; which is the 
known property of an equilateral hyperbola with reſpect 


to it's aſſymptote. 


| PROBLEM XXXVII. 
To find the ſolidity of @ conical ungula BFCB, cut < : 
7 


by a plane B 
daſe- diameter. 


SB paſſing through one extremity of 


Let EPF be parallel to the baſe-diameter BC, cut- 
ting AD the axis of the cone in P; alſo let An be per- 
pendicular to BF; Join P, n, and let RS be the conju- 

e 


gate axis. of the 


liptical ſection BRFSB : then the 


art ABE, above the ſaid ſection, being an oblique el- 
ptical-cone, it's ſolidity will be .cxprefled by .7854 & 


A 
SR x BF *, that is, by the arca of it's baſe BRFSB 


drawn 
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drawn into 4 of the perpendicular height. But 
the triangles BCF and APA will appear to be equi- 
angular; for, APF and AnF being both right angles, 
the circumference of a circle, deſcribed on the diame- 
ter AF, will paſs through P and n; and fo the angles 
AFn (BFC) and APs, as well as AFP (FCB) and AnP, 


A. 


RENE 


inſiſting on the ſame arch, are, reſpectively, equal. 
Hence we have BC: BF:: An : AP; and therefore 
BF x An = BC x AP: this value being ſubſtituted aboye, 
the content of the part ABF becomes SR x BC x AP x 
2618: which, becauſe SR is known to be NEF, 


is farther reduced to BC x AP x BC x EF x .2618, 
This ſubtracted from, BC x AD x +2618, the content 
of the whole cone ABC, leaves 
BC*x AD - BC x APxvVBCxEF x .2618 for the 
required f of the ungula BCF; which, becauſe 
4122 C 4 Ap - DExXEEF will wo 
* FF re- 


duced to BS. EEK NEC „618 DP x BC. 


X 3 | PRO 


310 The ArrrIcATION of ALOE BRA 


PROBLEM XXXVIII. 

Let A and B be two equal weights, made faſt to the 
ends of a thread, or perfeAty flexible line pPnQ g, ſupported 
by two pins, or tacks, P, Q, in the ſame horizontal plane; 
over which pins the line can freely ſlide either way; and let 
C be another weight, faſtened to the thread, in the middle, 
between P and Q: now the queſtion is, to find the poſition 
of the weight C, or it's diſtance below the horizontal line PQ, 
to retain the other two weights A and B in equilibris. 


Let PR (= PQ) be denoted by a, and Ru (the di- 
ſtance ſought) by x ; and then Pn, or Qꝝ, will be re- 


A 


preſented by Va + x*. Therefore, by the reſolution of 
ferces, it will be, as Va* + (Pn): x (Rn) :: the 


whole force of the weight A in the direction Pr, to 


A 
= it's force in the direction iR, whereby it en- 


Va. + * 


deavours to raiſe the weight C; which quantity alſo 
expreſſes the force of the weight B in the ſame directi- 
on: but the ſum of theſe two forces, ſince the weights 
are ſuppoſed to reſt in equilibrio, muſt be equal to that 


2Ax 
of the weight C; that is, === C; whence we 


V ＋ x* 
have 4A. = Ca + C', and conſequently x = 
aC | | 


—y— 


A 


PROBLEM 
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PROBLEM XXXIX. 

To determine the poſition of an inclined plane AE, along 
which a heavy bidy deſcending by the force of it's own 
gravity from a given point A, ſhall reach a right-line BP, 
given by poſition, in the leqſt time poſſible. 


8 the given point A, perpendicular to the 
horizon, let there be drawn the right-line RB, meeting 
BP in B; alſo conceive the B: 

ſemi- circle AER to be de- 
ſcribed, touching BP in E; 
then let AE be drawn, which 
will be the poſition required ; A = 
becauſe the time of deſcent a- I 
long the chord AE being equal 
to that along any other chord | 
An, it will conſequently be 0 
leſs than the time of the deſcent 
along Ae, whereof An is only 
a part: therefore, if AQ and 
OE be now made perpendi- | 
cular to BP, we ſhall have (by R 
reaſon of the ſimilar triangles) 

AB: AQ :: AB + AO : (OE) AO; whence, by 
multiplying extremes and means, AB x AO = AQ x 
AB+AQx AO; therefore AB x AO—AQ x AO 


= AQ x AB, and AO (OE) = A0 from which 
BE and AE are alſo given. | 


The geometrical conſtruction of this problem is ex- 
tremely eaſy ; for, if AQ (as above) be drawn * 
dicular to BP, and the angle OAQ be biſected by AE, 


the thing is done : becauſe, OE being drawn parallel 
to AQ, the angle OEA is = QAE = EAO; and 
ſo, AO being = OE, the ſemi-circle that touches BP, 
will paſs through A. 


X 4 PRO- 
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PROBLEM XL. | 
A ray of light, from a lucid point P in the axis AP of 
a concave ſpherical ſurface, ts refiefted at a given point 
in that ſurface ; to find the point D where the reflected ray 


meets the axis. 


Draw EQ perpendicular to AP, and from the center 
C let CE be drawn; alſo make CE a, CQ=— 6, CP 
| , CD = x 
an (by Euc. 12. 3» 

PE will be = 
Vat + & + 2c: 
wherefore, the an- 
gles of incidence 

; and reflection, CEP 
Mi and CED being e- 
D Q qual, we have, as 


PC (c): CD (x) :: PE (VA + c' + 26) : ED = 
—.— 4 2. alſo, for the ſame reaſon, we 
have PE x ED — PC x CD = EC, that is, 
— 22 — x ; which, reduced, gives 


8 ** 
1 NA. ſhewing how far from the center the 


ray cuts the axis. But if the lucid point P be ſup- 

ſed infinitely remote, ſo that the ray PE may be con- 
Ldered as parallel to the axis AP, the expreſſion will be 
more ſimple; for then a*, in the diviſor, may be rejected 
as nothing in compariſon of 2bc ; that being done, CD 


or x becomes — 81 which, therefore, if E be taken 
near the vertex A, will be = 4a, very nearly. 
| PROBLEM XII. 


To find the magnitude and poſition of an image formed 
by refraction at a given lens, of dos 


Let MN be the given lens, DOBCF the axis * 
Ll : ; 1 4 an 


91 „0 
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and Du the object whoſe image FH we would find; alſo 
let CB be the —_ of — of the lens MN, 
which is neareſt the object, and Ob that of the other 
ſurface : make RCg perpendicular to DF, and from 


A M 
A Ee E E - 
| : — the 


4 N 

n, to any point E in the ſurface of the lens, draw the 
incident ray E, and let the continuation thereof be 
Ex, and let the direction of the ſame ray, after the 
firſt refraction at E, be Ez; and, after it is refracted a 
ſecond time, at e, et it's direction be zH; draw CE. 
and OeR, and make ndv parallel to DF, callin Ob, 53 
CB, c; BD, d; Dn, p; and the diſtance of e point 
E from the axis DF, x; and let the fine of incidence 
be to the fine of refraction, out of air into glaſs, as 

m to n. Then, the thickneſs of the lens being looked 
upon as inconſiderable in reſpect of the focal diſtance 
ö, we ſhall have, as : x—p (Ea): DN Bf i 
& + _—_ — which added to Cv (p) gives 
21 2 =Cr: therefore n u: . 


cu. Moreover, b (O5) > x (BE) :: 


b+c(OC) : cn; whence Rz ( CR 


— C2) . but n: :: 


Rz: R3= ELD EDT hn and therefore 
"IC C3 


9 


C3 (SRZ - RC) = 


3 being (=Cg—C3) = 
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m—nXxXxXb + 4225 
1 4 
Let æ be now taken = o, and then C3 will become 


75 which let be repreſented by C3, and draw Bg, pro- 


_ ducing the ſame till it meets e3, produced, in H: then 


d ＋ cXx 1 Tc x 
a bn ; 


and the triangles H3e and HEB equiangular, it will | 


| ND - + Xx cx 

be, as (EB — g3) —— © (Bg)c :: 
nbcd 

(EB) x : BH = = the requir- 


m —nXb+cXd— nbc 
ed diſtance of the image from the lens; and as c 


BF x 
(BC) : Þ (Ce) :: BH (or BF) : FH = 577 = 
nbep 


ee e — HF) th itud 
re the magnitude of 


the image, or it's linear amplification. 


COD 
Becauſe the values of BH and HF are alike affected 
b and c, it follows that both the diſtance and mag- 
nitude of the image will remain unaltered, if the place 


of the lens be the ſame, let which fide you will be 


turned towards the object. | 


CONDI. 2 


If 4 be made infinite, or the diſtance of the object 


from the lens be ſuppoſed indefinitely great, BF will be- 
b 
come —— ; which is the principal focal di- 
m — 1 N 6 — c 


| ſtance, at which the parallel rays unite ; and this di- 


ſtance, when both ſides of the lens have the ſame con- 


| nb 
vexi r ; is c, will become = fſ; — i 
ty, © b c, r 
I ae 
2 plano · canvex, where b is infinite, it will be = 2 


and, 
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and, in a meniſcus, where ô is negative, or one ſurface 


concave and the other convex, it will be == — 
| mn Xx b — 


The ſame anſwered othertuiſe, allowing alſo for the thick= 
neſs of the lens. 


Suppoſing, as before, that F is the place of the image 
of an object at D, let FR and DS be ſuppoſed perpen- 
dicular to the axis FDQ, interſecting the continuation 


M 
E S 
0 D Q 
A 


of Ee (the intercepted part of the ray DEF) in r and 
, and meeting the radii Oe, CE (produced) in R and 
S; likewiſe let Ea and ec be perpendicular to QF, and 
Ev and eto parallel thereto : then, becauſe the ray is 
ſuppoſed to be indefinitely near the axis, ac may be 
taken for the thickneſs of the lens, which let be de- 
noted by t; putting bF x, ce , E x, Ob b, 
CB De, and BD d (as before). By ſimilar tri- 


angles; Ce (e): AE (x) :: CD (c+4) DS = A 
Cc 

and, by the law of refraction, m: :: DS: Ss = 
Ex A. whence Ds (= DS — $8) = 


m Cc 


12 * and vs (= aE — Ds) = 
EY” 
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& X 1 —£, by making r ==, and g = 1 = x, 
| = 
Now, ur: Ev (BD) :: E: aQ (BQ); that is, 


—— = BQ; which is 


enr Eg: oa: 
c 


given from hence. 
Again, in the very ſame manner, Oc (6) : ce O) :: 


OF (b , z) FR =2X*X+8, and m: n:: FR: 


— 
Rr == x .. whence Fr —= i= 3 (2X 22218 
= b | m b 


— — 


= — +5, and wr (Fr — c) = r and 


A bu 
therefore ( _ — ) = 755." from which ſub- 


tracting the value of BQ, found above, we get this 


b 4 
— . a= t: whence the va- 


equation, viz, 


cd 
re — gd 


lue of 2, by making the given quantity f + 


5 | 
comes out = —— But, if you had rather have the 


3 i, _— 240 
ſame in original terms, it is but ſubſtituting for g; whence, 
after reduction, z = — . — 94 N. 
| | 3 gd x b + — at x rc 4 
which, by reſtoring m and x, 8 | 


— 


; mnbcd + nbt xne—m —n X 4 
S 2 aro 

mw=nxmaxb + c—mnbc m- AX Xn -- 
where, if t be taken = o, we ſhall have 

nbcd 

; 2 22 — — ä — - 
| n — dN Te- e _ "_ MT 
found by the preceding method, 


= 8 


PEN 


tzde ang 


13171 
APP E ND IX: 


Containing the 


CONSTRUCTION 


O F 


_ Geometrical Problems, 


WITH 


The Manner of reſolving the ſame 
numerically. 


— 


„ P 
The baſe, the ſum of the two ſides, and the engl at 
the vertex of any plane triangle being given, to deſcribe the 


triangle. | 
CONSTRUCTION. 

Ds: AW. the indefinite right-line AE, in whick 

take AB equal to the 

ſum of the ſides, and E 
make the angle ABC equal to I 
half the given angle at the 
vertex, and upon the point A, 
as a center, with a radius equal 
to the given baſe, let a circle 
Cm be deſcribed, cutting BC 
in C; ou A, C, and make 

e BCD = CBD, and | | 
let CD cut AB in D; then 1 — =” 
will ACD be the triangle that n 
was to be conſtructed, D E- 
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DEMONSTRATION, 
© Becauſe the angles BCD and CBD are equal, there- 
fore is CN = DB (Euc. 6. 1.) and conſequently AD + 
DC = AB : likewiſe, for the ſame reaſon, the angle 
QE = BCD + CBD, Euc. 32. 1.) is equal to 2CBD 


Method of calculation, 

In the triangle ABC are given the two ſides AB, AC, 
and the angle ABC, whence the angle A is known ; 
then in the triangle ADC will be given all the angles, 
and the baſe AC; whence the ſides AD and DC will 
alſo be known. . | 


PROBLEM I. 
The angle at the vertex, the baſe, and the difference of 
the ſides being given, to determine the triangle. 


CONSTRUCTION. 

Draw, AC at pleaſure, in which take AD equal to 
the difference of the ſides, 

C and make the angle CDB 

equal to the complement 
of half the given angle to 
a right angle; then from 
the point A draw AB e- 
qual to the given baſe, fo 
| as to meet DB in B, and 
. make the angle DBC =— 
A B CDB, then will ABC be 

the triangle required. 


DEMONSTRATION. 
Since (by conſtruction the angles CDB and DBC are 
ual, CB is equal to CD, and therefore CA — CB = 
: moreover, each of thoie'equal angles being equal to 
the complement of half the given angle, their ſum,which 
is the ſupplement of the angle C, muſt therefore bg 
equal to two right angles — the (whole) given angle, 
and conſequently C = the given angle. Q. E. 


Method of calculation, 


In the triangle ABD are given the fides AB, _ 
an 
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- and the angle ADB, whence the angle A will be given, 


and conſequently BC and AC, 


PROBLEM III. 
The angle at the vertex, the ratio of the including ſides, 
and either the baſe, the perpendicular, or difference of the 
ſegments of the baſe being given, to deſcribe the 3 


CONSTRUCTION. 

Draw CA at pleaſure, and make the angle ACB 
equal to the angle given ; take CB to CA in the given 
ratio of the ſides, and join A, B; then, if the baſe be 
given, let AM be taken equal thereto, and draw ME 
paralle] to CA meeting CB in E, and make ED parallel 
to AB ; but if the perpendicular be given, let fall CF, 
perpendicular to AB, in which take CH equal to the 
given perpendicular, and draw DHE parallel to AB; 


C 


A jo GMN B 


laſtly, if the difference of the ſegments of the baſe. be 
given, take FG == AF, and join C, G, and take GN 

ual to the difference of ſegments given, drawing NE 
parallel to CG, and ED to BA (as before); then will 
CDE be the triangle which was to be conſtructed, 


DEMONSTRATION. © 

Becauſe of the parallel lines AB, DE; ME, AC; 
and NE, GC; thence is DE = AM, and EI NG; 
and alſo CD ; CE ;; CA: CB (Exc. 4.6.) Q. E. D. 


Method 
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Method of calculation. 

Let AC be aſſumed at pleaſure; then, the ratio of AC 
to BC being given, BC will become known ; and there- 
fore in the triangle ACB will be given two ſides and the 
included angle, whence the angles B and A, or E and D 
will be found; then in the triangle EDC, EHC, orEIC, 
— as the baſe, perpendicular, or the difference of 

— — of the baſe i is given, you will have one fide 
the angles, whence the other ſides will be known. 


| PROBLEM MM. 
The angle at the vertex, and the ſegments of the baſe, 


made by a ant Ark falling ma : e ſaid 2 being 


given, to deſcribe the triangle. 


CONSTRUCTION. 

| Let the given ſegments of the baſe be AD and DB; 
biſect AB by the perpendicular EF, and make the angle 
— EBO equal to the difference 
between the given angle and 
a right one, and let BO meet 
nee = from O, as a cen- 
with the ade OB, de- 
ſcribe the circle BGAQ, and 


— f - S draw DC perpendicular to 
A\ DB 4 ” AB, meeting the periphery of 
the circle in C; join A, C 

and C, B, then will ACB be 


the triangle that was to be conſtructed. 


DEMONSTRAT ION. 

The ahgle ACB, at the 1 pling upon the 
arch AQB, is equal to EOB, half the angle at the cen- 
ter, ſtanding upon the ſame arch; but EBO is equal 
to the difference of the given angle and a right one (by 
conſtruftion) therefore ACB (EOB) is equal to the angle 
given. Q. E. D. 

Method F calculation. 

Draw CFG parallel to AB; then it will be, as the 
baſe AB : to the difference of ſegments CG (:: EB: 
of ) ; ; the fine of the given angle at the vertex (EOB) : 

to 
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to the ſine of (COF = CBG) the difference of the angles 


at the baſe ; whence the angles themſelves are given. 

After the ſame manner a ſegment of a circle may be 
deſcribed to contain a given angle, when that angle is 
greater than a right one, if, inſtead of BO being drawn 
above AB, it be taken on the contrary fide. 


PROBLEM. V. 
Having given the baſe, the perpendicular, and the angle 
at the vertex of any plane triangle, to conſtruct the triangle. 


CONSTRUCTION. 

Upon AB the given baſe (/ze the preceding figure) let 
the ſegment ACGB of a circle be deſcribed to contain 
the given angle, as in the laſt problem ; take EF equal 
to the given perpendicular, and draw FC parallel to 
AB, cutting the periphery of the circle in C; join 
A, C and B, C, and the thing is done: the demonſtra- 
tion whereof is evident from the laſt problem. 


| Method of calculation. 

In the triangle EBO are given all the angles and the 
ſide EB, whence EO will be known, and conſequently 
OF (= DC — EO); then it will be, as EB: OF :: 
the ſine of EOB (the given angle at the vertex) to the 
fine of OCF, the complement of (COF or CBG) the 
difference of the angles at the baſe ; whence theſe angles 
themſelves are likewiſe given.—This calculation is 
adapted to the logarithmic canon ; but, by means of a 
table of natural ſines, the ſame reſult may be brought 
out by one proportion, only : for BE being the fine of 
BOE, and OE and OF co-fines of BOE and COF 
(anſwering to the equal radii OB and OC) it will there- 
fore be, BE: EF : : fin. BOE (ACB) : «-/in. BOE 
+ co-ſin. COF ; from which, by ſubtracting the co-fine 
of BOE, the co-fine of COF ( CBG) is found. 


 PROQBLEM-YVE 
The angle at the vertex, the ſum of the two including 
ſides, and the difference of the ſegments of the baſe being 
given, to deſcribe the triangle. 
| Y CON. 
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| CONSTRUCTION. 
Draw the right line AC at pleaſure, in which take 
| AB equal to the difference of the ſegments of the baſe, 
J | and make the angle CBE equal to half the ſupplement 
| | of the given angle ; 
| and from A to BE 
apply AE equal to 
the given ſum of 
the pes; make the 
angle EBD = BED 
and let BD meet 
AE in D, and from 
\ the center D, with 
8 8 the radius DB, 
- deſcribe the circle 
DBC, cutting AC in C, and join D, C; then will 

ACD be the triangle required, 

DEMONSTRATION. 

The angle EBD being = BED, therefore is DE 
| = DB = DC, and conſequently AD + DC = AE. 
'$ Moreover the angle CDE, at the center, is double to 
i" the angle CBE, at the periphery, both ſtanding upon 
7 the ſame arch CE; which laſt (by conſtruction) is equal 

to half the ſupplement of the given angle, therefore 


r... 
* e 


1 | CDE is equal to the whole ſupplement, and conſequent- 
1 ly ADC equal to the given angle itſelf. Q. E. D. 
1 Method of calculation. 

In the triangle ABE, are given the two ſides AB, AE, 
and the angle ABE, whence the angle A will be given; 
then in the triangle ABD will be given all the angles 
and the fide AB, whence AD and DC (DB) will be 
alſo given. | 


PROBLEM VIL 

The angle at the vertex, the ſum of the including ſides, 
and the ratio of the ſegments of the baſe being given ; to 
determine the triangle. 

CONSTRUCTION. 

Let AG be to GB, in the given ratio of the ſegments 

of the baſe, and, upon the right-line AB, let a * 
0 
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of a circle be deſcribed, capable of containing the given 
angle; draw GC per- 
pendicular to AB, 


meeting the periphe- 

ry in ©; join A, © — Gs 

and C, B, and in AC, 1 8 

produced, take CH T4 

= CB; join B, H, D E 

and in HA, take HD 2 - 

—_ to the given ſum 0 | 

of the ſides, draw DE — 

parallel to AB, and A KY 

EF to BC ; then will DEF be the triangle required, 
DEMONSTRATION. 


Let F be perpendicular to DE. Whereas (by con- 


ftruftion) CH is equal to CB, and FE parallel to CB, 


therefore is FE = FH (Euc. 4. 6.) and conſequent! 

FE + FD = HD: alfo, becauſe FE is parallel to CB, 

therefore is the angle DFE = ACB : moreover, the 

triangles ABC, DEF, being equiangular, it will be, as 

AG : GB:: Dn : AE. d. E. 5 
Method of calculation. 

From the center O, conecive AO and OC to be 
drawn ; ſuppoſing KOI perpendicular, and CI parallel 
wAB : then it will be, as AK is to CI (KG) fo is the 
ſine of AOK (= ACB, foe Preb. 4.) to the fine of 
COI, the difference of the angles ABC and BAC; 
which are both given from hence, becauſe their ſum is 
given by the queſtion : therefore in the triangle DHE 
are given all the angles and the fide HD, whence the 
baſe DE will be known. 


PROBLEM VIII. 
Having the angle at the vertex, the difference of the in- 
cluding ſides, and the difference of the ſegments of the baſe, 
to deſcribe the triangle. 
CONSTRUCTION. | 
Take AB equal to the difference of the ſegments of 


the baſe, and make the angle ABn equal to half the 
| Ti given 


4 
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. 3 0 


given angle; from A to Bu apply AE = the diffe- 
f rence of the ſides; 
produce AE, and 
make the angle EBO 
— BEO, and let BO 
meet AE, produced 
in O, and from the 
center O, at the di- 
ſtance of OB, de- 
| 4 ſcribe the circumfe- 
rence of a circle, cut- 

_ - A. — ting AB produced in 

b | C, join O, C; then is AOC the triangle ſought. 


1 | DEMONSTRATION. 
1 | Becauſe the angle EBO is = BEO (by conſtruction); 
therefore is EO = BO = CO, and conſequently A0 
11 — OC = AE. Furthermore, becaufe the angle AOC 
1 is double to ADC, and ADC = ABE (Euc. Corel. 22. 

| 3.) therefore is AOC alſo double to ABE. Q. E. D. 


WW. | : Method of calculation. 

1 The two ſides AB, AE, and the angle ABE being 
1 | given, the angle A will from thence be found ; then 
=— - in the triangle ABO will be given all the angles and the 
fide AB, whence OB (OC) and OA will be known. 


PROBLEM IX. 
The angle at the vertex, the difference of the including 
ſides, and the ratio of the- ſegments of the baſe being given, 
to determine the triangle. 5 


CONSTRUCTION. 
— Let AG be to Gg, in 
the given ratio of the ſeg- 
ments of the baſe, and up- 
on the right-line AB let a 
ſegment of à circle ACB 
be deſcribed (by Prob. 4.) 
ES capable of the given an- 
A (x B gle; draw GC perpendi- 
cular to AB, meeting the periphery in C, and join A, v1 
an 


— —B OC ůp ——— —— — 


98. 
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and B, C; in AC take AP = BC, and draw Bp; alſo, 
in AC, take CQ equal to the given difference of the 
ſides, drawing QE parallel to PB, and ED to BA; then 


will CDE be the triangle which was to be deſcribed, 


DEMONSTRATION, 

The angle DCE is equal to the given angle by con- 
ſtruction 3 alſo EQ being parallel to BP, DE to AB, 
and AP = BC, therefore muſt D = EC (Ec. 4. 6.) 
and conſequently DC — EC = CQ, Moreover, if 
CG be ſuppoſed to cut DE in , then Dn : Ez :: AG 
GB. Q. E. D. 

Method of calculation. 

Let Cm be equal to CE, and let Em be drawn. It 

will be, as AB is to AG — BG, fo is the fine of ACB 


to the fine of the difference of CBA and CAB ( 


Prob. 4.) ; then in the triangle DE will be given al 


the angles and the fide Dm, whence DE will be given. 


PROBLEM X. 
The angle at the vertex, the perpendicular, and the dif- 


ference of the ſegments of the baſe being given, to conſtrue? 


the triangle. 
CONSTRUCTION, 
Draw RS at pleaſure, in which take DE equal to half 
the difference of the ſegments of the baſe, and make 
EC perpendicular to RY and equal to the given per- 


. 


ndicular, and the angle DEx equal to the difference 
tween the given angle and a right one; * D. C, 
and draw D parallef to CE, and in DC take the 
- 3 poin 
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point p, ſo that 1 (when drawn) may be equal to E; 
draw CO parallel to np, meeting DxO in O; and up- 
on O as a center, with the radius OC, deſcribe the circle 
BCA, cutting RS in B and A; join A, C and B, C, 


and the thing is done. 


DEMONSTRATION, 

Join O, B and O, A: ſince OC is parallel to pr, 
therefore is OC: DO :: pn: D, or OB: DO:: 
nE: D; and conſequently the triangle OBD ſimilar 
to the triangle ED (by Euc. 7. 6.) Therefore, ſeeing 
the angle DEz is (by conſtruction) equal to the exceſs of 
the given angle above a right one, ACB muſt be equal 


to the angle given (by Prob. 4.) Moreover, ſince AD 


is = DB, AE —BE will be equal to 2DE, which is 


| the given difference of the ſegments (by conſtruction). 
Q E. D. | "Mp 4 


Method of calculation. 
In the triangle CDE, right-angled at E, are given 


both the legs DE and EC, whence the angle EDC will 


be known, and conſequently ODC ; then, as the radius 
is to ſine of DBO (:: OB: DO:: OC: DO) ſo is the 
ſine of OD C to the ſine of OCD ; whence DOC, the 
difference of the angles ABC, BAC, (/e Prob. 4.) is 
alſo given, and from thence the angles themſelves. 


PROBLEM XI. 
The angie at the vertex, the perpendicular, and the ratio of 
the ſegments of the baſe being given, to conſtruct the triangle. 


CONSTRUCTION, 

C Take AF to FB in the 
given ratio of the ſeg- 
ments of the baſe, and 
upon the rizht-line AB 
deſcribe a ſegment of a 
circle ACB capable of 
the given angle; make 
FC perpendicular to AB, 
meeting the circumference 


A e circle in C, in which 
take 
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take CG equal to the given perpendicular; draw DGE 
parallel to AB, meeting AC and CB in D and E; and 
chen DCE will be the triangle required. 


DEMONSTRATION. 

Becauſe of the parallel lines DE and AB, it will be 
as AF : DG (: CF: CG) :: FB: GE, or AF : 
FB : : DG : GE; whence it appears, that DG and 
GE are in the ratio given. Alſo the angle DCE and the 
perpendicular CG are reſpectively equal 2 the 41 | 
angle and perpendicular, by conſtruction. 


Method of calculation. | 
As AB is to AF — BF (ſee Prob. 4.) ſo is the fine of 


ACB to the fine of the difference of A and B; whence 


both A and B will be given, becauſe their ſum, or the 
angle at the vertex, is given: then in the triangles 
DGC, EGC, will be given all the angles and the per- 
pendicular CG, whence the fides will alſo be known. 


The boſ PROBLEM = 1 
e baſe, the ſum of the ſides, and the difference of t 
angles at the baſe being given, to deſcribe the triangle. 


CONSTRUCTION. 
At the extremity of the baſe AB, erect the perpen- 
dicular BE, and 
make the "angle | 
EBC equal to 
half the given dif- 
ference of the an- 
gies at the baſe ; 
rom the point A, 
to BC, apply AC 
ual to the ſum 
the ſides ; and 
* the angle 
CBD =— BCA; K 1 
hen will 4555 be the triangle required. 


DEMONSTRATION. 
From the center D, with the radius CD, deſcribe the 


d 4 ſemi- 


quired. 


ference given, Q. E. D. 
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ſemi-circle CHF, and join F, B. Then, whereas by 
conſtruction the angle CBD is = BCD, therefore is 
DB = DC; whence it appears that AD ＋ DB is = 
AC, and that the ſemi-circle muſt paſs through the 
point B: therefore, the angle CBF, ſtanding in a ſemi- 
circle, being a right angle, and therefore = ABE, let 


FBE, which is common, be taken away, and there 


will remain ABF = EBC ; but DF being equal to DB, 


- it is manifeſt that ABF (EBC) is equal to half the dif- 
| ference of the angles ABD and DAB. Q. E. D. 


Method of calculation. 

As the ſum of the ſides (AC) is to the baſe (AB) fo 
is the ſine of ABC, or of the complement of half the 
given difference, to the fine of (C) half the angle at the 
vertex ; whence the other angles BAD and ABD are alſo 


given. 8 
| BEROBLEM III. 


The baſe, the difference of the ſides, and the difference of 


the angles at the baſe, being given, to determine the tri- 


angle. 
CONSTRUCTION. 

At the extremity B of the given baſe AB, make the 

"0 | 9 angle ABD equal 
to half the given 
difference of the 
angles at the baſe; 
and from A to BD 
apply AD = the 
difference of the 
ſides; draw ADC, 
B | A and make the an- 
gle DBC = BDC, and ABC will be the triangle re- 


DEMONSTRATION. 

Becauſe the angle DBC is = BDC, CD will be = 
CB, and AC will exceed 'BC by AD. Moreover, 
ſince A + ABD = (CDB) CBD (Eu. 32. 1.) there- 
fore is A + 2ABD (= CBD + ABD) = ABC, and 
conſequently ABC — A = 2ABD, equal to the dif- 


Method 
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Method of calculation. 

In the triangle ABD are given the two ſides, AB 
and AD, and the angle ABD, whence the angles A 
and ADB will be given, and from thence the angles 
CBA and ACB. 


PROBLEM XIV. 


The difference of the angles at the baſe, the ratio of the 
fides, and either the baſe, the perpendicular, or the aiffe- 
rence of the ſegments of the baſe being given, to deſcribe the 
triangle. 

CONSTRUC FEM | 

Draw AC at pleaſure, and make the angle ACD equal 
to the given difference of the angles at the baſe, and take 
CD to CA in the given ratio of the ſides ; draw ADE, 
upon ' which let fall the 
perpendicular CQ, take 
QE equal to QD, and 
join E, C; then, if the 
baſe be given, let AB be 
taken equal thereto, and 
draw BF parallel to CA 
(meeting CE in F) and 
FG parallel to EA ; but 
if the perpendicular be ef 
given, let CP be taken A KDBQ E 
equal thereto, and through P draw FPG parallel to 
AE ; laftly, if the difference of the ſegments of the 
baſe be given, then let AR be taken equal to that dif- 
ference, draw RH parallel to CA, and FHG to EA; 
then will CFG be the triangle required. | 


| DEMONSTRATION. 

Since QE — QD, and the angle EQC = DQC, 
therefore is CE = CD, and the angle E = QDC = 
A+ACD (Eu. 32. 1.) and therefore E AS ACD; 
whence, by reaſon of the parallel lines AE, GF, &c. 
we have GFC — FGC = ACD, alſo FG = AB, GH 
= AR, and CF: CG: : CE (CD): CA. Q. E. D. 


R 


Method 
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Method of calculation. 

Let CA and CD be expreſſed by the numbers exhi- 
biting the given ratio of the ſides: then in the triangle 
ACD will be given two ſides and the included angle 
ACD; whence the angle CAE (CGF) and CEA (CFG) 
will be given, and from thence the ſides CG and CF. 


PROBLEM XV. 
The baſe, the perpendicular, and the __—_ 7 the 
angles at the baſe being given, to conſtruct the triangle. 


| CONSTRUCTION. 

Biſect the given baſe AB by the perpendicular DF, 
in which take DE equal to the given height of the 
triangle ; draw CEGH parallel to AB, and make the 
angle EDH equal 
to the given dif- 
ference of the an- 
| 2a at the baſe ; 

raw EAQ, and 
take Q therein, 
ſo that QD = 
DH; and, paral- 

7 lel to QD, draw * 

A. 5 _—_ AO, meeting DE 

Q 8 | in O; upon O, as 

a center, with the 
radius OA, deſcribe the circle AG FCB, and from the 
point G, where it cuts the right-line CH, draw GA 
and GB; then will AGB be the triangle required. 


DEMONSTRATION. 

Let OG and BC be drawn. By reaſon of the paral- 
lel lines QD and AO, it will be QD (DH) : AO (OG) 
:: ED : EO; therefore the two triangles EHD, EGO, 
having one angle, E, common, and the ſides about the 
other atigles 5 and O proportienal, are equiangular 
( Euc. 2 and conſequently EOG = EDH. More- 
over, becauſe DOEF is perpendicular both to AB and 
GC, and AD equal to BD, it is evident that the circle 
paſſes through the point B, and that the arches FC, FG, 

as 


TO 
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as well as the angles ABC, BAG, are ual ; and 


hi- conſequently that the angle GBC is the difference of 
gle the angles BAG, ABG ; but this difference GBC is 
gle equal to EOG, or EDH (Euc. 20. 3.) that is, equal 
G) to the difference given. Q. E. D. 

. , Method of calculation. 


Firſt, in the right-angled triangle AED are given 

both the legs AD and DE, whence the angle DEA will 

the be given ; then it will be, as the radius is to the fine 
of the angle H, the complement of the given dif- 

ference (:: DH: DE:: DQ: DE) fo is the fine of 


and conſequently AC + CB = AD. Moreover, ABC 


F DEA to the fine of Q; whence AOE (QDE) will alſo 
* be given; from which take GOE, and there will remain 
5 AQG, equal to twice ABG, the leſſer angle at the baſe. 
1 2 PROBLEM _ 
f e ſum of the ſides, the difference of the ſegments 9 
# the bell and the r tres of the angles at the baſe, being 
* given, to deſcribe the triangle. 
n, | CONSTRUCTION. 
= Make AD equal to the ſum of the ſides, and the 
1— angle ADE equal to half the difference of the angles 
* at the baſe; from A to 
E DE apply AE equal to 
1 the given difference of 
le the ſegments of the baſe; 0 
fo make the angle CED 
* = EDC, and from the 
point C, where EC cuts E Q 
AD, with the radius EC, A E B 
7 deſcribe the ſemi circle 2 
) FEB, cutting AE, produced in B; join B, C, and the 
thing is done. | | 
; 
2 Labelle, Fg 
r Upon AB let fall thg perpendicular CQ. 
: | Becauſe EQ is = BQ (Fe. 3. 3.) therefore will AQ 
| — BQ = AE: alſo, becauſe the angles CED, EDC, 
are equal (by conflruftion) CD will be = CE = CB, 
; 


= — — ———————— —  ——  —— — = 
- 


1 
F 
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1 
| 
N 
1 
| | 


+ BPA (Euc. 29. 1.) and conſequently PGE — PEG 
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— BAC = BEC — BAC = ACE (Eu. 32. 1.) = 
2ADE (Euc. 20. 3.) Q. E. D. 


Method of calculation. 
In the triangle ADE are given the ſides AD, AE, and 


the angle D, whence the angle A will be giyen ; then 


in the triangle ACE are given all the angles and the {ide 


AE, whence AC and CB (CE) will be given likewiſe. 


FROBLEM XVI. 

The difference of the angles at the baſe, the ratio of the 
fegments of the baſe, and either the ſum of the ſides, the 
difference of the ſides, or the perpendicular being given, to 
conſtruct the triangle. | 


CONSTRUCTION. ho 

Let AC be to BC in the given ratio of the ſegments 

of the baſe; and upon AB let a ſegment of a circle 

BPA be deſcribed (by Problem 4.) to contain an 

| angle equal to the dif- 

ference of the angles at 

the baſe; raiſe CP per- 

pendicular to AC, cut- 

ting the periphery of 

the circle in P, and in 

P AC produced take CD 

ENG S CB, and draw PA, 

* PB and PD : then, if 

| A — — D the perpendicular be 

fiven, take PF equal 

thereto, and, through F, draw EFG parallel to AD: 

but if the ſum or difference of the ſides be given, let a 
fourth proportional PE, to AP + PD, AP and the 

ſaid ſum or difference be taken, and draw EFG as 

above ; then will PEG be the triangle required. 


DEMONSTRATION. 
Since CP is perpendicular to AD, and CD = CB, the 


H 


angle D will be equal to DBP = A + BPA: whence, 


becauſe EC is parallel to AD, PGE will be = PEG 


ll 
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= APB, which, by conſtruction, is equal to the given 
difference of the angles at the baſe. 

Again, by reaſon of the parallel lines AD and EG, 
it will be, EF: FG :: AC: (BC) CD. Likewiſe, for 
the ſame reaſon, APPD: PA:: PE+PG: PE :: 
given ſum or diff. of ſides : PE (by conſtruction) and 
conſequently P + PG = the ſaid given ſum or diffe- 
rence. Q, E. D. 

Method of calculation. 

Firſt, it will be as AB is to AD, ſo is the ſine of APB * 
to the ſine of APD (by Prob. 4.) ; then in the triangle 
PGE will be given all the angles, and either the per- 
pendicular, or the ſum or difference of the ſides, whence 
the ſides themſelves are readily determined, 

Note. The perpendicular cutting the circle in two 
points, indicates that this problem is capable of two 
different ſolutions, | cats 


PROBLEM XVIII. 
The difference of the ſides, the difference of the ſegments 
of the baſe, and the difference of the angles at the baſe le- 
ing given, to deſcribe the triangle. 


SONST RUD 

Draw the indefinite line AQ, in which take A 
equal to the given difference of the ſides, and make the 
angle QDH e- Q 
qual to the com- 
plement of half 
the difference of 
the angles at the 
baſe; from A 


to DH apply 

AC= the given 0 

1 of the A” | Pp TL 
egments ; and, | 

having produced 8 


the ſame to L, make the angle DCE equal to CDE, 
and let CE meet AQ in E, and upon the center E, 
with the radius EC, deſcribe an arch, cutting AL in B; 
join E, B, ſo ſhall AEB be the triangle required. 
DEM O N- 
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DEMONSTRATION, 

Upon AB let fall the perpendicular EP. 

Becauſe the angle DCE = CDE, therefore is ED 
== EC, and conſequently AE — EB (= AE — EC = 
AE — waa © AD. Alſo, ſince EB = EC, therefore 
will PB= PC, and conſequently AP — BP (AP — PC) 
= AC. Moreover, the angle EBC being = ECB 
(Euc. 5. I.) and ECB— A = CEA (Zuc. 32. 1.) it is 
plain that EBC — A = CEA equal to the given diffe- 
rence, becauſe the triangle EDC is iſoceles, and the an- 

le at the baſe equal to the complement of half the ſaid 
Slave, by conſtruction. Q. E. D. 


| Method of calculation. 

In the triangle ADC are given two ſides and the angle 
ADC, whence the angle A will be known ; then in the 
triangle ACE will be given all the angles and the ſide 
AC, whence AE and CE (BE) will alſo become known. 


2 PROBLEM XIX. 
perpendicular, the difference of the angles at the 
baſe, and the difference of m_—_ of the baſe being 
given, to conſtruct the triangle. 
| CONSTRUCTION. | 
Upon AQ, equal to the given difference of the ſeg- 


ments of the baſe, let a ſegment of a circle QA be 


deſcribed, capable of the difference of the angles at the 
baſe; biſect AQ with 
the perpendicular IL, 
in which let TE be 
taken equal to the 
iven perpendicular 
W parallel to 


in C; all draw CP 
perpendicular to AQ, 
1. P B and in AQ produced 
take PB = PQ join C, A and C, B; then will ACB 
be the triangle required. 

DEMO N- 


© F * 
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DEMONSTRATION. 

Since (by conſtruction) CP is perpendicular to QB, 
and PB equal to PQ, thence will the angle B = PQC, 
and B (PQC) — BAC = ACQ = difference of angles 
given: alſo, for the ſame reaſon, will CP = TE, and 
AP — BPS AP —-=PQ = AQ. Q. E. D. 

Method of calculation. 

From the center O, conceive OA and OC to be 
drawn : then in the triangle AOT will be given all the 
angles and the fide AT, whence OT and OE will be 
given ; then it will be as AT : OE : : fine of AOT 


(Ac): fine of OCE; whence all the angles in the 


figure are given. 


The / PROBLEM XX. be files of 

egments of the baſe, and the ſum of t 5 0 
any plane triangle being given, to determine the triangle. 
CONSTRUCTION. | 

From the greater ſegment AQ, take QF equal to the 


leſſer ſegment BQ; make QL perpendicular to AB, 


and draw AI, mak- L 
ing any angle with 
ab at pleaſure, in 
which take AE e- 
qual to the given 
ſum of the ſides, 
and join B, E; 
make the angle 
AFG Sg AEZ, and 
biſect EG in H, 
and from B as a 
Tus EN, deſcribe mC ning 
ius EH, deſcri u, cutting the perpendicular QL ia 
C; join C, A and C, B, and the thing is done. * | 
DEMONSTRATION. 

From the center C, with the radius CB, let the circle 
BDLKF * * f * . be 4 to meet 
it's periphery in D. reaſon of the ſimilar triangles 
AEB, AFG, 


it will as AE: AB:: AF: AG, 
whence AG X AE = AF x AB; but (by Exc. 37. 3: 
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AF x AB = AK X AD; therefore is AG Xx AE = AK 


Xx AD: whence, as EG and DK are equal, by con- 


ſtruction, it is evident that AG and AK, as well as AE 
and AD, muſt be equal. 9. E. D. 


Method of calculation. | : 

As AE: AB:: AF : AG; which taken from AE, 

and the remainder divided by 2, gives BC (EH) the 
leſſer ſide of the triangle. 


PROBLEM XXI. 


The ſegments of the baſe and the difference of the ſides 
being given, to deſcribe the triangle. 


CONSTRUCTION. | 
Take AF equal to the difference of the given ſeg- 
ments AQ, BQ (/ze the preceding figure) and draw Al 
making any angle with AB at 1 in which take 
AG equal to the given difference of the ſides; join F, G, 
and make the angle ABE = AGF, and from the center 
B, at the diſtance of EG, deſcribe Cm, cutting the 
perpendicular Q in C; join C, B and C, A, then will 
ACB be the triangle that was to be conſtructed. The 
demonſtration of which is ſo very little different from the 
precedent, that it would be needleſs to give it here. 


| LEMM A. 
if a given right-line AB be divided in any given ratio, 
at C, and the right-line CBO be taken to AC in the ratio 
of BC to AC—BC; and 3 O as a center, at the 
diflance of OC, a circle CPD be deſeribed, and twa 


. right-lines AP, BP be drawn from A and B, to meet any 


where in the periphery thereof; I ſay theſe lines will be to 
one another (every-where) in the given ratio of AC to 


For, ſince CO: AC :: BC: AC — BC, therefore 
by compoſition, CO : AO :: BC : AC, and by per- 
mutation, CO : BC :: AO : AC; whence, by di- 
viſion, CO: BO :: AO: CO, or PO: BO:: AO: 
PO: wherefore, ſeeing the ſides of the triangles POB, 


AOP, about the common angle O, are proportional, 
thoſe 


des 
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thoſe triangles muſt be ſimilar (Euc. 6. 6.) and there- 


fore the other ſides alſo proportional, that is, PO 


CO) : AO :: BP : AP; whence (by the ſecond 
Ee es inf Q. E. D. fend f 


PROBLEM XXII. 
The ſegments of the baſe and the ratio of the ſides be- 
ing given, to determine the triangle. | 


| CONSTRUCTION. 
Let AQ, and QB be the ſegments of the baſe ; and 
let the whole baſe AB be divided at C, in the given 


S 


fatio of the ſides; 
take CO to AC, 
as BC to AC — 
BC, and with the 
_— CO de- 
cribe the circle — — — 
CPD, and raiſe. A C QB © D 
QP perpendicular to AO, meeting the periphery in P; 
join A, P and B, P; then will ABP be the triangle 
required. The demonſtration of which is manifeſt from 
the preceding lemma, : 


Method of calculation. 
Since the ratio of AC to CB, and the length of the 
whole line AB are given, thence will AC and CB be 
8 AC x BC 
given, and conſequently OC ( IT = 0 from 


8 1 whence 


* 


8 et. W Pats 
1 * nr 1 —— < . — 23 * — 
. = l 
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whence the perpendicular PQ (= v/CQ x DQ) is 


likewiſe given. 


PROBLEM XXIII. 
Having the baſe, the perpendicular, and the ratio of 


the fides, to deſcribe the triangle. 


| CONSTRUCTION. 

Let the baſe AB be divided at C, in the given ratio 
of the ſides, and let the circle CPD be ag as in 
| the J ro- 
P. RP blem; in OR, 

rpendicular to 
AD. take On 
equal to the giv- 
en perpendicu- 
1 1 lar, and, thro” 
rallel to AD 1 the periphery of the circle in P; 
join P, A and P, B, * 7 the * is done. The 
truth of this is alſo evident from the preceding lemma. 

Method of calculation. 
Upon AD let fall he 4 ay PQ, and join 
a 
O, P: then PO ( 5 — ) will be given; there- 
fore, in the triangle OP, are given OP and! Q, from 
whence not only O, but AQ and BU are alſo given, 

Note. The parallel PP cutting the circle in two 

points, ſhews that this problem admits of two different 


ſolutions. 


PROBLEM XXIV. 
The difference of the ſegments of the baſe, the perpendi- 
cular and the ratio of the fides being given, to conſtruct 


the triangle. | 
CONSTRUCTION. 
Let AB be the difference of the ſegments of the baſe 
(/ee the laſt figure) and let every thing be done as in 
e preceding problem: take Q4 = QB, and join P, 5; 
then will Ab be the triangle required. The reaſons of 
| which 
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which are obvious from what has been ſaid already ; and 
the numerical ſolution is alſo evident from the laſt problem. 


5 PRO BL E — X _ eo 
e ratio of the ſegments of the baſe, the perpendi 
and the wh 17 45 being given, to conſtruct the tri- 


le 
[F CONSTRUCTION. 

Draw any right-line ABC at pleaſure, in which take 
AE to EB in the given ratio of the ſides, and AF to 


P A EF B T C 

FB in the given ratio of the ſegments of the baſe, and 
make FQ perpendicular to AB, and equal to the given 
height of the triangle; make alſo EC: AE :: BE: AE = 
BE, and with the radius CE deſcribe the circle ERS, and 
from the point R where it interſects the ndicular 
FQ draw RA and RB, and draw QP — QT pa- 


rallel to RA and RB; then will PQI be the triangle 
that was to be deſcribed. 


DEMONSTRATION. 

By the foregoing lemma, AR: BR:: AE: BE; 
therefore, by reaſon of the lel lines, it will be 
P: QT (:: RA: RB) :: AE: BE. And, for the 
fame reaſon, PF: TF: : AF : BF. Q. E. D. 

Method of calculation. 
Having aſſumed AB at pleaſure, there will be given 


BE, AE, BF and CE (= > — whence RF 


(= VEFxCE+CF) is alſo given; then, in the 
right-angled triangle B > will be giyen both the legs 
2. 


| 
g 
j 
| 
\ 
| 
: 
| 
| 

, 

: 
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BF and RF, whence the angle B is given; laſtly, in the 
triangle FQT will be given all the angles and the fide 
FQ, whence QT and TF will be given, and conſe- 


quently PQ and FP. 


PROBLEM XXVI. 
To divide a given angle ABC into two parts CBF, 


ABF, /o that their fines may obtain a given ratio. 


CONSTRUCTION. 
In BA, and CB produced, take BE and BD in the 


given ratio of the fine of CBF to the fine of ABF; 


draw DE, and parallel 

Ac: thereto draw BF, and 

the thing is done, For, 

F 35 trigonometry, BE : 

BD :: the fine of D 

= CBF) : the fine of 

ED(= ABF). Hence 

the numerical ſolution is 

— - alſo evident; ſince it 

'D 5 will be, as the ſum of 

BE and BD is to their difference, ſo is the tangent of 

half the given angle ACB to the tangent of half the 
difference of the two required parts F BC and FBA. 


| PROBLEM XXVII. 
To divide an angle given into two parts, ſo that their 
tangents may be to each other in a given ratio. 


: CONSTRUCTION. 
Take any two right-lines AD, BD, which are in the 
Cc ratio given, and upon the whole 
compounded line AB let a ſeg- 
ment of a circle BCA be de- 
ſcribed, capable of the angle 
given ; make DC perpendicu- 
lar to AB, meeting the peri- 
phery in C, and draw AC and 
BC, then will ACD and BCD 


=” "ID"; Ye the wo angles required. 
| 'The 


ir 
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The reaſon of which is evident, at one view, from the 
conſtruction. The method of ſolution is alſo very eaſy ; 
for it will be, as AB is to AD— DB, ſo is the fine of 
ACB to the fine of B - A (ee Problem 4.) whence B 
and A, and alſo BCD and ACD, are given. 


PROBLEM XXVIII. 
To divide a given angle ABC into two parts, ſo that 
their ſecants may obtain a given ratio. 


| CONSTRUCTION. 
Take BE to BT in the given ratio of the ſecants; 
join T, E, and let BF be drawn perpendicular to 


A 


B "+ =o 
ET, and the thing is done, The truth of which is 
manifeſt, from the conſtruction, 


Method of calculation. 
The angle EBT and the ratio of the fides BE, and 
BT being given, the angles E and T will alſo be given, 
and confequently their complements EBF and FBT, 


PROBLEM XXIX. 

From a given point O, to draw a right-line OF, to cut 
two right-lines AC, AB, given by poſition, fo that the 
parts thereof, OE, OF, intercepted between that point 
and thoſe lines, may be to one another in a given ratio. 


CONSTRUCTION. 
From O, through A, the point of concourſe of BA 


and CA, let OAD be drawn, oy which take AD to AO 
| 3 * 


— — — _—_ 


« 
—— — — — — — — 
n+ in — 


= * - © = — — 
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in the given ratio of FE to EO, and draw DF parallel 


A — 


O | 
to AC, cutting AB in F; join F, 2 and the thing 


is done; as is manifeſt from Euc. 2 


Method of calculation. 

Since the point O and the lines AC and AB are 
given by poſition, OA and all the angles at the point 
A are given ; therefore, from the given ratio of AD 
and A , AD will be given likewiſe ; then in the tri- 
angle DAF will be given AD and all the angles (be- 
cauſe FDA = CAO) ; whence AF is alſo given. 


PROBLEM XXX. 
To divide a given arch CD into * ſuch parts, that 
the reftangle under their fines may be of a given mag- 


nitude. 
CONSTRUCTION. 

Upon the radius OC let fall the perpendicular DF, 
in which (pro- 
_ÞD duced if need be) 
take FG OC, 
and thereon con- 
H ˖ſtitute a rectangle 
E. FIHG equal to 
the given rect- 


le; and, ſup- 
E 
1222 — e 4 HI to cut 

911 1 the circumference 


in E, draw OB to biſect DE; then will CB and DB 
be the parts required. D E- 


le] 


6. A © at 
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DEMONSTRATION. - 

Draw CM, and DNE perpendicular to the radius 
OB, and Nu and E- ndicular to DF. | 

It is evident, by condreien, that the triangles OCM, 
and DN are fimilar (becauſe Nu is parallel to CO, 
and ND to CM) therefore OC : CM :: DN: Nx 
(= Ee), and conſequently CM x DN = OC x 4Ez 
=+43O0C x E:-=FOxE = the given reQangle by 
0 ction. 2, E. D. | 

Method F calculation. 

Dividing the meaſure of the given rectangle by half 
the radius, FI will be given, which added to OF, the 
co-ſine of CD, gives the co- ſine (OT) of CE, the dif- 
ference of the two parts; whence the parts themſelves 
will be known. 


PROBLEM XXXI. 
Having the ratio of the fines, and the ratio of the tan- 
gents of two angles, to determine the angles. 
CONSTRUCTION. 
Let AD be to ED in the given ratio of the fines, and 
AD to FD in the given ratio of the tangents ; and 
about the center D, with the interval DE, let the ſemi- 


R 


EE 
circle ERK be deſcribed ; and, upon AF, deſcribe an- 
other ſemi-circle, cutting the former in H, and through 
H draw AR, and join H, D ; then will DHR and DAR 
be the two angles required. 


DEMONSTRATION, 
Join F, H, and draw DQ perpendicular to AR. 
The angle AHF, ſtanding in 2a femi-circle, being a 
right one, the lines FH _— are parallel (by Euc. 27. r.) 
4 an 
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and therefore AD: FD :: AQ : HQ: : tang. of 
DHQ : tang. DAQ. Likewiſe DA: DE DH) 2 
fine of DHQ : fine of DAQ, as was to be ſhewn. 


| Methed of calculation. 

If AR be ſuppoſed to meet the periphery in R, and 
RN be drawn parallel to HF, meeting AK in N; then 
will DN = DF, and AN: AR ;: AF: AH; but 
(by Euc. 37. 3.) AR: AK :: AE : AH; whence, by 
compounding the terms of theſe two proportions, Cc. 
AN: AK :: AF Xx AE: AH*; whence AH, as well 
as AD and DH, being known, the angles A and K 
will alſo be known. 


PROBLEM XXXII. 

To draw, from a point A in the circumference of a given 
circle, two ſubtenſes AB and AD, which ſhall be to one 
another in the given ratio of m to n, and cut off two 
erches, AB and ABD, in the ratio of 1 to 3. 


CONSTRUCTION, 
Draw the diameter AH, 
2 B and take the ſubtenſe AQ, 


p in proportion thereto, as 
| "2 n m to zm; from the 
D£ 1__/E[".\ x center O draw OB paral- 


| 994 lel to AQ, meeting the 
n= periphery in B; join A, 
* B, and make the ſubtenſes 
BC and CD each equal 
2 to AB, and draw AD, and 

the thing is done. 


DEMONSTRATION. 
- H, Q, and draw BE and CF perpendicular to 


AD. | 

The angle AOB (QAH) at the center, ſtanding up- 
on the arch AB, is equal to the angle BAD at the cir- 
cumference, ſtanding upon double taat arch; therefore, 
AQH being equal to AEB or a right angle { Zuc. 31. 3.) 
the triangles AQH, AEB mult be equiangular, and 
conſequently AB.: AE :: AH: AQ; but, by con- 


ſtruction, 


of 


DAS 


9 ̃˙— A 
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ſtruction, AH: AQ :; zm: n — , whence AB: AE 
: zm: n - m, or AB: 2AE:: 2m: 2n — 2m; there- 
fore (by compoſition) AB: AB + 2AE (:: 2m: 2n) :: 
m: n. But AB being=BC=CD, EF is =BC= AB, 
DF = AE, and AD = 2AE + AB. Hence AB: AD 
n Po" 
Methad of calculation. 

Let AP be perpendicular to OB ; then, becauſe of 
the ſimilar triangles OAP, AHQ, it will be as AO : 
OP (:: AH: AQ) :: 2m: n— m (by conſtruction) 


therefore OP = — . BP (= AO — OP) = 


3m — 1 X AO 
3 2m 


„and conſequently AB (V 2AO x BP) = 


4 = x AO 3 whence AD is alſo given, 


PROBLEM XXXIII. 
The area and hypothenuſe of any right-angled plain tri- 
angle being given, to deſcribe the triangle. _—_ 


CONSTRUCTION. 
Upon the given hypothenuſe AB, as a diameter, let 
the ſemi-circle ACB be deſcribed, and upon OB, equal 
to half AB (by Euc. 41. 1.) conſtitute the rectangle OE 


SS 


* 0 0 


equal to the given area of the triangle, and let the ſide 
thereof, EF, cut the periphery of the circle in C; 
join A, C, and B, C, and the thing is done. 


DEM O N- 
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DEMONSTRATION, 

The triangle ABC, ſtanding upon the whole diameter 
AB, is equal to the rectangle Ok, of the ſame altitude, 
ſtanding upon half AB (by Euc. 41. I.) which laſt (5y 
conſiruttion) is equal to the area given. 
| Method of calculation. 3 
9 Join O, C, and let be perpendicular to AB; 
| þ then it will be, as AO! (AO x OC): AO x DC 
1 (:: OC : DC) :: radius: fine of DOC; which, in 
words, gives this theorem. | 

As the ſquare of half the hypothenuſe of any right- 
angled plane triangle is to the area, ſo is the radius to the ſine 
of double the leſſer of the two acute angles. 

N. B. Since no line can be greater than the radius, it 
is plain, that, if the ſquare of half the hypothenuſe be 
not given greater than the area of the triangle, the pro- 
blem will beceme impoſſible ; in which caſe the fide 
EF, inſtead of cutting, will paſs quite above the circle. 


PROBLEM XXXIV. 
TJ deferibe a right-angled triangle, whoſe area ſhall be 
equal to a given ſquare, and the ſum of it's two legs equal 
to @ given right-line AB. 
CONSTRUCTION. 
Upon AB let a ſemi- circle be 1 make ACD 
= half a right-an- 
D E P gle, and CD — twice 
| (PQ) the fide of the 
iven ſquare ; draw 
855 | E parallel to AB, 


ing the circum- 


H E meeting 


| << 2» ference in E, and EF 
perpendicular to AB, 
| G interſecting AB in F, 
in which produced 


take FG = FB, and draw AG ; fo ſhall AFG be the 
triangle required. | 
DEMONSTRATION. 


It is evident that AF + FG = AB; and alſo that the 
area 


— — * 
— - * Pp, 
— 5 (na - _ 
_ 
— — — — — . W— 
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area AFG = AF x FG = IAF x FB = iFE* (= 
DH) = 3CD* PO. Q. E. D. 
Method of calculation. 

Tf the radius CE be drawn, in the right-angled tri- 
angle CEF, there will be given CE (= AB) and 
EFI“ (= 2PQ*) whence CF (= ViAB — 2PQ*) 
will be known, and, from thence, both AF and FG. 


LEMMA. 
The area of any right-angled triangle, ABC, ts equal 
to a rectangle under bat it's perimeter and the exceſs of 
that half perimeter above the hypothenuſe, or longeſt ſide. 


DEMONSTRATION, 

In the propoſed triangle let the circle EGF be in- 
ſcribed, and from the center D, to the angular points 
A, B, C, and the points of contact, E, F, G, let the 
right lines DA, DB, DC, DE, DF, and DG be drawn. 
It is plain that the ſum of the three triangles ADB, 
BDC, and ADC, is | U 
equal to the whole C 
triangle ABC ; but 
the triangle ADB is 
equal to the rect- 
angle AB x DG; 
and fo of the reſt; 
therefore the ſum of 
the rectangles 1 AB 
5 * + = * 

1A ð* 1 
DE Head to the a 
whole triangle ABC; but the ſum of theſe reQan- 
gles (by Euc. 1. 2.) is equal to the rectangle under 
half the perimeter AB + BC ＋ AC and the ſemi- 
diameter DG, which laſt rectangle is, therefore, equal 
to the triangle given. But the angles E and G be- 
ing right ones (ZEuc. 17. 3.) and the fide AD 
common, and alſo DE * to DG, thence will 
AE = AG (Euc. 47. 1.) And in the ſame man- 
ner will CE = CF; conſequently AC (AE + _ 


2 f 
— — 
— 


— — — TIS — nt — A — — . 
= — — — _— . — — — 
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will be = AG CF; whence it appears that the hy- 
pothenuſe is leſs than the ſum of the two legs by BG 
＋ BF, or twice the radius of the inſcribed circle, and 
therefore leſs than half the perimeter by once that ra- 


dius, or DG : whence the propoſition is manifeſt. 


PROBLEM XXXV. 
The perimeter and area 7 a right-angled triangle being 


| given, to deſcribe the triangle. 


CONSTRUCTION. 
Make AB equal to the given perimeter, which biſect 
in C, and upon AC let a rectangle ACDE be con- 
ſtituted equal to the given area; take CF = CD, 


[ | DON 
A © K 5 


and, from F through D, draw the indefinite line FH, 
to which, from B, apply BI = AF; then, upon AB 
let fall the perpendicular IK, ſo ſhall BIK be the tri- 
angle that was to be conſtructed. 


DEMONSTRATION. 

Since (by cenſtruction) CD is = CF, therefore is IK 
= FK, and conſequently. IK + IB + BK = FK 
— AF + BE = AB. Again, the exceſs of the half 
perimeter AC above the hypothenuſe BI (AF) being = 
CF = CD, it is evident (from the premiſed lemma ) that 
the area of the triangle will be = ACDE = the given 
area by conſtruction, Q. E. D. 


Method 7 calculation. | 
Dividing the area by half the perimeter, CD (= CF) 


will be given; then, in the triangle BFI, will be given 

BF, BI, and the angle F (= 45*) ; whence the angle 

B will alſo be known, and from thence BK and BI. 
PROBLEM 


* 5 


nd 


2 


_ r 
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PROBLEM XXXVI. 


To make a right-angled triangle equal to a given ſquare 
ABCD, whoſe ſides ſhall be in arithmetical progreſſion. 


CONSTRUCTION, 
In AB produced, take BF = , and upon AF 
deſcribe the ſemi-circle AEF, cutting BC produced 
E. 


D = 


A 3 2 0 
EB 5 
m E; take BG == join E, Q, and the thing is 


done. 
DEMONSTRATION. 

Since, by conſtruction, QB: BE : : 4: 3, therefore 
will BO: BE* :: 16: 9, and B + BE* : BE* :: 16 
＋9 (25): 9, that is, EQ? : BE*:: 25 : 9 (Euc.47.1.); 
whence EQ: BE:: 5 : 3 (Euc. 22. 6.) therefore the 
ſides BE, BQ and EQ, being to one another in the 
ratio of the numbers 3, 4 and 5, are in arithmetical 
progreſſion. And, becauſe BU is = „ thence will 


EB BO 2EB 2BF x AB 


= = AP. QED. 
Ex aw, o, 
Method of calculation. 


AB _ 
Seeing BF is = — BE (VAB x BT) will be = 


o 


ABV; whence a(t) and EQ (=) will be 


likewiſe given. 
| PROBLEM 


— 
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PROBLEM XXXVIL 


| w 

In a given circle CIHK, to deſeribe three equal circle ec 
E, F and G, which ſhall touch one another, and alſo the a 
periphery of the given circle, e\ 
al 

CONSTRUCTION. be 

From the center C let the right lines CH, CI and pe 
CK be drawn, dividing the periphery into three equal th 


parts, in the points H, I and K; join I, K, and in 
CK produced take KL = IK; draw IL, and paral - 


le] thereto draw KF meeting CI in F; make HE and 
KG each = IF, and upon the centers F, E and G, 
through the points I, H and K, let the circles Frl, 
EmH, and Gnk. be deſcribed, and the thing is done. 


DEMONSTRATION. 

Draw FE, FG and EG. 

Becauſe (by con/irufion) HE, IF, and KG are equal, 
CE, CF, and CG will likewiſe be equal, and FG pa- 
rallel to IK (by Euc. 2. 6.) and therefore, KF bein 

arallel to IL (by conſtruction) the triangles IKL an 

GK are equiangular ; whence, IK being = 2KL, FG 
is = 2GK (2F ") Euc. 4. 6.) whence it 1s manifeſt that 
the circles F and G touch each other, 


4 © rw Ot 


a a,” 


More- 
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Moreover, the angles ECF, ECG and FCG, as 
well as the containing ſides CE, CF, and CG bei 
equal, EF, FG, and EG muſt alſo be equal {by Euc. 4. 1. 
and therefore EF or EG = 2FI or 2 K ; whence it is 
evident that the circles E, F and E, G alſo touch one 
another. But all theſe circles touch the given circle, 
becauſe they paſs through given poiuts H, I, K in it's 
periphery, and have their centers in hs + lines joining 
the center C and the points of concourſe. 


Muhgd of calculation. 

In the triangle FGK we have given the angle FGR 
(150*) and the ratio of the including fides (viz. as 2 
to 1) whence the angle FEG will be given; then in 
the triangle FCK will be given all the angles and the 
fide CK, whence CF and alſo FI will be given. But, 
if you had rather have a general theorem for expreſſing 
the ratio of FI to Cl, then let EC be produced to meet 
FG in r. Therefore, the angle FC being = 30˙ 
Cy,will be CF; whence (by Zac. 47. 1.) Fl or 
F/ FN N is = FCx Vi and therefore CI 
=FC+FCY 3; conſequently CI: FC ::1+v/3 : 1; 
whence, by divifion, CI: FI (:: 1+4/3 :4/3) :: 74 
+1: 1, 


PROBLEM XXXVIII. 


In a given circles CEHG to deſeri equal circles 
K, L, kt, N and O, which — and 
the circle given. 


CONSTRUCTION. 
Let the whole periphery EGH be divided into five 


equa] parts, at the points E, F, G, H and I (by Euc. 


11. 2.) and draw CE, CF, CG, CH and CI ; join G, 
H, and in CH produced take HP = 2 GH ; draw PG, 
and parallel thereto draw HM, meeting CG in M; 
take FL, EK, IO and HN, each equal to MG, and 
upon the centers K, L, M, N and O, let circles be 
deſcribed through the points E, F, G, H and I, and 
the thing is done. Th 


- — 4 


— 


— 1 * - 
— =; = == Ser: f2= - ey 
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The demonſtration whereof is evident from the laſt 
propoſition : and in the ſame manner may 6, 8, or 10, 
Sc. equal circles be inſcribed in a given circle, to touch 
one another, 

The method of calculation in this, or any other caſe, 
will alſo be the ſame as in the laſt problem ; for in the 
triangle MNH will be given the ratio of NM to NH 
(as 2 to 1) and the included angle MNH equal to 
126˙ 120% 112%, or 108% Cc. according as the num- 
ber of circles is 5, 6, 8, or 10, &c. from which the angle 
MHN will be given ; then in the triangle CMH will be 
given all the angles, and the fide CH, to find CM, 


PROBLEM XXXIX. 
The perimeter of a right-angled triangle, whoſe fades 


are in geometrical progreſſion, being given, to deſcribe the 


triangle. 


CONSTRUCTION, 

Upon AC, equal to the given perimeter, deſcribe the 
ſemi-circle ABC, and let AC be divided in D, ac- 
_ cording to extreme and mean proportion; make DB 
perpendicular to AC, meeting the periphery of _ 

. circle 


— } - 2 
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circle in B, and having joined A, B and C, B, let 
AE and CE be 

drawn to biſect B 
the angles BAC, 
BCA; and, from 
point of interſec- 
tion E, let EF 
_ wy 1 drawn 
parallel to BA and a — 
BC, cutting AC A * * 
in Fand G; then will EFG be the triangle that was 
to be conſtructed. 


DEMONSTRATION. 

Since (by conſtruction) AC: AD :: AD: DC, there- 
fore is ACg : AC x AD: : ACxAD : AC x DC (by Exc. 
I. 6.) or ACq : ABg : : ABy : BCg (by Cor. to Euc. 8. 
6.) and conſequently AC : AB :: AB : BC; whence, 
the triangles ABC, q EG, being equiangular, FG : FE 
:: FE : EG. Alfo EF is = AF, becauſe the angle 
FEA (= EAB) = FAE; and in the very ſame man- 
ner is EG = GC; therefore EF + FG + EG (= AF 
+ FG + GC) = AC. Moreover the angle FEG 
(= ABC) is a right-angle, by Euc. 31. 3. Q. E. D. 


Method of calculation. 
Becauſe (by conftrufion) AD (= , — ZAC) = 
AC Xx V 2, thence is AB (VAC N AD) = AC 
x V3 , and BC (VAC x CD = AD) = 


AC Xx Y-: but, by reaſon of the ſimilar tri- 
angles ABC, FEG, it will be as AC + AB + BC 
: (FG + FE + EG) AC:: : FG AB Bl 


: BC: EG; ras VI - +4i+v3;:1:: 
AC : FG: : AB : FE-:* BC EG whence FG, 
FE, and EG are given. | 


* Aa | PR O- 
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PROBLEM XL. 
To draw a right line PQ_to touch two circles C and O, 
given in magnitude and poſition. 
CONSTRUCTION. | 
Upon the line CO, joining the centers of the given 
circles, deſcribe the ſemi-circle CDO, in which inſcribe 
CD equal to the difference of the ſemi- diameters CF and 


Q_ 4 


OE; and from the point B, where CD produced meets: 
the periphery BF, draw PB perpendicular to CB ; then 
will BP touch both the circles. 


Join © nen PQ. 

oin O, D, a w OA perpendicular to PQ. 

The angle CDO, ſtanding ln a ſemi- circle, is right; 
therefore, the angles B and A being both right ones, 
by conſtruction, the angle AOD muſt alſo be right, 
and the figure DOAB a rectangle, and conſequently 
AO = BD BC —CD = CF — CD = OE (by con- 
firuttion). Wherefore, ſeeing CB and OA are reſpec- 
tively equal to CF and OE, and both the angles A and 


B right ones, it is evident that the right line PQ 


touches both the circles. Q. E. D. 

The numerical ſolution of this problem is extremely 
eaſy ; for, ſince the two ſides CO and CD of the right- 
angled triangle CDO are both given, the angles DCO 
and AOC, determining the points of contact B and A, 
are from thence given, at one operation. © | 

But if it be required to draw a right line (ab) to 

touch both circles, and to paſs between the centers 7 
5 an 


„ A ww..cc 
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and O; then, inftead of taking CD equal to the dif- 
ference of the ſemi-diameters CF, OE, let C4 be taken 
equal to their ſum, and the reſt of the proceſs will be 
exactly the ſame. | 


PROBLEM XII. 

To draw a right-line AD through two circles GAEF, 
HCSR, given in magnitude and poſition, ſo as to cut off 
ſegments thereof, AKBm, CTDn, equal reſpectively to 
two given ſegments EQFa, SPR. 

CONSTRUCTION. 


Upon the ſubtenſes EF, SR, from the centers G and 
H, let fall the perpendiculars GQ and HP; and from 


3 - 
worried ( 
; 


the ſame centers, at the diſtances GQ, HP, let two 
circles GK, HPT be deſeribed; then draw a right- 
line AD to touch. both theſe circles, by the laſt propo- 
ſition, and the thing is done; for the lines FE, AB 
being at the ſame diſtance from the center G, the 7 
ments cut off by them muſt conſequently be equal: 
and, in like manner, the ſegments SPR, CTDu, are 
alſo equal. 


* 


1 e $i 123 
To deſeribe tle circumference of a circle through @ given 
point Ph touch two right-lines AB, AC, —— poſition. 
| CONSTRUCTION. 
Join A, P, and biſect the angle BAC with the right- 
line AK, and, from any point Q in that line, draw = 
8 aA a 2 - 
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perpendicular to AC; then, from Qto AP, draw Q 
= QT; draw likewiſe PO parallel to SQ, meeting 

B | 
* | 


F O 


* 


SID, 


O 


AK in O; and from O, as a center, with the radius 
OP, deſcribe the circle PKF, and the thing is done. 


DEMONSTRATION. 

Let OH be perpendicular to AC, and OW to AB; 
then, 9 reaſon of the parallel lines, it will be Qs : 
OP (:: AQ: AO) :: QT : OH; whence, as T 
= Qs, OH will be = OP; and therefore the Cir- 

cumference PKF will p paſs through the point H, and 
ſo, AHO being a right- angle, AC muſt touch the circle 
in that point. Moreover, the triangles AOH and AOW 
being equiangular and having one fide common, OW 
will therefore be = OH, and the circle alſo touch AB 
in the point W. 2. E. D. 


Method of calculation. 

Having aſſumed — 8 there will be given, 
in the x. To: gle AQ” the angles and one ſide, 
whence 15 (= G) will be — then, in the tri- 
angle AQS, will be given AQ, Qs, and the angle 
QAS, whence the 7 AQS (= AOP) will be given. 
Laſtly, in the triangle AOP will be given all the angles 
and the fide AP, whence AO and pH will be given, 


Otherwiſe. | 
: Say, as the fine of OAH ; radius (:: OH : ny 


70 
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OP : OA) : : the fine of OAP : fine of OPA ; then, 
in the triangle AOP will be given all the angles and 


the fide AP, whence the other ſides AO 


be found. 


PROBLEM XLIII. 


To deſcribe the circumference 


points, 


CONSTRUCTION, 


Draw GD, and biſect the ſame by the perpendicular 


FC, meeting AB in 
C; mn D, and 
make rpendi- 
cular to AB . 

from F to CD pro- 
duced, draw FS =— 
FP ; make DH pa- 
ralle! to FS, and 


3 and, 


n 


from H, the inter- 

ſection of CF and * 

DH, with the radius 

DH, deſcribe the cir- A a 

cle HDQ, and the thing is done. 
DEMONSTRATION. 


Join H, G, and draw HT parallel to FP, meetin 
AB in T; then, becauſe of the parallel lines, it 
be, FS: HD (:: CF: CH) :: FP: HT; wherefore, 
as the antecedents FS and FP are equal, the conſequents 
HD and HT muſt likewiſe be equal; and therefore, 
. ſince HT is perpendicular to AB, the circumference of 
the circle will touch AB in T; and it will alſo paſs thro? 
the point G, becauſe the two triangles DFH, GFH, 
having two ſides and the included angles equal, are 


equal in every reſpect. Q. E. D. 
Method of calculation. 


The angle FCA, and the numbers exprefling FC 
given, in the triangle CFD will be given 
(beſides the right-angle) both the legs CF and FD, 
whence CD and the angle FCD will be known ; then 


and DG being 


A a 3 


and OP will 


a circle through two given 
„G, to touch a right-line AB, given by poſition. 
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it will be, as the fine of FCA (TCH) : radins (: : TH 
: CH :: DH: CH) :: the fine of HCD : the fine 
CD; therefore in the triangle HCD there will be given 
all the angles and the ſide CD, whence CH and HD 
will be known. 


PROBLEM XLIV. 

Having given AB, and alſo AD and BG, perpendicular 
to AB; to find a point T in AB, to which if two right- 
lines DT, GT be drawn, the angle DTG, formed by 
thoſe lines, ſhall be the greateſt poſſible. 


CONSTRUCTION. 
Deſcribe, by the laſt problem, a circle GDQ,, that 


| ſhall paſs through G and D and touch AB, and the 


point of contact T will be the point required. 
DEMONSTRATION. 


Join G, T and D, T; and from any other point 
R in the line AB, draw RG 


G 


point Q where GR cuts the 
circle, draw QD : then, the 
E ; angle GQD, being exter- 

F 


angle R, will be greater 
/ than 688 therefore GTD, 
ſtanding in the ſame ſe 
with GOD, will be alfo 
AR PT © greater than GRD. Q. E. D. 


Method of calculation. 


Draw DE parallel to AB; then in the triangle GDE 


will be given DE, EG (= BG'— AD) and the right- 
angle DEG, whence the other angles EDG, EGD, 
and the fide DG will be found; then in the triangle 
CFP, ſimilar to GDE, will be given all the angles and 


AD + 
the ſide FP (= — 7 22) whence FC will be given ; 


from which, by proceeding as in the laſt problem, all 
PROBLEM 


the reſt will be found, 


and RD; alſo, from the 


ov» 0 2 
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PROBLEM XLV. 

To deſeribe a circle, which ſhall touch two right-lines 
AB, AC, given in poſition, and alſo another circls O, 
given in magnitude and poſition. 

CONSTRUCTION. 

Let the angle CAB, made by the concourſe of the 
two lines, be biſected by AK; and, from any point 
P in this line, let fall PQ perpendicular to AB, which 
produce to R, fo that may be equal to the ſemi- 


* | 
diameter of the given circle ; and through R, parallel 
ta AB, draw HM, meeting KA produced in H; draw 
HO, to which, from P, draw Pv — PR, and draw 
OE parallel to Py, meeting AK in E, and cutting the 
periphery of the given circle in r; laſtly, from E, 
with the radius Ex, deſcribe the circle ErKN, and the 
thing is done. | 

DEMONSTRATION. 

Draw 'EG perpendicular to HM, cutting AB in F : 
= by reaſon of the parallel lines, PR : EG (:: HP 
: HE) :: PD: EO; therefore PR being = PV (6y 

conſtruction) EG and EO muſt likewiſe be equal; from 
which the equal quantities FG and Or being taken 
away, the remainders EF and Er will be equal ; and 

Aa 4 there- 
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therefore the circumference KN paſſes through F; but 
it alſo touches AB in that point, becauſe EF (by con- 
firution) is perpendicular to AB; it Hkewiſe touches 
AC, becauſe AE biſects the angle BAC; laſtly, it 
touches the circle O, becauſe the right-line OE joining 


the centers O and E, paſſes through the point r, com- 


mon to both peripheries. 


Met had of calculation. 

Suppoſing AO drawn, and AS perpendicular to HM, 
in the triangle AHS (beſides the right-angle) will be 
given AS (= rO) and the angle AHS (= EAF = 
BAC) whence AH will be known; then in the tri- 
angle AHO will be given AH, AO, and the included 
angle, whence AHO and HO will alſo be given: then 
it will be, as the fine of EH is to the 42 (22 EG 
: EH :: EO : EH) fo is the fine of EH O to the fine 
of EOH ; therefore in the triangle HEO will be given 
all the angles and the fide HO, whence EO and EH 
are known alſo. 


PROBLEM XLVI. 


To deſcribe the tircumference of a cirde through a given 
point P, fo as to have given parts cut off by two right-lines 


AB, AC given in poſition. 


CONSTRUCTION. 
Let the arcs to be cut off by AC and AB be ſimilar 
reſpectively to the ares ab, bc of any given circle abcg, 


whoſe chords ab, bc ſubtend, at the center, any given 
angles agb, bgc. Let the angle abc be biſected by bd; 
take, in AB and AC, any two points, E, D, equi- 


diſtant from A ; and, having drawn DE, make the an- 
gle EDF = gbd, CDR = gba, and BFR = gbc; then 
from the interſection R of the lines DR and FR, with 
the radius RD, deſcribe an arch nn, cutting the line 


APinS, draw RS and ARK, and alſo PQ, parallel to 


RS, meeting AK in Q; then from the center Q, with 
the radius 5. „ deſcribe the circle KPI, and the thing 
is done. | | 


DEM O N- 
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WIS 
DEMONSTRATION. 

Draw QH and QG parallel to RF and RD, meetin 
AB and AC in Hand G. The angles BED and CD 
being equal, BFD will exceed CDF by twice EDF, 
or by twice ghd, that is, by as much as gbc exceeds gba, 
or laſtly, by as much BF R exceeds CDR ; therefore, 
ſeeing the whole angle BFD as much exceeds the 
whole angle CDF, as the part BFR of the former ex- 
ceeds the part CDR of the latter, the remaining parts 
RFD and RDF muſt be equal, and conſequently FR 
= RD = RS. But by reaſon of the parallel lines it 
will be, RF: QH :: RD: Q:: RS: QP; whence, 
the antecedents RF, RD, RS being equal, the conſe- 

quents QH, QG, QP, muſt be equal too, and the 
circumference paſs through the points H and G ; whence 
the ſolution is manifeſt, 


Method of calculation. 

If two perpendiculars be conceived to fall from Q 
upon AB and AC, they will, it is plain, be in the given 
ratio of the fines of the angles QHI and QGL ; there- 
fore the poſition of the line AQK will be given = 

* 
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Prob. 26.) by ſaying, as the ſum of the faid fines is to 
their difference, ſo is the tangent of half BAC to the 
* of half BA _ OAT 
_— it will —— as fine ſine QHA (:: QH 
: QA :: OP: QA): 1 QAP : ſine QPA; there- 
fore, in 0 triangle A P, are given all the angles and 
one ſide AP, ab AQ and bo will be found. 


PROBLEM XuVn. 


Having the three perpendiculars, let fall from the angles 


of a plane triangle on the of Ne 2 equal to three 

given right-lines Ki, Ll, and to deſcribe the triangle. 
CONSTRUCTION. 

Draw the indefinite right-line RS, in which take 

AB equal to K. find a fourth proportional to Mm, 

Ll and K4, with which as a radius, from the center A, 


jet an arch Cs be deſcribed ; and from B, with the radius 
Li, let another arch be deſcribed interſectin g the former 
in C; join A, C and B, C, and upon Rs let fall the 
perpendicular QC, in which produced, take QP = LI, 
and draw PF parallel to RS, meeting AC, produced, 
in F, draw FG parallel to CB, and AFG will be the 


triangle required, 
DEMONSTRATION. 


Draw FE, Gy and Av, perperidjcular to the three 
des of the angle, The 


Al 
F. 
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The triangles ABC, AGF; AFE, AGęg; and GFE, 

AGv, are equi- angular, by conſtruction; therefore Gy : 
: KExL!/ 
FE :: AG: AF:: AB (K4) : AC ( 77 :: Mm 
: Ll; whence, as the conſequents FE and Ll are equal, 
by conſtruction, the antecedents Gy and Mm muſt be 
equal likewiſe. Again, BC (Li): AB (Kt) (:: FG 
: AG) :: FE (L/) : Av; and conſequently Ki = Av. 
Q. E. D 


Method F calculation. * 
: X | 
Since K4, Ll, and Mm are given, AC (= Mg ) 


will be known ; then in the triangle ABC will be given 
all the three ſides, whence the angles are known; 
laſtly, in the triangle AFG will be given all the angles 
and the perpendicular EF, whence the fides are alſo 


known. 


PROBLEM XLVIII. 

The poſition of three points, in the ſame right-line, being 
given, 5 ts pies Ayr nr a fourth where lines, drawn 
from the former three, ſhall make given angles with each 
other. 

CONSTRUCTION. 

Let the three given points be A, B and C: make 
the angles ACE and 
CAE reſpectively equal 
to the given angles 
which the lines drawn 
from B, A, and B, C 
are to make; and let 
AE and CE meet in 
E; through A, C and 
E, let the circumference 
of a circle AEC D be 
deſcribed, and, thro' E 
and B, draw EBD, 
meeting it in D, then 
will D be the point re · 
quired. 
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DEMONSTRATION. 
; Join A, D, and C, D. 
he angle EDA is equal to ACE, ftanding on the 
ſame ſegment; and, for the like reaſon, is EDC = 


CAE. Q. E. D. 


Methed of calculation. 

In the triangle ACE are given all the angles and the 
kde AC, whence AE will be given; then, in the tri- 
angle ABE, will be given the two. ſides AE, AB, and 
the included angle, whence ABE and all the reſt of the 
angles in the figure will be given. 


PROBLEM XLIX. 
Three prints A, B, C, being, any how, given; to find 


@ fourth, where lines, drawn from the former three, ſhall 


make given angles with one another. 


CONSTRUCTION. 

0 Join the given points, 
\ and upon the right-line 
AB deſcribe a ſegment of 


given angle which that 

B line is to ſubtend ; com- 
leat the circle, produce 

A, and make the angle 
DAQ equal to the angle 
which BC is to ſubtend, 
and let AQ meet the pe- 


riphery in Q; draw QC, 


cutting the ſame periphery 
inP; join A, P, and B, 
Q P, and the thing is done. 
DEMONSTRATION: 


The angle ABP is equal to the given angle which 
AB was to ſubtend (by conſtruction); and the angles 
QAB and QPA, ftanding upon the ſame ſegment, be- 
ing equal to each other, their ſupplements DAQ and 
BPC muſt likewiſe be equal. Q. E. D. 

| Method 


a circle, capable of the 
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Method of calculation. 

Join B, Q; then, in the triangle ABQ, will be given 
all the angles and the fide AB, whence BQ and ABQ will 
be known; then in the triangle CB will be given two 
ſides, and the included angle CBQ,, whence the angle 
COB, equal to BAP, will be known: laſtly, in the 
triangle APB will be given all the angles and the ſide 
AB, from which AP and BP will be found. | 


PROBLEM L. | 
To draw a right-line EG through a circle O, given 
in magnitude and poſition, which ſhall alſo cut a right-line 
QC, given by poſition, in a given angle, and have it's 
parts EF , FG, intercepted by the circle and that right- 
line, in the given ratio of the two right-lines ab and bc. 


CONSTRUCTION. 
At any point B, in the right-line QC, make the angle 
QBA equal to the given angle, and through the center 


O, perpendicular 
to BA, draw D D 


| > | C 
meeting BA in | 
. — — a De a ; 
; biſet ab in 

2 and in RB take * D 1 
Rp = bd, and pg O 
= bc, and draw L 
pm and gn paral- 8 
lel to DQ; from E 
the point », where 
gn interſects QC, 
draw nL parallel 
to BA, meeting 
pm in m; through 
the points Q and 
= draw OnF, Q 
cutting the periphery of the circle in F, and through F, 
parallel to BA, draw EFG, and the thing is done. 


' DEMONSTRATION. © 
The lines GE, BA and L, being parallel, the 3 
Sles 


J 
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les QGE, QBA, Oc. will be equal, and likewiſe 
F: FG :: Ln: mm; but LM (by conſtruction) is 
(= Rp) = db, and mn (= pg) = bc; therefore SF 
: FG :: db : bc, and conſequently EF (28F) : FG 
2: ab (2bd) : be. Q. E. D. | | 
Method of calculation. | 

Ln (de): Lm (ab) : : the tangent of Ln (the com- 
lement of the given angle QBR) : the tangent of 

Qn; therefore, in the triangle BP will be given 
one angle OQF and two ſides, Q „FO; whence, 
not only the angle SOF, but alſo SO and SF will be 
known. 


PROBLEM LL 


To apply, or inſcribe, a given right-line AD, between | 


the peripheries of two circles C and O, given in mag- 
nitude and poſitron, fo as to be inclined to the right-line C 
joining the centers in a given angle. 
CONSTRUCTION. 
Make OCB equal to the given angle, and let CB be 
taken equal to the given line ; upon the center B, 
with the radius of the circle C, let the arch Dm be 


7: D 


deſcribed, cutting the circle O in D; then draw BD, 
and, parallel thereto, draw CA, meeting the periphery 
in A; join A, D, and the thing is done. 2 


DEMONSTRATION. 


Becauſe (by cenſtrucrion) CA and BD are equal and 


parallel, therefore wil! AD and CB be alſo equal and 
parallel 4 Zus. 33» I.) . E. D. Mathad 


2 
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Method of calculation. we 
In the triangle CBO are given two ſides CO and 
CB, and the angle OCB, whence OB and the an 
COB will be known; then in the triangle OBD will! 
given all the three fides, whence all the angles, and 
conſequently DOC, will alſo be known. 


PROBLEM LIL 


From a given redtangle ABCD, to cut of a gnomam 
ECG, whoſe breadth ſhall be every-where the ſame, and 
whoſe area ſhall be juſt half that of the rectangle. 


CONSTRUCTION. 

In BA take BH equal to BC, or AD ; and in 
DA produced take 
AP a mean-proportio- 
nal between BA and 
AD (fo that AP; 
may = the given area 
AGFE). From P to 

the middle of AH B 
draw PO ; make OE 
= OP, and DG = 
BE ; compleat the 

rectangle EAGF 5 and E 

the thing is done. — 


DEMONSTRATION. | 

If the ſemi-circle EPQ,, from the center O, be de- 

ſcribed, it is plain that AQ = EH = BH — BE = 

AD— DG = AG; and conſequently that AE x AG 
= AE Xx AQ AP; (Exc. 13. 6.) Q. E. D. 


Method of calculation. 
In Fs „ er triangle AOB are given AO 
(= —>— ) and AP (= JAB X BC) ; whenee 


OP will be known, and from thence both AE and AG, 


PROBLEM 


e CoxsrRUcTIoN of 


PROBLEM LIII. | 
Three points A, B, C, being given, it 1s propoſed to 
a fourth, P, from whence lines, drawn to the three 
former, ſhall obtain the ratio of three given lines a, b and 
c, reſpettively. 
CONSTRUCTION, 
Having joined the given points, take AF, in AB, 
equal to a, and Al c; alſo make the angles AFG 
C and AIK equal, 
each, to ACB; 
and from the cen- 
ters F and G, 
with the radii 6 
and AK, reſpec- 
tively, let two 
i Re \ arcs be deſcribed 
AKA F / B interſecting in H; 
nn Zong Lf from which point 


draw HF and HA ; then draw BP to make the angle 

ABP = AHF. and it will meet AH (produced) in the 

point P, required. | | 
DEMONSTRATION. 

Let BP, CP, and GH be drawn. The triangles 
ABP, AHF, being equi-angular (by conſtruction) it will 
be AP: BP :: AF (a): F (2) 3 alſo AB : AP :: 
AH : AF; andAB : AC :: AG : AF (becauſe ABC 
and AGF are likewiſe equi-angular) whence it is evi- 
dent, fince the extremes of the two laſt proportions are 
the ſame, that AP x AH AC x AG, or AC: AP 
:: AH : AG; therefore the triangles ACP, AHG be- 
ng, equi-angular (Euc. 6. 6.) we have AP: CP :: 
AG : GH (AK) :: AF (a2) : Al (c). Q. E. D. 


| Method of calculation. 

In the triangles AFG, AlK are given all the angles 
and the ſides AF and AI, whence AG, FG, and AK 
(GH) will be found; then in the triangle FGH will 
be given all the ſides, to find the angle HFG ; which, 
added to AFG, gives AFH (APB) from whence, and 
the two given fides AF and FH including it, every thing 
Elſe is readily determined, YR O- 
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PROBLEM LIV. 

To deſcribe a triangle (ABC) ſimilar to a given one 
AMN, /uch-that three lines (AP, BP, CP) may be drawn 
from it's angular points to meet in the ſame point (P) ſo as te 
be equal to three given lines AD, AF and AK, reſpeftively. 


CONSTRUCTION. 

Draw DE and KG, making the angles ADE 
and AKG, each, equal to the given angle N, and 
interſecting AN in E N 
and G; from the C 
centers D and E, 
with the intervals 
AF and AG, let two 
arcs be deſcribed, in- 
terſecting in H; draw 
AH, in which take 
AP! = AD ; and ; 
from P, to AM and A K FD B 
AN, apply PB and PC equal, reſpectively, to AF and 
AK, and let B, C be joined; fo ſhall ABC be the tri. 
angle that was to be determined. | 


DEMONSTRATION. 

The the three lines AP, BP, CP, are, reſpectively, 
equal to the three given lines AD, AF, AK, by 
conſtruction; we therefore have only to prove that 
the triangle ABC is ſimilar to the given one AMN, 

Now ſuppoſing DH and EH to be drawn, it will be 
AP: PC (or AD: AK) :: AE: AG (EH); whence © 
the triangles APC and AHE will be equi-angular (Euc. 
6. 6.) and conſequently AC : AH : : AP (ADL): AE 

- :: AN: AM (uc. 5. 6): but the triangles ABP 
and ADH (having AP = AD, PB = DH (iy con- 
ftruftion) and the angle DAP common) are equal in 
all reſpects ; therefore, by ſubſtituting AB in the room 
of AH, our laſt proportion becomes, AC : AB :: AN 
AM; whence it is manifeſt that the triangles ABC 


and AM N are equi-angular.  Q, E. D. 
B b Methed 
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Method of calculation. 

In the triangles ADE, AKG, are given all the an- 
gles and the files AD and AK, from which AE, DE, 
and AG will be known; then in the — DHE 
will be given all the ſides, to find the angle EDI, 
which added to ADE gives ADH ; from whence, and 
— two given ſides including it, AH (= AB) will be 

wn. 


PROBLEM LV. 
In the triangle ace, beſides the angle c, are given the 
ſegments of the ſides ab and de, and the angles aeb and 


dbe ſubtended thereby ; to deſcribe the triangle, 


CONSTRUCTION. 
Upon AB, equal to ab, let a ſegment of a cirele be 
deſcribed to contain an angle equal to aeb ; make the 
angle ABF = ace, BAn = dbe, and the line BF = ed; 


Q 4. 

from the point u, where Au cuts the periphery of the 
circle, through F, draw nFE, meeting the periphery in 
E ; join A, E, and B, E, and draw EC parallel to 
BF, meeting AB, produced, in C ; and then the thing is 


done. 
| ' DEMONSTRATION, 

Let BD be parallel to FE. 

Since the lines BD, EF, and ED, FB, are parallel, 
therefore is ED = BF (= ed), and the angle ACE alſo 
= ABF (ace) Euc. 28. 1. Moreover, the angle BEu 

(DBE) 
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(DBE) is equal to BAn (dbe), both ſtanding upon the 
ſame ſegment Bu. Q. E. D. 6 
Method of calculation. 

Join B, u; then in the triangle AB will be given 
all the angles and the fide AB, whence Bu will be 
known; then in the triangle =BF will be given Bn, 
BF, and the included angle BF, whence BF» (CDB) 
and all the reſt of the ſos & in the figure will be known. 


Q ww qc". * 


"IRA PROBLEM ri " 
o make a trapezium, whoſe diagonals, and two e 
ſades, ſhall be al of given 2 and whereof 8 
formed by the given ſides, when produced till they meet, ſhall 
e alſo be given. 
e CONSTRUCTION. 
; Draw the indefinite right-line AC, and take therein 
AB equal to one of the two given ſides 3 make the angle 
CBG equal to 
the given an- 
2 le, and let 
be made 
equal to the o- 
4 ther given ſide; 
upon the cen- 
ters A and G, 
with intervals 
equal to the 
two diagonals, 
let two arches 
e be deſcribed, 2 0 : 
n - cutting each DN E. F 
0 other in D; 
$ make DE equal, and parallel, to GB; join D, B and 
| E, A; then ABDE will be the trapezium required. 


DEMONSTRATION, 
Draw DG, DA and BE, and let BA and DE be pro- 
duced to meet each other in F. 1 3894 
The lines BG and DE are equal, and parallel, by 
conſtruction; therefore = is = DG, which laſt (by 
2 con- 


—  - 
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conſtruction) is equal to one of the given diagonals, as AD 
is equal to the other: moreover, the ſides AB and ED 

(BG) are equal to the given ſides, by conſtruction ; and 

the angle F is equal to the given angle CBG, becauſe 

DF is parallel to GB. Q. E. D. 


Method of calculation. 

Suppoſe AG to be drawn ; then in the triangle ABG 
will be given the two ſides BA and BG and the included 
angle ABG, whence the fide AG and the other two 
angles will be known; then in the triangle ADG will 
be given all the ſides, whenee the angle AGD will be 
known, and from thence the whole angle BGD ; laſtly, 
in the triangle BGD will be given the two ſides BG and 
GD, and the included angle BGD, whence the fide 
BD will likewiſe be known. 


PROBLEM LVII. 
The ſegments of the baſe AD, DB, and the line DC 
 biſetting the vertical angle ACB of a plane triangle being 
given, to deſcribe the triangle. 


CONSTRUCTION. 
In AB, produced, take DO to AD, as DB to AD 


— DB, and 


Q from the cen- 

| ter O, with the 
radius OD, de- 
ſcribe the cir- 
cle DC; al- 
: ſo a; the. 
a _— _—_ Center At 
A 2 3 ; Q the given di- 
ſtance DC, deſcribe the circle Cn, and from C, the 


interſection of the two circles, draw CA and CB, and 
the thing is done. - 


DEMONSTRATION. 
Since DO: AD : : DB: AD — DB; therefore (by 
the lemma in p. 336) AC : CB :: AD: DB; whence 
CD biſects the angle ACB (by Euc. 3. 6.) Q. E. D. 


Mat bod 
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Method of calculation. 
Draw CP perpendicular to AQ. 


Becauſe, by conſtruction, OD is = AD x BF 


3 AD — BD' 
AD X 
therefore will DQ = 8 D—FHh: whence, by reaſon 


of the ſimilar triangles DCQ, DPC, it will be, as 
DBD p: De: pp — AD =BDxDC, 


AD B 2ADxBD * 
whence AC and CB are given. | \ 


PROBLEM LIVIN. 
Having given the baſe, the angle at the vertex, and the 
line drawn from thence to biſect the baſe ; to conſtruct the 


triangle. 

CONSTRUCTION. 

Upon the given baſe AB 

deſcribe (by Prob. 4.) a ſeg- D 
ment of a circle ADB ca- | C 
pable of the given angle; * * 
and, from the point F, in 
which the perpendicular DF 
biſets AB, with a radius FC 
equal to the biſeCting line, 7 
deſcribe Im, cutting the 
periphery ACBin C; join 
A, C and B, C, and the 


thing is done. | 
The demonſtration of A F B 
which is evident from the conſtruction. 


| Method of calculation. 

From the center O let OA and OC be drawn; then 
in the triangle AOF will be given all the angles and 
the fide AF, whence FO and OC (OA) will be known; 
and in the triangle CFO will be given all the fides, 
whence the angle FOC, and it's ſupplement DOC, 
expreſſing the difference of the angles at the baſe, will 
alſo be known, 


Bb; . - © "em 
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PROBLEM LIX. 
The baſe, the difference of the angles at the baſe, and 
the line drawn from the vertical angle to biſect the baſe of 
any plane triangle, being given; to deſcribe the triangle. 


CONSTRUCTION, 

Upon AB, equal to the given baſe, let a ſegment of 
a circle AHEB be deſcribed to contain an angle equal to 
the difterence of the 
angles at the baſe; 
biſect AB in C, and 
take CD to AC in the 
duplicate ratio of AC 
to the given biſectin 
line KL; make C 
and DI perpendicular 


E to AB, cutting the 
J circle in S and I; draw 
v Al, cutting CS in G; 


1 § and, —_— G, draw 

the chord EGH paral- 

Jel to AB; join A, E, and A, H, and in Al take AN 

ual to 3 draw MNP parallel to EH, meeting 

and AH in M and P; then will AMP be the tri- 
angle which was to be conſtructed, 


DEMONSTRATION. 
Since (by conſtruction) CG is parallel to DI, and KLę 
: AC:: AC; CD; therefore (Euc. 4. * KL: 
wag Fs AG: GI :: AGq: GIx AG: but GIXAG 
= EG x GH = EGG (Euc. 35. 3. and 3. 3.) therefore 
KLyq : AC:: AG: EGgq; and conſequently KL: 


AC :: AG: EG:: AN: NM; but AN is (by con- 
firuttion) equal to KL, therefore NM is = AC, and 


conſequently MP (2MN) = AB. Moreover the dif- 
3 the 2 les at the baſe, P M, is (= AHE 
— AEH) = AEB; which (by conftrudion) is equal to 
the difference given. Q, E, b. 2 


| Method of calculation. 
From the center O draw OA and Ol, alſo draw Iv 
parallel to EH, meeting OS in v: then it will be (by 
| con- 


Ya 
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conſtruftion) as KLq : ACgq (:: AC : Iv) :: the fine 
of AOC or AEB, the given difference of the angles at 
the baſe, to the fine of SOT; which, added to AOS, 

ives AOI, whoſe ſupplement, divided by 2, will be 

IG ; from whence OG] and it's ſupplement OGA are 
given, and conſequently ANM (equal to AGE) ; then 
in the triangle ANM will be given AN, NM, and the 
included angle ANM, whence the angles M, A, P, will 
alſo be given. 


PROBLEM LX. 
The perpendicular, the angle at the vertex, and the ſum 
of the three ſides of a triangle being given; to deſcribe the 


triangle, 
CONSTRUCTION. 

Make AB equal to the ſum of the ſides, which biſect 
in P, making PO perpendicular to AB, and the angle 
PAO equal to half the given angle at the vertex ; from 
the center O a 
with the radi- H 
us OA deſcribe 
the circle AHB, 
and in OP, pro- 


duced, take PK | 
equal to the A n / * D 


given perpendi- 
cular, and draw 
KH parallel to 7 
BA, cutting the 


circle in H; join A, H and B, H, and make the angles 


BHF and AHE equal to HBF and HAE reſpectively; 
then will EHF be the triangle required. | 
DEMONSTRATION. 

Join O, B and O, H, and draw HQ perpendicular 
to AB. : 

The angle EFH is (= BHF ＋ HBF) = 2HBF (E/ 
conſtruftion) = HOA (Euc. 20. 3.) : and, in the ſame 
manner is FEH = HOB; hence it follows that EFH 
+ FEH (= HOA + HOB) = AOB ; and, by taking 
each of theſe equal quantities from two right-angles, 

Bb 4 we 


— 


— 22 = — 


os — 
— em > = 


— = - 
: . . — 
rr * : 7 
1 25m _ 
i — — — — 
* „ ny. 


= © >S —— 
— " 


4 —ů — * 


— ; 5 == re — 
* — — —— — ——— ͥ U—[⁵) . . . ———— 
92 4 1 S 1 


* n — 
N — 


meeting ED in D; and on the center D, at the diſtance 


ms 
Ee 


— * 22 : * 
* 


376 The Cons rxueri0n of 


we have EHF = OAB + OBA (Ec. 32. 1.) = 20A 
= the given angle (by conſtruction). oreover QH is 
= PK = the given perpendicular ; and, EH being = 

Tue. 6. I.), EH + HF + EF 
will therefore be = AB = the given ſum of the ſides, 


Method of calculation. 
In the triangle AOP are given all the angles and the 
fide AP, whence OP and AO (HO) are known ; then in 


the trian le OHK will be given the ſides OH and OK 


(OP + PK) whence HK will be given; next, in the 
triangle BQH will be given QH and BQ (BP — HK) 
whence QBH, and it's double QFH,will be given; laſtly, 
in the triangle EFH are given all the angles and the per- 
pendicular QH, whence the ſides will alſo be given. 

But the anſwer may be more eaſily brought out, by 


flirſt finding, HO, the difference of the angles ABI 


and BAH, as in the fifth Problem. 


PROBLEM LXI. 
The ſum of the three ſides, the difference of the angles 
at the baſe, and the length of the line biſecting the vertical 
angle of any plane triangle being given ; ta deſcribe the 


triangle. | 

CONSTRUCTION, 
Make AB equal to the ſum of the ſides, which biſect 
in E by the perpendicular DEz, and make the angle Er 
X & equal to half the 
H given difference 
4 E | of the angles at 
| | the baſe, taking 
— 2 to the 
| _ ine biſecting the 
At G\E|QPEF | B vertical —_ 
| | through r draw 
Car parallel to 
AB,cuttingDEn 
inn; draw nA, 


to which draw Em = Er, and draw AD parallel to Em, 
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of DA, deſcribe the circle ACB, cutting rzC in C; join 
A, C and B, C, and make the angle BCF = CBF, 
alſo make ACG = CAG, and let CF and CG meet 
Ah in F and G; then will FCG be the triangle that 
was to be deſcribed. 


DEMONSTRATION, 

Upon AB let fall the perpendicular CP; let CQ biſect 
the vertical angle GCF, and let DH be drawn parallel to 
Er, meeting Cr in H. Then, dy reaſon of the parallel 
lines, it will be as Er : DH (:: Ez: Dn) :: Em: DA; 
whence, Er being — Em (by conſtruction) DH and DA 
are alſo equal, and the point H falls in the periphery of 
the circle: therefore the angle DH (nEr) at the cen- 
ter, {ſtanding upon half the arch HC, will be equal to 
the angle HAC, at the periphery, ſtanding upon that 
whole arch, that is, equal to the difference of the an- 
gles ABC, and BAC ; but the angle GFC being double 
to ABC, and FGC double to BAC (by conſtruction) the 


difference of GFC and FGC will be double to the dif- 


ference between ABC and BAC, and therefore equal 
to 2nEr (2uDH) the difference given, Moreover, be- 
cauſe GCQ = FCQ,, 2PCQ will be the difference be- 
tween PCG and PCF, which mult likewiſe be equal 
to 2nEr, the difference of their complements PGC and 
PFC; whence PCQ = z»Er, and conſequently CQ 
Er. Furthermore, ſince the angle ACG = CAG, and 
BCF = CBF, thence will CG = AG, and CF = FB; 
and therefore CG + GF + FC = AB. 2. E. D. 


Method of calculation. 

In the triangle Eur are given all the angles and the 
ſide Er, whence En will be given; next, in the tri- 
angle AEn will be given (beſides the right-angle) both 
the legs En and EA, whence the angle EnA is given 
then it will be, as the radius to the fine of DH or Ern 
(:: DH: D:: DA: Dn) fo is the fine of DnA to 
the fine of DA», whence AD, the ſupplement of ACB, 
is alſo given; from which all the reſt of the angles in 
the figure are given by addition and ſubtraction only. 


This 
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This method of ſolving the problem, it may be ob- 
ferved, requires three operations by the ſines and tan- 
gents, but the ſame thin ng 2 * de performed by two 
proportions only: for as : the ſecant of Eu 
to the tangent of EnA; 2 — al the reſt will be 
found as above. 


PROBLEM LXII. 
To reduce a given triangle into the ferm of another, or to 
make a triangle which ſhall be ſimilar to one triangle, and 
equal to another, _ 


CONSTRUCTION, 

Upon the baſe AB of the triangle ABC, to which you 
would make another triangle equal, deſcribe ADB fimilar 
| Þ N the trian- 
e required; 
E draw CF pa- 
F rallel to AB, 
| meeting AD 
| et inF; take AE 
a mean pro- 
portional be- 
PER. 1 tween A and 
H A R Q G ÞB AF; and, pa- 
rallel to DB, draw EG; then will AGE be the tri- 

angle that was to be conſtructed. 


DEMONSTRATION. 
| Let FR and DQ be perpendicular to AB; then the tri- 
ang. ADB: triang. AGB: D. FR ( Schel. Euc. 1. 64) - 
f &) ; ALF: AD Xx AF (Ec. 
. 6.) : : AE? 2 ) : : triang. ADB 

: triang. 8 (E 1c. 1 Therefore, the antece- 
dents * the 15 and 9.6) of theſe equal ratios being 
the ſame, the conſequents ACB and AEG muſt neceſſarily 
be equal. Q. E. D. 

Method of calculation. 

In the triangle ADB are given all the angles and the 
fide AB, whence AD will be given; next, in the tri- 
angle AFR will be given all the angles and the = 


C 


. 


F; draw alſo 
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FR (= CH) whence AF will be given; and then, AD 
and AF being given, AE = V AD x AF will alſo be 
given. 


PROBLEM LXIII. 

To a point in à given triangle ABC, from whence 
right-lines drawn to the three angular points, ſhall divide 
the whole triangle into parts (COA, AOB, BOC) hav- 
ing the ſame ratio one to anather, as three given rigbt- 
lines, m, n and p, reſpectively. 


CONSTRUCTION. 

In CA and AB produced, if need be, take CE and 
AF, each equal to m + # + p, joining E, B and F, C; 
take Ce = m, 

Ac = n, and D 4 WM — 


draw eb and 


parallel to EB {| *. i Oe 
and CF, meet - : 5 

ing the ſides of 
the given tri- 
angle in 5 and 


bQ and / P pa- 
rallel 65 Ac 

and AB, and 

at O, the in- C H 
terſection of theſe lines, will be the point required, 


DEMONSTRATION. 

Let H and BD be perpendicular to AC. The tri- 
angles CBE, Che, as alſo CBD, CbH are ſimilar; 
therefore, m (Ce): - n + þ (CE) :: Ch : CB :: 
bH : BD : : the triangle AOC : triangle ABC. In 
the very ſame manner it may be proved, that the part 
AOB is to the whole triangle ABC, as » to wi ＋ 5; 
whence it follows, that the remaining part BOC muſt 
be to the whole triangle, as p to n + n+ p; therefore 
theſe parts are to one another in the given ratio of m, 7, 
and p. Q. E. D. | 


M:thad 
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Method of calculation. 
: m+n+p:m:: AB : AQ 
* 1 74% „ A710), 
both AQ and QO will be given from thence ; then, in 
the triangle AOQ, will be given two ſides and the in- 
cluded angle, from which every thing elſe will be known. 


hs PROBLEM LXIV. 
To divide a given trapezium ABCD, whoſe oppoſite ſides 
AB, CD are parallel, according to j — 2225 2 a 
right-line QN, paſſing through a given point P, and falling 
upon the two parallel ſides. ; 
| CONSTRUCTION. 
BgBiſect AD in G, 
| and draw GH pa- 
DL ISCEC 7 mt o Ad i 
DC) meeting BC 
H * then divide 
; . P H in M, accord- 
— ing to the given 
A F /Q K B ratio, and — 
P M draw PN, 


and the thing is done. 


DEMONSTRATION. 

Draw EMF and IHK parallel to AD, meeting DC 
and AB in E, I, K and F. 

Becauſe of the parallel lines, we have GD = ME 
— HI, and AG = FM = KH; whence, as GD is 
= AG (by conſtruction) ME will be = FM, and HI = 
HK ; and the triangle EMN will be = FMQ,, and 
IHC = BHK (Zuc. 4. 1.) whence it appears that the 
trapezium AQND is alſo equal to the parallelo 
DF, and the trapezium QBCN equal to the parallelo- 
ram FI; but theſe parallelograms are to one another 
as their baſes, or as GM to MH (£Zuc. 1. 6.) ; there- 
fore GM : MH :: AQND : QBCN, Q, E. D. 


| Method of calculation. 
Whereas AB and DC are parallel, GH is an arithme- 


tical mean between them, and. therefore equal — 
eir 


wa, wy 2. 


4 
1 
l 
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their ſum. Therefore, as the whole line GH and the 
ratio of it's parts GM, MH are given, the parts them- 
| ſelves will alſo be given. 


1 PROBLEM 234 : 
o cut off from a given trapezium ABCD, whoſe oppo- 
ſite ſides #7 CD, are parallel, a part AQND * to 
. rectangle given, by a right-line paſſing through a given 
point P, and falling upon the two parallel ſides. (See the 
figure to laſt problem.) 
CONSTRUCTION. 
Biſect AD in G, and draw GH parallel to AB; upon 
AD (by Euc. 45. 1.) deſcribe the parallelogram ADEF 
equal to the rectangle given, and through the interſecti- 
on of GH and EF draw PQN, and the thing is done : 
The demonſtration whereof is manifeſt from the preceding 


problem. 

| PROBLEM LXVI. | 
To divide a given trapezium ABCD, whoſe ſides AB and 

DC are parallel, into two equal parts, by a right-line parallel 

to thoſe 2 


4 


CONSTRUCTION. 
Produce AD © 1 
and BC till they G. 
meet in H, and N 


* 


make AG equal, 
and perpendicular 
toHD; draw HG 


and biſect the P 

ſame with the per- 

PQ = : 
Join H, Q, 18 D 

and in HA take g. — 

HE equal to HA, XN 


and parallel to H © „„ B 
AB draw EF, and the thing is done. 
DEMONSTRATION. 


Since HE* (= HQ* = HP* + PQ = 2HP* = 


HG? _ HA* + AG* HA. =} 8 


o 2 
metical 
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metical-mean between HA and HD, it is evident that 
the triangle HEF will alfo be an arithmetical-mean be- 
tween the triangles HAB and HDC (or ABFE = 
EFCD) ; becauſe thoſe triangles, being ſimilar, are to 
one another as (HE*, HA*, HD:) the ſquares of their 
homologous ſides. Q. E. D. | 


Method of calculation. 


Since all the ſides and angles of the trapezium are 


ſuppoſed- given, the ſide CD and all the angles of the 
triangle HDC will be given; therefore HD and AH 
| | HD* + HA* 
will be known; whence HE, * N —. will 
alſo be given. But the ſame thing may be had without 
the es; for, ſince DC is parallel to AB, we have 
AB - DC: AD :: DC: HD; whence HE will be 
given, as before. 


PROBLEM LULXVI. 


To divide a given trapezium ABCD according to 4 


ven ratio, by a right-line LH cutting the 4 
AC, BD in given angles. n. 
| CONSTRUCTION. | 
Produce the ſaid oppoſite fides till they meet in E; 
draw AD, and CF parallel to it, meeting BE in F; 
| ivideBFin 
G, accord- 
ing to the 
given ratio; 
and, havin 
made EA 
I — "ate, equal to = 
— — — K iven angle 
„ 
is to make with AC, take EH a mean- proportional be- 
tween EG and EK; then draw HL parallel to AK, 
and the thing is done. 
DEMONSTRATION. | 
By conſtruction, EG: EH :: EH: EK :: EL: 
EA (Euc. 5. 6.) whence it follows that EG x EA = 


. 
* 
% 
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EH x EL, and conſequently that the triangles EHL 
and EAG are alſo equal to each other (Euc. 15. 
6.) from which taking away EDC, common, the 
remainders CDHL and CDGA will be equal like- 
wiſe, and conſequently ALHB = AGB, being the 
differences between thoſe remainders and ACDB. But 
the triangle ADF is = ACD, ſtanding upon the ſame 
baſe AD and between the ſame parallels ; therefore (by 
adding AGD, common) AGF is alſo = CDGA (= 

HL); but AGF (C BY AGB (ALHB) :: & 
: GB (Euc. 1. 6). Q. E. D. 


p Method of calculation. | 
In the triangles ABE and ABK are given all the 
angles and the fide AB, whence BE, BK, and EC 
will be known; then, in the triangle EFC will be 
iven all the angles and the fide CE, whence EF, and 
— thence FG and EG, will be known; laſtly, from 
the known values of EK, EG, and EF, the value of 


FH (= EGxEK — EF) will be found. 


PROBLEM LXVIII. 

Two right-lines AG and AH, meeting in a point A, be- 
ing given by poſition; it is required to draw a right-line 
nP to cut thoſe lines in given angles, ſo that the triangle 
FT 8 from thence, may be equal to a given ſquare 


CONSTRUCTION. 

Let the angle ABE be equal to the given angle APn, 
and let BE C 2 
meet AG in D | 
E;draw EF * 

rpendicu- 
ar to AH, | E. 
make B 
equal 2EF, \ | 
and upon — 
A / 


the ſemi- circle Am Q, cutting BC in m; draw mn pa- 
rallel to AH, meeting AG in n, and P parallel to EB, 
and ArP will be the triangle required. D E- 
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DEMONSTRATION. 

The triangles AEB and AnP, being ſimilar, are to 
one another as the ſquares of their perpendicular heights 
EF and mB (nS) : but mB* is = BQ xk AB=2EFx AB; 
therefore it will be, as the triangle AEB (EF x ZAB) 
: the triangle AnP :: EF* : 2EF x AB:: EF: 2AB 
:: EF x AB: AB* (Zuc. 1. 6.) wherefore, the ante- 
cedents being the ſame, the conſequents muſt neceſſarily 
be equal, that is, AuP = ABCD. 2, E. D. 

Method of calculation. . 

In the triangle ABE are given all the angles and 

the ſide AB, whence EF will be given, and conſe- 


quently Sn (=vAB x EF); whence AP and Ayn are 


alſo given. | 
LEMMA. 
from any point C, in one fide of a plane angle 


KAL, a right-line CB be drawn, cutting both fides AK, 


AL in equal angles (ACB, ABC); and from any other 
point D in the ſame fide AK another right-line be drawn, to 
cut off an area ADE equal to the area ABC; 1 ſay, that 
DE will be greater than CB. 


DEMONSTRATION. 

Compleat the parallelogram DCBG, and join B, D, 
and in BG (produced if need be) take BF = BE, and 
draw FD. 

Since the triangles ABC, AED are equal, by ſuppo- 

8 ſition, and have one 

R angle, A, common, 

D therefore will AD: 

e:: ABAC}; 
C AE (Euc. 15. .) 
| and conſequently 
AD + AE greater 

G than AC + AB 
+ (. Euc. 25. 5. whence 
it is manifeſt that 


| C muſt be greater 
A E B LL ns. bd 
than BF. Moreover, becauſe the angle ABC (= ACB 


822 22882834 


t] 
b 
t 
r 
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= CDG) is = GBC, it will be greater than GBD, 
which is but a part of GBC; and therefore ABD muſt, 
evidently, be greater than GBD ; wherefore, ſeeing BF 
and BE are equal, and that DB is common to both the 
triangles DBE, DBF, it is manifeſt that DE is greater 
than DF (Euc. 19. 1); but DF is greater than DG 
(by the ſame) becauſe the angle DGF (DCB), being ob- 
tuſe, is greater than GFD, which muſt be acute ( Fac. 
32. 1): conſequently DE is greater than DG, or it's 
equal CB. 2. E. D. 


PROBLEM LXIX. 
From a 2 polygon ABCDEF, to cut off a given 
area AFEIK by the ſborteſt right-line, Kl, poſſible. 


CONSTRUCTION, 

Let the given area to be cut off be repreſented b 
the rectangle LMNO ; and let the ſides AB and DE, 
by which the dividing line is terminated, be produced 
till they meet in G; make upon OL (by Euc. 45. I.) a 
rectangle OQ equal to AFEG, and let a ſquare G8 TV 


* 


. 8 N 
be conſtituted (by Fuc. 14. 2.) equal to the whole 
rectangle QM N: biſect the _ BGD 5 the right-line 
GH, and make GR Pope icular to G 
C 


H; and draw 
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KI, by the laſt problem, parallel to RG, ſo as to form 
the triangle K GI equal to the ſquare GSTV, and 
the thing 1s done, 


DEMONSTRATION. 

Since, by conſtruction, KGI (= GSTV) = QN, 
let AFEG = OQ be taken away, and there will re- 
main AFEIK = LN. Moreover, ſince the angle HG 
is = HGK, and the angle IHG (HGR) a right one, 
the angles I and K are equal; and therefore, by the 
preceding lemma, IK is the ſhorteſt right-line that can 
poſſibly be drawn to cut off the ſame area. Q. E. D. 


Method of calculation. 

Let the area of the figure AFEG be found, by di- 
viding it into triangles AFG, EFG, and let this area 
be added to the given area to be cut off; and then, the 
ſquare root of the ſum being extracted, you will have 


S the fide of the ſquare GT; from whence GI will 


be determined, as in the laſt problem. 


Note. In the ſame manner may a given area be cut 
off, by a right-line making any given angles with the 
oppolite ſides. 

| PROBLEM LXX. 

Through a given point P, io draw a right-line PED to 
cut two right-lines AB, AC given by poſition, ſo that the tri- 
angle ADE, formed from thence, may be of a given magnitude. 

| CONSTRUCTION. 

Draw PFH parallel to AB, interſecting AC in F; 


E/C 
0 > 


ou 0 © 


oF 0a wm le » ﬆ 


fig. 1, let AFPMI be added, fo 
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and upon AF let a parallelogram AFHl be conſtituted 
equal to the given area of the triangle; make IK 
perpendicular to Al, and equal to FP; and, from the 
point K, to AB, apply KD = PH ; then draw DPE, 
and the thing is done, 


DEMONSTRATION, 
Suppoſing M to be the interſection of DE and IH, it 
is evident, becauſe of the parallel lines, that all the 
three triangles PHM, PFE, and MDI are equiangu- 


lar; therefore, all equiangular triangles being in pro- 


portion as the ſquares of their homologous tides, and 
the ſum of the ſquares of PF (IK) and DI being equal to 
the ſquare of PH (KD), by conſtruction and Euc. 47. I. it 
is evident that the ſum of the triangles PFE and DMI is 
= the triangle PHM ; to which equal quantities, in 

ſhall ADE be 
likewiſe equal to AFHI : but, in fig. 2, let PFE 
be taken from PHM, and there will remain EFHM = 
DMI; to which adding AIME, we have AFHI = 
ADE, as before. Q. E. D. 


Method of calculation. 

By dividing the given area by the given height of 
the point P above AB, the baſe Al of the parallelogram 
AFHI will be known, and conſequently PH (= KD) ; 
whence DI (= v KD* — 7+?) will likewiſe become 
known.—T'his problem, it may be obſerved, becomes 
impoſſible when KD (PH) is leſs than KI (PF) ; which 
can only happen, in caſe 1. when the given area is leſs 
than a parallelogram under AF and FP. 


PROBLEM LXXL 
To cut off from a given polygon BCIFGH, a part 
EDBHG equal to a given rectangle KL, by a right-line 
ED paſſing through a given point P. 


CONSTRUCTION -- 
Let the ſides of the polygon CB and FG, which the 
dividing line ED falls upon, be produced till they meer 
in A; upon ML * 10 make the e 
- 


— — — 


1 
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MN equal to AGHB, and, by the laſt problem, let ED 
be ſo drawn through the given point P, that the triangle 
AED, formed from thence, may be equal to the whole 


N T. 
rectangle KN ; then will EDBHG be equal to KL: for 


ſince AED is = KN, let the equal quantities AGHB 


and MN be taken away, and there will remain EDBHG 
— KL. | 8 


| Method of calculation. 

Let the area of the figure AGHB be found, by di- 
viding it into triangles, and let this area be added to 
the area given, and the ſum will be equal to the area 
AE, or the rectangle KN; from whence AD will be 
found, as in the lat problem. 


PROBLEM LXXII. 
Having the baſe, the vertical angle and the length of 
the line biſecting that angle and terminating in the baſe, to 
deſcribe the triangle. 


CONSTRUCTION. 

Upon the given baſe AB let a ſegment of a circle 
ACB be deſcribed (by Problem 4.) to contain the given 
angle, and, having completed the whole circle, from 
O, the center thereof, perpendicular to AB, let the ra- 
dius OE be drawn ; draw EB, and make BG perpen- 


: dicular 


2280 
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dicular thereto, and equal to half the given biſecting 
line; and from G, as a 
center, with the radius 
GB, let a circle BHF 
be deſcribed, interſect- 
ing EG (when N 
in F and H; from 

to AB draw ED = EF, 
and let the ſame be pro- 
duced to meet the cir- 
cumference in C; join 


A, C, and B, C; lo ſhall ABC be the triangle re- 


quired, 
DEMONSTRATION. 

The triangles CBE and BDE are ſimilar, becauſe 
the angle BEC is common to both, and the angles BCE 
and DBE ſtand upon equal arches BE and AE; there- 
fore EC: EB :: EB: ED, and conſequently ED x 
EC = EB“: but (by Euc. 36. 3.) EB* = EF X EH = 
ED x EH (by conſtruction). Hence ED x EC = ED 
x EH, and conſequently EC = EH; from which tak- 
ing away the equal quantities ED and EF, there remains 
DC = FH = the given line biſecting the vertical angle 
(by conſtruftion) : and it is evident that DC biſects the 
angle ACB, ſince ACD and BCD ſtand upon equal 
arches AE and EB. 2. E. D. 


Method of calculation. 

If BE be conſidered as a radius, BR (AB) will be 
the co-ſine of the angle EBR, and BG the tangent of 
BEG; therefore BR: BG (or AB: DC) :: co- ſin. EBR 
(ACE) : tang. BEG, whoſe half-complement EHB is 
likewiſe given from hence: then, the angle HBb (ſup- 
poling EB produced to 5) being the ' complement of 
EHB, we ſhall have tang. EHB : rad. (:: tin. EHB: 
co-ſin. EHB :: BE: EH :: EB: EC) : : fin, ECB 
: fin. CBE = fin. EDB = co-fin. OED, half the dif- 
ference of the angles (ABC and BAC) at the baſe. 


C0 3 PRO- 


| 
| 
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PROBLEM LXXIII. 

Having given the two oppoſite fides ab, cd, the twe 
diagonals ac, bd, and alſo the angle geb in which they in- 
ter ſect each other ; to deſcribe the trapexium. 

CONSTRUCTION. 

In the indefinite line, BP, take BD equal to bd, and 
make the angle DBF equal to the given angle aeb, and 
BF = ac; alſo from the centers D and F, with the 


Ad 
c 
6 
| PD a | 4 
—_ b 
C 
4 
N 


radii de and ab, let two arches mCn and Cs be de- 
ſcribed interſecting each other in C; join D, C and F, 
C, and make BA equal and parallel to FC; then draw 
AD, AC, and BC, and the thing is done. 


DEMONSTRATION. 

Since (by conſtruction) AB is equal and llel to 

CF, therefore will AC be equal and parallel to BF 
Euc. 3z I.) and conſequently the angle AEB ( Euc. 29. 
I.) DBF = ab. Q E. p. 

Method of calculation. 

Join D, F; then in the triangle DBF will be given 
two ſides DB, BF and the angle included, whence the 
angle BFD and the fide DF will be known ; then in 
the triangle DFC will be given all the three fides, 
whence the angle DFC will be known, from which 

DF C) = BAC will alſo be known. 
N PROBLEM 


4 


21 
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PROBLEM LXXIV. 
Having given the two diagonals and all the angles, to 
deſcribe the trapezium. 5 


CONSTRUCTION. 

Aſſume AB at pleaſure; and, having produced the 
ſame both ways, make the angles QAC, RBC equal, 
reſpectively, to two oppoſite angles à and e of the tra- 
pezium ; moreover, make ACF equal to ace, one of 
the remaining angles; and from F, the interſection of 


AF and BQ, take FG = the given diagonal de, and 
7G | | 5 


Q F H D OP © 


—— _ 


draw GH parallel to CB, meeting FB in H. Then 
from A and B (by the lem. p. 330 let two lines AE 
and BE be drawn to meet in , fo as to be in the 

iven ratio of ae to FH: in AE take AN = az, and 
= NM parallel to FC, meeting AC in M; laſtly, 
draw NP making the angle MNP = ced, and meeting 
FB in P; ſo ſhal AMNß5̃ be the true figure required. 


DEMONSTRATION. | 
Let ED be parallel to NP, and let DC and PM be 
drawn. | 
It is evident, by conſtruction, that the diagonal AN, 
and all the angles of the trapezium, are equal to the 
reſpective given ones; it therefore remains only to 


3 that PM is equal to the other given diagonal de. 


ow, the angle RBC being = CED (by conftr.), the cir- 


cCumference of a circle may be deſcribed through all the 


four angular points of the trapezium BCED; and ſo 
the triangles FBE and FCD (as both the angles FBE 
and FCD ſtand upon the ſame chord ED) will be ſimilar ; 

| Cc4 and 


AK BR 


ä — — — — 


5 
$ 
„ 
j 
: 
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and conſequently BE: DC (:: FB: FC) :: FH: hank Gu 
But (by conſtruction) AE: BE:: : FH; therefore, 
8 compounding theſe two proportions, we have AE: 

C:: ae : de; but (becauſe of the ſimilar figures 
ADEC, APNM) we alſo have AE: DC:: AN (a) 
: PM; and conſequently PM = dc. Q. E. D. 


Method of calculation. 
All the angles of the triangles ABC, FAC, and 
FBC being given, we ſhall have fin. ACB x fin. F : 
fin. ABC Xx fin. ACF :: AB: AF; and fin. FUG 
(FBC): fin. FGH (FCB) :: FG (ac): FH; whence 
AF and FH are known. = 
AB Xx ae AK „ 

Find AK = 1 — and KO = _— z 
which laſt is equal to (OE) the radius of the circle de- 
termining the point E 5 the aforeſaid lemma). There- 
fore, in the triangle FOE are given two ſides FO and 


OE, beſides the angle F, whence the angle FOE will 


be given; then in the triangle AOE will be given OA, 
OE and the included angle ; whence the angle OAE, 
which the diagonal AN makes with the fide AP, will be 
known, and from thence every thing elſe required. 


This problem, as the circle deſcribed from O cuts 
FC in two points, admits of two different ſolutions 
(except, only, when FC touches the circle). If the 
circle neither cuts nor touches that line, the problem 
will be impoſſible ; the limits of the ratio of AE to BE 
(and conſequently of ae to dc) growing narrower and 


narrower, as AB becomes leſs and leſs, with reſpect to 


AC, or according as the ſum of the oppoſite angles 
(a + e = QAC + RBC) approaches nearer and nearer 
to two right-angles ; ſo that, at laſt (ſuppoſing AC and 


" "Ow coincide) AE and BE will be, every-where, in the 


ratio of equality; therefore cd can here have only one 
particular ratio to ae; and the diagonal AN E may be 
drawn at pleaſure, the problem being, in this caſe, in- 
determinate. | 


PROBLEM 
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PROBLEM LXXV. 

Suppoſing the right-lines m, n, p, to repreſent the lengths 
of three ſtaves erected perpendicular to the horizon, in the 
given points A, B, C; to find a point P, in the plane of 
the horizon ABC, equally remote from the top of each 


CONSTRUCTION, 

Join A, B and B, C, and make AE and BF per- 
pendicular to AB; alſo make BG and CH perpendi- 
cular to BC, and let AE be taken = m, CH = p, and 
BF and BG each n; draw EF and GH, which biſect 


WW”; 


by the perpendiculars LN and IK, cutting AB and CB 
in N and K; make KP and NP perpendicular to BC 
and BA, and the interſection P of thoſe perpendiculars 
will be the point required. 
DEMONSTRATION. 

Conceive the planes AEFB and BCHG to be turned 
up, ſo as to ſtand perpendicular to the plane of the ho- 
rizon ABC and interſe& it in the right-lines AB and 
BC ; then, becauſe BF and BG are equal to each other, 


and perpendicular to the plane of the horizon, it 1s 
evident 
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evident that the points F and G muſt coincide, and that 
AE, BG (BF) and CH will repreſent the true poſition 
of the ſtaves: ſuppoſe KG, KH, PG, PH, PE, and 
PF to be now drawn; then, ſince (by conſtruction) Gl 
= HI, and the angle GIK = HIK, therefore is GK 
= HK (Euc. 4. 1): moreover, ſince KP is (by con- 
ftruftion) perpendicular to BC, it will alſo be perpendi- 
cular to the plane BCHG, and conſequently the angles | 
PKG and PKH both right-angles : therefore, ſeeing | 
the two triangles GKP, HKP have two ſides and an E 
included angle equal, the remaining ſides PG and PH 

muſt likewite be equal (Euc. 4. 1). After the very ſame 

manner it is proved that PF (or PG) is equal to EP. 

Q. E. D. 


. OY 55S mt T 


Method of calculation. 
Draw Ir perpendicular, and Hg parallel to BC; then, 


by reaſon of the ſimilar triangles HqgG and IrK, it will 
BG + CH 
be as BC (Hz): BG — CH (Gg) :: 


— (I) 
* wed C- 11 
1 3 +CH ; which ſubtracted 


from Br (BC) gives BK: and, in the ſame manner 

will BN be found ; then in the trapezium KBNP will 

be given all the angles and the two ſides BK and BN; 

from whence the remaining ſides, &c. may be eafily 
determined. 


PROBLEM LXXVI. 
. The baſe, the perpendicular and the difference of the 
ſides being given, to determine the triangle. 


CONSTRUCTION. 
Biſe& the baſe AB in C, and in it take CD a third 
„ ee to 2AB and the given difference of the ſides 
MN; erect DE equal to the given perpendicular, and 
draw EK parallel to AB, and take therein EF = MN; 
draw EAG, to which, from F, apply FG = AB; draw 
AH parallel to FG meeting EK in H; then draw BH, 
and the thing is done, 


DEM O N- 


1 
*. 


FTE 9 FS as 


- 2AB x CP = 2AH x 


— AH* (% a known 
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DEMONSTRATION. 
75 reaſon of the parallel lines, FG (AB): FE (MN) 
: EH (DP); therefore AB DP = AH x MN, 
or 2AB x DP = 2AH 
* MN; to which aſt & FH E 
equal quantities adding 
2AB x CD = MN?* (by : 


conflrution) we have 


— 


MN + MN*: but 
2AB x CP is = BH* 


property of triangles) ; A # DC B 
therefore BH* — AH* 

=2AHxMN + MN, © 

or BH* = AH*+2AH x MN + MN*— AH + NN 
(Euc. 4. 2.) conſequently BH = AH + MN. 2. E. D. 


Method of calculation. 
In the % n ADE we have DE and 


AD (= LAB — 245 =) whence the angle DAE 
(FEG) will be found; then in the triangle EFG will 


be given two ſides and one angle, from which the an- 


gle GFK (= BAH) will alſo be known. 


PROBLEM LXXVII. 


The baſe, the perpendicular, and the ſum of the two 
ſides being given, to 460 ribe the triangle. 


CONSTRUCTION. 
Biſect the baſe AB in C, and in it produced take CD 
a third proportional to 2AB and the ſum of the tides, 
MN; ere& DE equal to the given perpendicular, and 
draw HE parallel to AB, and take therein EF = 
MN ; draw EAG, to which from F, apply FG = 


AB, 'draw AH parallel to FG, meeting EF in H, 


then draw BH, and the thing is done. ä 
DEMON- 
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DEMONSTRATION. 

Becauſe of the parallel lines, FG (AB) : FE (MN) 
:: AH: EH (DP); and therefore 2MN x AH = 
2AB x DP; which equal quantities being ſubtracted 
from MN* = 2AB x CD (by conflrufion) there will 


M N 


G 


remain MN* — 2MN x AH = 2AB x CP = BH! — 
AH* ; whence, by adding AH* to each, we have 
MN* — 2MN x AH + AH* = BH", that is, 
MN—AH* = BH* ; therefore MN — AH = BH 
or MN — BH + AH. & E. D. 
Method of calculation. | 

In the triangle AED are given (beſides the right- 
angle) both the legs, whence the 4 DAE (= FEG) 
will be given ; then in the triangle FEG one angle 


and two ſides will be known, from which the angle 
EFG (= BAH) will be determined, 


PROBLEM LXXVII. 
The difference of the two fides, the perpendicular, and 
the vertical angle being given, to determine the triangle. 
CONSTRUCTION, 


Upon the indefinite line FEQ ere& the given per- 
pendicular DC, making the angle DCE = half the given 


angle; let EF, expreſſing the given difference of the 


ſides, be biſected by the perpendicular GI, meetin 
EC in I; alſo let EC be biſected in H, and make ER 
perpendicular to CE, and equal to EI; and having 

/ drawn 


ww, A. 


Po... 
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drawn HK, take HL, in HE produced, equal thereto; _ 
from L to FQ apply LB = EK, and join C, B; alſo 


0 N 
Ju Ne 
7 he E 
1 D G 
BGA 
2 — as / 
FE ed 
KI 


draw EM, making the angle CEM equal to DEC, 
and _— CB in M; then from C to QEF apply 
CA = CM, ſo ſhall ACB be the triangle required. 


DEMONSTRATION. 

Upon EM let fall the perpendicular CN, and join 
L, and F, I. Now LB = EK* (by con- 
firuftion) = HK + HE x HK — HE (Eu. 5. 2.) = 
HL + CH x HL — HE (by conflru&ion) = CL x EL; 
whence CL.: LB :: LB : EL; therefore the triangles 
CLB and ELB muſt be equiangular (Eu. 6. 6.) and 
conſequently LBM = LEB = CED = CEM (by con- 

 ftruttion). Therefore, ſince the external angle CEM 
of the trapezium LEM, is equal to the oppoſite internal 
angle B, the circumference of a circle will paſs through 
all the four angular points; and conſequently the an- 
gle LMB will be = LEB, both ftanding upon the 
e chord LB; but it is proved that LBM is = LEB, 
therefore LMB = LBM = FEI; and fo the triangles 
BLM and EIF, being iſoſceles, and having LMB= EFI, 
and alſo LB = EI (by conſtruction), they will be equal 
in all reſpects, and conſequently BM = EF; whence 
BC — AC (= BC — CM = BM) = EF, the gen 
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difference (by cenſtruction). Moreover, CEN being = 
CED (by con ion), CN will be = CD; — ſo, 
CM being = CA, ACD will be = MCN, to 
which adding DCM, common, we have ACB = 


|  DCN = 2DCE. E: E. D. 


Methed F calculation. 
Seeing EG and EH are the fine and tangent of 
EIG and EKH, to the equal radii EI and EK, it 


will therefore be EG: EH (or EF : EC) :: fin. EIG 
(ECD) : tang. EKH. But, EC : CD : : the radius 


: co-fin. ECD; whence, by compounding theſe pro- 

portions, EF: CD : : rad. x fin. ECD : co-ſin. ECD 
rad. x fin, ECD | 

x tang. EKH :: =. FCB (= tangent ECD): 


tang. EKH; from which EKL, half the complement 


of EKH will be allo given: then it will be, as the ra- 


dius : tan 4 9 I KE: EL :: LB: EL) :: fin. 
LEB CED) : fin. LBE (BCE) ; which proportions, ex- 
preſſed in words, give the following Theorem. 

As the difference of the ſides is to the perpendicular, ſo is 
the tangent of half the vertical angle to the tangent of an 
angle; and as the radius is to the tangent of half the com- 


plement of this angle, ſo is the co. ſine of half the vertical 


angle to the fine of half the difference of the angles at the 


baſe. 

f PROBLEM LXXIX. 

The perpendicular, the difference of the ſides, and the 
difference of the angles at the baſe being given, to determine 


the triangle. 
CONSTRUCTION. 
C Let a 0 8 ABC 


be conſtructec 
N ; laſt problem, whoſe per- 


pendicular and diffe- 
rence of the ſides ſhall 
be the ſame with thoſe 
given, and whereof the 
vertical angle ACB is 
. alſo equal to the given 
— difference of angles: 


A B P im D then 


i 


the angles AC, AGC are reſpectively equal to 1 
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then upon C, as a center, with the radius CP let an 
arch be deſcribed, interſecting AB, produced, in D; 


join C, D, and ACD will the triangle required. 


For CD being CB, the angle CDB will alſo be = CBD 
= A + BCA {Euc. 32. 1). The method of calcula- 
tion is alſo the ſame as in the preceding problem. 


PROBLEM LXXX. 
The perpendicular, the ſum of the two ſides, and the 
vertical angle, being given; to deſcribe the triangle. 
CONSTRUCTION. 
Upon AB, the given ſum of the two ſides, erect AC 
equal to the given perpendicular ; and make the angle 
ACH equal to the complement of half the given an- 


- gle: upon AB (by Prob, 72.) let a triangle ABF be 


E 


M 
| N 
T5 I A G Ws: 2 
conſtituted, whoſe vertical angle AFB ſhall be equal 
to the given one, and whereof the biſecting line FE 
terminating in the baſe) ſhall be = DC; then draw 


G and CH parallel to FB and FA, fo ſhall GCH be 
the triangle required, 8 


DEMONSTRATION. 

It is evident that the angle HCG is = AFB = the 
given one. Moreover, if EM and EN be taken as 
perpendiculars to AF and BF, they will be equal to each 
other, and alſo equal to the given one AC, becauſe 
all the angles EFN, EFM, and ADC are equal, by 
conſtruction, and EF is likewiſe = CD; whence, as 


a 
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EBN, it is evident that HC = EA, and GC = EB, 
and conſequently, that HC + GC (= EA + EB) = 
AB. 9.E.D.” wann 


Method of calculation. 
By the problem above referred to, AB : CD (EF) 
: co-fin, ADC (AFE) : tang. of an angle; which 
let be denoted by Q. | 
Now CD: CA : : rad. : fin, ADC ; which propor- 
tion being compounded with the former, we have 
' AB : CA : : co-fin. ADC x rad. : tang. Q x fin. ADC 


co-fin. ADC X rad. 
$3 "ADC (co-tangent ADC) : tang. Q. 


p Then, by the ſame problem, it will be as tang, 2: 
rad. :: fin. ADC : co-ſin. of the difference of the an- 
gles (G and H) at the baſe. The above proportions, 

iven in words at length, exhibit the following T heorem. 
As the ſum of the fides is to the perpendicular, ſo is 
the co-tangent of _ the vertical angle to the tangent 7 
an angle; and, as the tangent of half this angle is to t 
radius, ſo is the fine of balf the vertical angle to the co-ſine 
of half the difference of the angles at the baſe. 


: PROBLEM LXXXI. 
To conſtitute a trapezium of a given magnitude under 
four given lines. 


eric 
| ake a right- 
} JC angle 5 wins 
E 78 of the given lines 
Ab, bc; and with 
G the other two 
complete the tra- 
pezium AbcD : 
F upon AD let fall 
the perpendicular 
cE, in which pro- 
duced (if neceſ- 
ſary) take EF, fo 
that the * 


er 


©  - — 2. =, 2 


+ 9 _Fﬀao—=}< 


TI 
: 
( 
0 
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under it, and AD, may be double the given area: 
moreover, take a fourth-proportional to AD, Ab, and 
bc, with which, from the center F, let an arch be 
deſcribed, meeting another arch, deſcribed from D with 
the radius Dc, in E; join D, C; and from A and C draw 
the other two given lines AB, CB, fo as to meet; and they 
will thereby form the trapezium ABCD, as required. 


„ DEMONSTRATION, | 
Draw Ac, AC, and FC; upon AD and AB let fall 
the perpendiculars CP, CQ; and make FG perpendi- 
cular to PCG. 7 | 
Becauſe AD* + DC* + 2AD x DP (= AC, Euc. 
12. 2.) = AB* + BC* + 2AB x BQ, and AD* 
+ De“! + 2AD x DE (= Ac!) = Ab + be 
(Euc. 47. 1.) it follows, by taking theſe laſt equal 
* from the former, that 2A D x DP — 2A D x 
E (2AD x EP) = 2AB x BQ, and conſequently 
that BQ: EP (FG) :: AD: AB:: BC: FC (by 


conſtruction) whence the triangles BCM, FCG are ſi- 


milar, and fo CQ: CG :: BC: FC:: AD: AB 

by conſtruction) and therefore CQ x AB = CG x AD; 

ence, by adding CP x AD to each, we have CP x AD 
+ CQ x AB (= twice the area ABCD) = CP x AD 
+ CG x AD = EF x AD = twice the given area (by 
conſtructian). Q. E. D. 

Method of calculation. - 
x AB C- — AD* — De? 

From DE (= — 2 ) and EF 


2 Area 


(= ==) the value of DF, and likewiſe that of the - 


angle ADF, will be found ; then, all the fides of the tri- 
angle DCF being known, the angle FDC will likewiſe 
be known; which, added to ADF, gives (ADC) one of 
the angles of the trapezium. 

It may ſo happen that a trapezium, having one 
right-angle, cannot be conſtituted under the four 
wen lines; in which caſe it will be neceſſary 
(inſtead of forming the trapezium Ab:D) to lay 
down AD fuit, and in 5 ( produced if needful) to 


take 


„ 
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take DE equal to AB = 5 „that 


is, equal to the altitude of a rectangle, formed on the 
baſe 2AD, whereof the contained area is equal to the 


difference of ABI* . BO and ADV: + DCY (which 
line DE is to be ſet off on the other ſide of D, when 


the latter of theſe two quantities is the greater): this 
being done, the reſt of the ſolution will remain the 
ſame, as is manifeſt from the firſt and ſecond ſteps of the 
demonſtration; the proceſs, from thence to the end, be- 


ing no-Ways different. 
t 


may be further obſerved that the problem itſelf be- 


comes impoſſible, when the two circles, deſcribed from 


the centers D and F, neither cut nor touch; the greateſt 
limit of the area, and conſequently of EF, being when 
they touch each other; in which caſe, the ſum of the 
radii DC, FC becoming = DF, the point C will fall 
in the line DF, and the angle DCF will become equal 
to two right-angles : but the ſum of the oppoſite, ex- 


ternal angles CDP and CB is always equal to DCF; 


becauſe CDP (ſuppoſing Cn parallel to AP) is = DCn, 


and CBQ (= CFG) = FC: hence it is evident 
that the limit, or the greateſt area, will be when the 


ſum of the oppoſite angles is equal to two right- 
__ or when the trapezium may be inſcribed in a 
CIT E. 


FINIS. 


** 


8 @ = = © 4 


1 ws TD a oy ww TT 


| ſhall then have z = — 


by APPROXIMATION. 171 


Let the general equation, az + bz* + ca ＋ dx! + 
ez Cc. p, be here reſumed: which, by diviſion, 


becomes z = - It, 


7 5 + 7 *+ 7 + ut Se. 
5 & neglect all the terms 
after the firſt, we ſhall have z = =; being an approxi- 


mation of the firſt degree. 93 
And if this value of 2 be now ſubſtituted in the ſe- 
cond term, and all the following ones be rejected, we 


therefore, we make N. — 


hs 


ah +6b\ 


(by making B = A which is an approximation 


of the ſecond degree. 

In order now to get an approximation of the third de- 
gree, let this laſt value be ſubſtituted in the ſecond term, 
WL all the terms after the third; ſo ſhall 

I 


: but here, in the room of 
N — X 2 I 

z*, either of the a of the two preceding values of 

z, or their rectangle may * ſubſtituted, that is, either 


1 1 1 
X * B * 5 or A N F; but the Laſt of theſe 


(= _ is the moſt commodious; whence we have z = 


1 B B＋ 5 
= 63 ſuppoſing C == TREE 


"B+ 2A+5 p 
* for Ls approximation of the fourth degree, 
ha . d nn Sa cc = 

11 * us = ar 
8 — — BEES which va- 


—_— 
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lues being ſubſtituted in the general equation and all the 
terms after the four firſt rejected, there now comes out 
I 


88 — 

a 6 „ b c 4 
N ND e 

aC + bB + A +4 


25 by making D = 


In like manner, for an approximation of the fifth 


b b 

degree, we ſhall have * 2 = 3*Dy 75 BC 

1 B A 4A 
rag p UV” "a wes” * xf; and 7 
e p 2 
ö 7 ; and conſequently 2 

D D 

2 = E; ſuppoſing 

= * = 1 

be + SBb3At; 

_ aD+1C+B+dAÞe 


Whence the law of con- 


tinuation is wal ſt; whereby i it appears, that, if there be 
A123 


C= 
p. 
_ac+ bB+cA+4 Ek A 


aE+bD+C+dB-heA+f ” &F + bE+ RY HG 


— 3 1 ——— 


Sc. then will ' C p F 5 G Sc. be fo 
many, ſucceſſive, approximations to the value of 2, 
aſcending gradually, from the loweſt to the ſuperior orders. 
An example will help to explain the uſe of what is 
above delivered; wherein we will ſuppoſe the enen 
given to be 122 5 0 
Here a g= 12, ö , c I, deo, e=0, &c. and p 2 


b 64+ 6 

whence A (=) =6, BA ) = 2222 
aB+bA4c\ 12x39+6x6+1 

= 39 C(= — — = I * 


he 


ut 


is, 140 cannot be had in 60 and therefore, according 


3 — 
3 . 8 * a - \ 
* * — = wh * 4 # * 2 * 
* es - - * . 


indeterminate ProBLEMs. 187 

2000 — 277 

n 
. : 2 

= 95 —y — : where, the fraction being in 

it's leaſt terms, and the numbers 6 and 21, at the ſame 


time, admitting of a common meaſure, a ſolution in 
whole numbers (by the nate to the preceding lemma) is im- 


21x + 27y = 2000; and conſequently x = 


poſſible. The reaſon of which depends on theſe two 


conſiderations ; that, whatſoever number is diviſible by 
a given number, muſt be diviſible alſo by all the diviſors 
of it; and that any quantity which exactly meaſures 
the whole and one part of another, muſt do the like 
by the remaining part. Thus, in the preſent caſe, the 
quantity 65 — 5, to have the reſult 2 whole number, 
ought to be diviſible by 21, and therefore diviſible by 3 
likewiſe (which is, here, a common meaſure of @ an 


c): but 65, the former part of 65 — 5, is diviſible by 


3, therefore the latter part — 5 ought alſo to be diviſible 
by 3; which is not the caſe, and ſhews the thing pro- 
poſed to be impoſſible. 


PROBLEM V. 

A butcher bought a certain number of ſheep and oxen, 
for which he paid 1001. ; for the ſheep he paid 17 ſhillings 
at iece, and for the oxen, one with another, he paid 7 pounds 
apiece ; it is required to find how many he had of each ſort. 


Let x be the number of ſheep, and y that of the 
oxen ; then, the conditions of the queſtion being ex- 
preſſed in algebraic terms, we ſhall have this equation, 
wiz. 17x + 140y = 2000; and conſequently x = 
2000 — I40y 4y —I1 

17 


whole number, 


=117 — 85 — which being 2 


11 


muſt therefore be a whole num- 


ber likewiſe : whence, by proceeding as above, we find 
y = 7, and x = 60; and this is the only anſwer the 
queſtion will admit of: for the greateſt value of x, can- 
not in this caſe be divided by the coefficient of y, that 


to 
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1 to the preceding note, the queſtion can have only one 
4 anſwer, in whole numbers, 


PROBLEM VL ; 
certain number of men and women being merry-making 
together, the reckoning came to 33 ſhillings, towards the 
diſcharging of which, each man paid 38. 6d. and each 
woman 18 4 d.: the queſtion is, to find how many perſons 
of bath ſexes the company conſiſted of. 


Let x repreſent the number of men, and y that of 
the women; ſo ſhall 42x + 165 = 396, or 21x + 8 


8— 
= 198 ; and conſequently y — — = 24 — 2x 


. 8 2 whence, y being a whole number, — 8 4 
muſt likewiſe be a whole number; and the value of 
x, anſwering this condition, will be found = 6; and 

conſequently that of y (= 24 — 12 — 3) = 9; which 
two will appear to be the only numbers that can an- 
fwer the conditions of the queſtion ; becauſe 21, the 

_ coefficient of x, is here greater than 9, the greateſt va- 
lue of y. | | 


PROBLEM VII. 
One bought 12 loaves for 12 pence, whereof ſome were 
frwo-penny ones, others penny ones, and the reſt farthing 
ones : what number were there of each ſort ? 


Put x = the number of the firſt fort, y = that of the 
ſecond, and z = that of the third; and then, by the 


conditions of the queſtion, we have theſe two equations, 
VIZ. * 


„ „* + y + 2 = 12, and 
8& ＋ 4y + 2 = 48. 

Whereof the former being ſubtracted from the latter, 

1n order to exterminate z, we thence get 7x + 3y = 36, 

36— 7x 


and therefore y = = 12 — 2.x — = ; whence 


it is evident that the value of x = 3, and conſequently 
that y = 5, and x = 4; which are the numbers that 
were to be found, PROBLEM 


